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PREFACE 


This book is written, for students of the teaching of 
arithmeti’c and for the teacher in the elementary school 
who is face to face with the question of (What can be done 
to reduce the number of failures in the subject of arith¬ 
metic, and to eliminate the difficulties which interfere 
with pupil progress. This book is not a treatise on the 
whole subject of the teaching of arithmetic but deals 
intensively with only one phase of instruction; namely, 
/the techniques for diagnoang pupil difficulties in all 
^phases of arithmetic, and the types of remedial exercises 
which have b een found by expe riment to eliminate the 
difficulties that are located. ) ’ 

The discussion will help teachers to use standardized 
tests to the greatest advantage. Only those tests that 
help to illustrate the points under discussion in this book 
have been described. This was felt to be a more helpful 
plan than to include descriptions of all available tests. 
A list of such tests is given in the Appendix. 

The uses of standard tests in teaming are discussed in 
detail from the ^int of view of their various functions. 
' It is essential that the purposes for which tests are 
intended be clear to the teacher who wishes to select a 
test for a particular purpose. Detailed discussions of 
how tests are given are not included in the discussion 
since the necessary directions usually are furnished with 
the tests. It is believed that any teacher who studies 
carefully the material in the text of this book ^ have 

(lii) 
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iHp;di^i[sulty in using any of the tests that have been 


is placed on the use of the results of tests 
mieaiis. of diagnosis, and on the limitations of such 
^^ ^ures.' . Techniques of detailed psychological diag- 
^^P^e:;des(^bed which should be used in all difficult 
determine the exact nature of the difEculty which 
with desirable progress. Test scores indi- 
Ip^e. g^^al level of the pupil’s ability, and locate 


^^^i^ce 'wh^e a difficulty may be found, but indicate 
a Vjery superfioijil way the nature of the difficulty. 
i®X&-prpBl.em of the . teacher is, then, to determine the 


, , .. lemedlal work.v 

i the . illustrative material in the discusaon in 

book .is based on the researches of the author and his 
'0i^^uate students. Some of this has been published in 
;ni^game articles, chiefly in the Elementary School Journal 
hi the joumal of EdwcOioncd Method. In some cases 
jp' f^hatra;tiye. material has been taken from the various 
iPPvh^litalB which the author has published to accompany 
‘ii^'Shostic tests in the several processes in fractions, 
g-whole numbers, and decimals. Significant contributions 
' ',,by other workers in this field have been freely quoted. 

■ ' study by Buswell and John on pupil 

■. difficulties in fundamental processes have been rearranged 

^ frequency with which the com- 

. . mon difficulties occur. 

Suggestions for remedial work are included in the 
. VOTous chaptos in connection with the discussions of 
.T, Acuities and the analyses of the elements in each of 
,. the processes. It is the author's belief that most of the 
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I difficulties in arithmetic would be eliminated if the right 
/kinds of instructional materials were available. In such 
' materials due consideration would be pven to the con¬ 
struction of comprehensive diagnostic tests, to the 
Reparation of instructional materials in which special 
mention has been given to the step by step development 
of the learning process,^nd to the points in each process 
which have been found by investigation to present serious 
difficulties to pupils. This applies both to processes in 
arithmetic, and to procedures in problem solving. 

The author acknowledges his indebtedness to many 
workers in this field who are contributing to the improve¬ 
ment of the teaching of arithmetic. Many of the ideas 
herein presented are the direct result of the six splendid 
years of research in Detroit under the direction of S. A. 
Courtis. Much of the experimental work was done in 
the Minneapolis Public Schools during the five years 
that the author was Director of Instructional Research 
in the schools of that city. The support of principals 
and teachers was unfailing in the attempts ^at were 
made to make the tools that are described in this book 
effective instruments of instruction. Special acknowl¬ 
edgment is made of the many contributions by the author’s 
graduate students who have dealt intensively with special 
problems in their individual researches. The author is 
particularly indebted to Dr. W. E. Peik for a careful read¬ 
ing of the entire manuscript, and to G. 0. Banting for 
helpful suggestions. 

Leo J, Beueokner. 

Minneapolis, Minnesota. 
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Chapter I 


INTRODUCTORY 

Surveys of instruction have shown that one of the 
chief causes of nonpromotion in the elementary school 
is failure in the subject of arithmetic. Numerous investi¬ 
gations have been made to determine the reasons for this 
condition. The scientific study of the arithmetic cur¬ 
riculum has presented evidence that much of the tradi¬ 
tional subject matter commonly taught in the schools of 
the past generation is of little social utility, and much too 
difficult for many children in the grades in which it has 
been taught. The elimination of cumbersome, difficult, 
useless processes and topics has greatly reduced the 
complexity of the skills that the pupils are now expected 
to acquire. At the same time the work in arithmetic 
has been greatly enriched and vitalized by stressing its 
application in meaningful activities and situations. Other 
investigations have revealed the inadequacy of much of 
the instructional material found in textbook. To over¬ 
come this deficiency the newer textbooks are being con¬ 
structed accordmg to more or less adequate specifications 
based on extentive studies of pupil difficulties in the sub¬ 
ject and careful analyses of the steps in the learning 
process. The simplification of the arithmetic curriculum 
and the improvement of instructional materials will 
undoubtedly do much to reduce the extent of failure in 
Arithmetic! 


(1) 



f ;":' -^^lbiAGNOSTIC TEACHING 
'^Thb Resui/ts op EABLy Abethmetic Investigations. 

'Ci- ■' 

By means of tests of achievement much less reliable 
Ihiaii the well standardized tests that are now available, 
and Stone’ early revealed the wide differences in 
.jifvthe achievements of pupils in different communities and 
pupils in the same grade. A large amount of over- 
S:||a|»ping of scores was found from grade to grade, some 
^mtiidies reveling a range of ability of as much as ^ or 
years in a single grade. In the earlier studies of 
results, special stress was placed on the differences 
X jin the achievements of classes, and relatively little atten- 
j; :|ioii was given to the causes of the wide variations in 
; Ability of individual pupils. 


Wim 


j..: In the course of time, careful consideration of the impli- 
• ^tions of the data secured by means of the tests resulted 
. in the formulation of various plans of adapting instruc- 
tion to differences in the abilities of pupils. In some of 
the progressive schools, pupils were grouped according to 
their level of progress to reduce the range of ability in 
■classes. However, the variation in performance after a 
period of teaching was almost as great as it had been 
before the grouping.^ Parallel track plans were also 
devised which made it possible for pupils to progress at 
differ^t rates. Burk devised a plan for completely 
mdmdualizmg instruction in arithmetic and other sub¬ 
jects, so ^at each pupil could progress at his own rate of 
speed. T t^wjplan is the batis for the Winnetka’ plan of 

A Tert in Arithmetic,” Forum, 


ite SaS mio^ Sooietvfo 

^ubllahing Company, IlHnoia: Public Sahoo 
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individualized instruction. None of these plans has 
solved the problem of providing for individual differences 
in instruction in arithmetic, since in almost every class 
there are still found pupils who fail to make progress at 
a desirable rate. 

2. Emphasis on the Analytical Study op Arith¬ 
metic Processes. 

One of the early studies of Stone^ showed that arith¬ 
metic is made up of a large number of specific abilities 
each of which must be developed through careful prac¬ 
tice. For example, Stone* showed that a pupil might be 
doing fairly satisfactory work in addition but be quite 
deficient in several of the other operations. The result 
of this and similar studies by Brueckner,* Thorndike,* 
Knight,^ and others has been the detailed analysis of the 
specific abilities and skills which constitute the com¬ 
plexity of processes in aritiimetic. The earlier tests of 
achievement have been greatly improved by making them 
more analytical. Instead of lumping many skills in a 
single test, carefully constructed diagnostic tests in each 
process have been devised by means of which the teacher 
can locate the specific weakness in a process which may 
be causing difficulty for a pupil. Instructional materials 
are being greatly improved because of the increasing body 
of information available regarding the elements in a proc¬ 
ess that must be presented during the learning period. 
Special consideration is also being given to the darifica- 

' stone, Joe. cit, 

> L. J. Brueckner, Manual for Diagnoslic Test in Fractions (Minneap- 
oliB,JiiIinneBota: Educational Test Bureau, 19Z6). 

•B. L. Thorndike, Psychology of Arithrnetio (New York: The Mac¬ 
millan Company, 1922J, pp. 61-101. 

* F. B. Knight, E. M. Luse, and G. M. Buch, Problems in the Teaching 
of Arithmetic (Iowa City, Iowa: Iowa Supply Store, 1926). 
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i^n of some of the steps in the several processes which 
|•/■■Westigations have found to be especially difficult for 
S... pupils. . This is being done by means of carefully con- 
. structed practice exercises in which the difficult elements 
,:^e isolated and presented one after the other in such a 
way that the difficulty is almost eliminated. The neces- 
for repeated review in order that the specific skills 
^i^:5that have been taught may be retained is being recognized 
the preparation of various types of practice exercises 
K’i’-which embody inventory tests, diagnostic tests, and reme- 
dial exercises.^ 

" In recent years, important investigations have been 
;; ' ■ concerned wi^ the study of the nature of the psycholog- 
i/J' -’ -ical difficulties of pupils who are not making satisfactory 
. progress in arithmetic. These studies give definite infor- 
. . mation as to the most common types of errors made by 
pupils, their habits of work, the faulty procedures they 
use, the nature of the difficulties they encounter in problem 
solving, their general physical and mental characteristics, 
and their social qualities. 

Techmques have been devised as a result of these studies 
;; for locating the spedfic source and nature of these defi- 
dendes,^ and for analyzing the mental processes of pupils 
in working examples which are causing difficulty. The 
information thus secured has been used to improve iU” 
structio^ materials by the preparation of spedal types 
of exerdses on dements in processes which are known to 
present imusual difficulty to pupils; by providing exer¬ 
dses wffich tehcli economical, effident procedures from 
the beginmng;; )^y ,piroviding carefully constructed diag- 
nostic tes ts to locate spedfic difficulties. Adequate 


ppvV' ■ 
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remedial exercises to be used to provide the practice 
necessary to raise the work to a satisfactory standard 
have also been devised. 

r 

3. Consideration of Individual Differences. 

The fact of individual differences in the needs of pupils 
and in their rates of learning is being taken into consid¬ 
eration in the teaching procedures used in the classroom. 
To this end inventory tests have been devised for use at 
the beginning of the year by means of which the pupils 
and teachers can determine the general needs of each 
individual. Practice exerdses have been prepared which 
enable the teacher to assign the remedial work needed 
■ by each pupil. Many of these standard practice exercises 
are so constructed that pupils can progress at different 
rates, each pupil according to his ability. Standardized 
survey tests are being used to measure the relative 
achievements of dasses from time to time. Diagnostic 
tests of a very spedfic kind are being used to determine 
the exact nature of difficulties of a dass dr of individuals. 
In cases in which the nature of the defidency cannot be 
determined by a test or by an analysis of the pupils’ 
written work, more refined diagnostic methods are used 
to discover whether the difficulty may not be due to 
faulty associations, incorrect, involved procedures, round¬ 
about methods of work, or some other reason that can be 
discovered only by methods approximating those used in 
individual psychological exminations. 

It is the purpose of this book to contribute to a con¬ 
structive attack on the teaching of arithmetic by bringing 
together in a compact form: 1, the results of the impor¬ 
tant studies that have been made to develop adequate, 
rdiable methods of determining the achievement of pupils 



£uithmetic; 2, scientific techniques for diagnosing the 
■■, nature of the diffic ulties and defidencies that may prevent 
^ ,t ■ satisfactory progress in the various processes and in prab- 
;' lem solving; and 8, the types of remedial and practice 
. exercises that may be used to remove spedfic types of 
'jX; : difficulties, and to raise the work in arithmetic to a satis- 
kctory level. 

'..In the discussion of these points, the important types 
achievement tests now available are presented and 
ri'«,tiidr uses described. Detailed analyses of the basic 
■, ddlls in each of the processes in whole numbers, fractions, 

; j and dedmals are presented for the purpose of showing 
■ the care that must be taken in the construction of in- 
f structional materials to insure the indusion of all of the 
elements involved in each of the above-mentioned proc- 
• eases. These analyses of basic skills are shown to be 
i|: | the bads of diagnostic tests which should be used to 
po idetonune the spedfic nature of the pupil's deficiendes 
process. Detailed reports of the common faults 
7 " reveled by a diagnostic study of the work of pupils 
defident in the several processes and in problem solving 
and the techniques that can be used to locate 
■j; j;;these faults are discussed. A knowledge of the sources 
f. . and causes of greatest difficulty will help the teacher to 
; give the pupils spedal help at aitical points. 

4. The Basis op a Well-Rounded Program in Arith¬ 
metic Instruction. 

The Mowing list of items suggests the basis of a well- 
rounded program of arithmetic instruction: 

objectives and functions of arith- 
(a) Using matenals and processes having social value. 
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{b) Showing how number has aided in the systematizing 
of the quantitative aspects of the environment. 

(c) Developing an appredaiion of the informational 


, function of arithmetic. 

•(d) Developing an appreciation of number as a means 
i of precise and accurate thought. 

<e) Having an appredation that arithmetic is in fact a 
social study of great importance. 

(/) Assisting pupils to understand quantitative refer¬ 
ences in readings. 

(ff) Developing adequate concepts of units of measure¬ 
ment. 

(ft) Training pupils in the use of reference materials. 

(i) Selecting social applications of value. 


(2) Recognition of the function of general method in the 
teaching of arithmetic. 

(o) Knowing how to organize subject matter into large 
units for study by the class. 

(6) Securing a learning situation in which motives of a 
relatively high order are present. 

(c) ProAnding conditions in which the growth of desir¬ 

able social characteristics, attitudes, and Ideals 
will take place. 

(d) Recognizing the possibilities of socializing e3q)eri- 

ences in the lesson. 

(e) Enriching and vitalizing the experiences of pupils. 
■^f) Recognizing arithmetic applications in other sub¬ 
jects, such as history, geography, science, and 
health work. 

(g) Using experiences and activities that arise in con¬ 
nection with local conditions and situations. 

(ft) Providing intercorrelations between subjects in sit¬ 
uations in which number functions. 


(3) Procedures^in presenting new processes. 

(а) Knowing the steps in the learning process.^ 

(б) Showing the social utility of the new step in a proc¬ 

ess through applications and problems. 
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(c) Using previously acquired aldllfl in preaeniinff a new 

step. 

.j ,’;;: (d) Presmting only one new step at a time. 

Conadering special difficulties in the new step, 
fe i* (^) Providing adequate practice on the new step, ' 

(ff) Giving special help to those pupils for whom the 
class presentation is not adequate. 

(h) Teaching efficient methods of work. 

(i) Providing for the repeated review of the new step 

in subsequent lessons to insure retention of the 
new skill. 

■ (4) Procedures in diagnosing pupil difficulties. 

- (a) Locating fte specific needs of the pupils in the i>lgoa , 

», common pupil faults and weak- 

nesses m processes. 

. M auitable diagnostic procedures. 

informal diagnostic exercises. 

Sf!?® pvpils to diagnose their own difficulties. 
Adjustang ^e class work in such a way that the 

r-' “''“■'“Me lor dbgniMiB ol pupil 

| , “ 'itoeno.tte 

; K^ing records of diagnosis. 

of stpdard diagnostic tests, 
graphs, etc., to mterpret shortcomines 

0^ defi- 

0 ^ as a factor in 

the results of the diagnostic study. 

in providing remedial instruction, 
polectmg the remedial exercises sHo-n+a.] +. 

« needs of each indivi^ *®®® to the 
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(e) Teaching methods of checking all work. 

If) Using pupils whose work is satisfactory to assist 
deficient pupils.' 

(fif) Devising methods of showing pupils their improve¬ 
ment. 

Qi) Teaching pupils how to select the proper remedial 
exercises. 

J i) Providing for variations in rates of pupil progress. 
j) Evaluating the effectiveness of the remedial work 
by tests. 

-k/a) Setting up reasonable standards of attainment. 

(l) Teaching pupils good techniques of problem solving. 

(6) Methods of making the work vital and meaningful for 
the pupils. 

(o) Teaching pupils to purpose to improve. 

(6) Using materials of the proper level of difficulty, 
(oj^^otivating the drill work. 

(«Q/Making pupils conscious of objectives. 

(^Helping pupils to diagnose their difficulties. 
(//Helping pupils to overcome their difficulties. 
(ff)/Using graphs, charts, etc., to show achievements. 
(Al/Using ^mes. 

(i) Providing activities in which arithmetic processes 
are applied concretely. 

(/) Showing the life need of processes prior to teaching 
them. 

(k) Using illustrations from daily life to show applica¬ 
tion of processes. 

(1) Encouraging ori^nal applications of processes. 

(m) Showing applications of processes in other subjects. 
(tc) Using excursions, exhibits, and projects. 

(o) Showing social significance of quantitative concepts. 
(p) Providing opportunities for exploring topics of spe¬ 
cial interest. 

(g) Keying of notebooks on topics being studied. 

(r) Assigning topics for special reports. 

(s) Distributing opportunity for participation in class 
activities. 
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1;-' it) Organizing the contents of the subject matter to be 
f': taken up into coherent units stressing applica- 

‘ V tions and functions. 


.k:. 


Methods of socializing the work in the class period. 

’■ y"(o) Providing for group or committee work on special 
: topics. 

(6k Providing opportunities for pupils to assist in organ- 
' izinp; and planning class activities and discussions, 

(c) Using .s'.jpc.ror pi..:)i s to assist those below standard. 

(d) Assigning special uopics for research. 

(e) Encouraging practical applications of processes in 
the home and elsewhere. 


, : Pr 8 “^ 2 ingthe aspects of the school bank, milk sup- 

etc., in which arithmetic is used in such a way 
IV-, that pupils participate in phases of the activity. 
ky-' (tf) Considering questions of thrift in the home, in school, 
ft'it ■' 'etc- : 

(6) Using a socialized form of recitation. 

Considering the social significance of such topics as 
j money, the number system, etc. 

fes . U) Arousing interest and developing habits of extensive 
t v;:-':;: reading on topics being considered by the dass. 

Developing an appreciation of the social significance 
Mv'y’'- ' ■ of quantitative relations. 

' Posting papers of spedal merit. 

(m) Encouraging courtesy on the part of pupils whose 
work is completed before that of the others. 
in) Requiring neatness in all written work. 




iUse of tests in instructing. 

(a) Standard tests. 

1. Giving of tests. 

,2;' Scoring of tests. 

3. Tabulating test results. 
yV4. Interpreting test results. 

^5: Obhridering Umitations of standard tests. 

' 6. Charting test results. 

7. Using t^ results as the basis for group 
remedial work, etc, ^ 


for. 
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8. Using the results of standard diagnostic testa. 

9. Utilizing provisions that enable the teacher to 

secure test materials. 

10. Filing of findings and test papers. 

11. Sdecting tests suited to the purpose of the 

teacher. 

(6) Informal tests. 

1. Constructing informal tests—giving informal 

tests. 

2. Scoring informal teats. 

3. Uang informal tests effectively, as inventory, 

pre-test, re-test, etc. 

4. Tabulating informal test results. 

5. Interpreting test scores. 

6. Considering the limitations of test scores. 

7. Varying the form of test used. 

8. Using test scores as the basis for remedial work, 

diagnosis, etc. 

9. Filing informal tests for future use. 

10. Using school equipment, such as school mimeo¬ 

graph, etc., in preparing tests. 

11 . Preventing pupils from cheating in tests. 

12. Cooperating with other teachers in the prepara¬ 

tion of tests. 

(c) Use of pertinent data from other tests. 

1. Considering intelligence test scores in diagnotis. 

2. Using reading test scores as basis for diagnosis of 

difficulties in problem solving. 

(9) Points of a general character. 

(а) Filing of materials of instruction such as drill cards, 

etc. 

(б) Keeping of records of pupil progress. 

(c) Planning of work, preparation of materials to be 

used, etc. 

(d) Preparing improved types of supplementary mate¬ 

rials. r 

(e) Distribution of time to problem and formal drill 

work. 
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sift:-;? Cf) Keying available materials essential in an ideal 
pf: ■ , modem program of arithmetic. 

0 (ff) Using the course of study for reference and guidance. 
(h) Using the textbook as a teaching tool. 

'lyfft. (») Reading important sdentific contributions on aspects 

My ■ _ , of arithmetic. 

fe; , Handli^ details of method technique. 

KjIi.,, (A) Sup^sing pupil's work during supervised study 
, periods, 

Steps That Ceasacterize Well-Conceived 
^ Remedial Work.' 

|| ij The steps which characterize well-conceived work with 
&v::.r^edial cases in the dassrooms are concisely stated in 
Tweniy-Fowth Yearbook of the Naiional Society for 
Stvdy of Edwation, Part 1, as follows: 

f 1. Discovery of deficiency in the course of dassroom 
activities. 

, : 2. More intensive observation and study of the exact 
^ dualities encountered in regular class work. 

. V" ludividual examination by means of personal inter- 
|?^;yiew and selected standardized and informal tests with a 
f^damental attitudes and causes of 

of specific remedial exercises which 
|,; ^ttack the causes of defidency. ^ 

to 
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THE USES OP TESTS IN MEASUREMENT 
AND DIAGNOSIS 

Arithmetic is a subject that lends itself readily to 
analytical treatment as far as the elements involved in 
computation in arithmetic processes Are concerned. 
Arithmetic is made up of a hierarchy of habits, specific 
skills, and general abilities. Each may be isolated, studied 
independently, and have its elements determined by crit¬ 
ical analysis. This fact has long been recognized by 
those who have attempted to evaluate the results of 
instruction by means of educational tests and to adapt 
instruction to the needs and capacities of pupils as 
revealed by these tests. 

At the present time there are available several different 
kinds of standardized tests in arithmetic. Standard sur¬ 
vey tests make it possible to secure information as to the 
general status of pupils in achievement in arithmetic as 
a whole, or in some single phase of the subject, such as 
addition of fractions or subtraction of decimals. Diag¬ 
nostic tests have been prepared to locate the particular 
element in a process or to determine the type of example 
which causes difficulty. Some of these diagnostic tests 
are supplemented by carefully prepared blanks, several 
of which are included on the following pages, to be used 
for recording the specific difficulties and faults found by 
an individual clinical examination of pupils who are 
markedly deficient in arithmetic. To facilitate diag- 

(13) 
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- nosis, these blanis contain lists of the meat common 
llj^thmetic difficulties which extensive studies of the work 
deficient pupils show to exist. In this chapter the 
of tests in teaching arithmetic processes is discussed 


in ARTTHMEiTIC ABILITY. 

;,i' ^ Five important elements, similar to those proposed by 
■i.'j^omdikei for intellect in general, must be considered in 
;iheasuring the ability of pupils, as a basis for diagnostic 
and remedial work: 

T. Their raie of work. 

2 . Their accwracy of work. 

: 3. The altitvde or level of difficulty of the most difficult 
■examples that they are able to work correctly. 

4. The area of the sldlls they have mastered in a 
„ process. 

V.: 6. Their methods of work, 

^ ^ ^ recognized fact that one of 

mipor^ ^aracteristics of a skiU is the speed with 
perform the tads involving it. 
tlungs bffli^ equal, the gj-eater the soeed tlm 
■ ^eater is the ^kill possessed . S^d of response i^not 
m fc irntial stages of the laamiag pr,^ siSS 
jji «» helming it fa important that the SX! 

and a oorreot ^wedure 

■. ■■■ 
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pupil can work in a certain period of time. Usually 
tests given for the purpose of determining rate of work 
should contain more examples than the most rapid worker 
in a class can complete in the time allowed. However, 
various factors affect the pupils’ performance on these 
tests, such as their speed of writing, the amount of effort 
put forth, the understanding of the directions, degree of 
interest, their state of health, and similar factors. 

Courtis and Thorndike' have shown that marked 
changes in scores result from corrections made for differ¬ 
ences in rate of writing on tests in which there is a large 
amount of writing, especially in the primary grades 
where pupils have inadequate control over the writing 
process. A pupil who can write rapidly may make a 
higher score on such a test titan a pupil who cannot write 
so rapidly but who in fact has greater arithmetical ability. 
While therefore the real ability of the pupils cannot always 
be determined, their relative ability can be reliably 
inferred, except in a few cases, from their performance in 
a standardized rate test. 

Rate of work is a factor that has determined the time 
standards on practice exercises, such as those of Courtis 
and Studebaker, in which pupils are required to practice 
on a certain unit of work until they can complete it in a 
given length of time. The number of minutes is reduced 
from grade to grade because of the need of allowing for 
the factor of maturity and its influence on. speed of work. 
The basic assumption underlying this application of time 
standards is that pupils in a particular grade should not 
be required to increase their speed of work beyond the 
reasonable limits which pupils of their maturity can nor- 

1 s. A. Courtis and E. L. Thorndike, "Conection Formulae for Addi¬ 
tion Teste," Teachers College Record, Vol. 21, pp. 1-24. 
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reach. It has often been necessary for teachers to 
.modify the time standards in the cases of individual pupils 
who for various reasonsj such as slowness of reaction and 
■■^general inability to speed up their work, are unable to 
complete an exercise in the toe limits that have been set 
; although their computations are accurate but very 
\;.^pw and no undesirable habits of work can be discovered. 

Oh more difficult exercises, such as column addition 
.f>?and long division, the practice of allowing enough time 
■"on- a test to find the answer and also to check the work 
.j'is' Mmetimes followed. Too much stress has in many 
'■ cases been placed on speed of work with the result that 
v; accuracy has been made a minor objective. There is no 
: ;,reason why toe standards cannot also take into account 
:ipie?time needed for checking the work. 


(b) Accuracy of work. A knowledge of the pupil’s 
rate of work is of little value unless this infoimation is 
by a record of his accuracy of work. A 
j: pupil may work a large or a small number of examples 
■■with a relatively high or low degree of accuracy. 

There are various methods of measuring the pupil’s 
". a^uracy of work. One method is to find the per cent of 
the examples attempted that are worked correctly. A 

examples 

■ ^ ® of 75 per cent accuracy. 

..men stodard norma are available, the relative stato 

ietoniininga pupH's abiHty ia to 
" miM fampiffl that he hae at 

^,:^ted. Thus two pupils who both work eight exam- 
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pies on a test correctly receive the same score, although 
one attempted only eight examples and worked all cor¬ 
rectly while the other attempted to work fifteen of the 
examples and worked only eight of them correctly. If 
the examples in the test are all equally difficult it is 
obvious that the two pupils have quite different habits 
of work, one being slow but accurate, the other being a 
fast but inaccurate worker. 

Clearly the ability of the pupil cannot be found by 
considering either his rate of work or his accuracy, one 
independent of the other. Both factors must be con¬ 
sidered together. The following chart contains the pos¬ 
sible combinations in which relative degrees of rate and 
accuracy may be found in classes and in individual 
pupils: 


Superior rate of 
work and a high 
degree of 
accuracy 

Average rate of 
work and a high 
degree of 
accuracy 

Low rate of work 
and a high degree 
of accuracy 

Superior rate of 
work and an aver¬ 
age degree of 
accuracy 

Average rate of 
work and an aver¬ 
age degree of 
accuracy 

Low rate of work 
and an average 
degree of 
accuracy 

Superior rate of 
work and a low 
degree of 
accuracy 

Average rate of 
work and a low 
degree of 
accuracy 

Low rate of work 
and a low degree 
of accuracy 


(c) The level of difficulty. It is desirable to know not 
only the rate and the accuracy with which a pupil can 
work examples of a certain type, but also the level of his 
progress in the subject. A pupil’s level of ability in 













■f;;.:-;^thmetic can be found by discovering the highest level 
It s of difficulty of the example in the various processes 
j', Which he is able to work correctly. This is found in much 
j same way that we find the mental capacity of a pupil 
such a aeries of graded tasks as are found in such 
as the Stanford Revision of the Binet-Simon 1W: 
^pr : the Kuhlmami Individual Mental Test. A series of 
pl^s is arranged in a scale in the order of their difficulty 
Mpin very easy to very difficult. (See page 28.) The 
|-v^^upil is giv^ approximately as much time as he needs 
solve all of the examples he is able to work. The 

^ determined by the 

;;i^culty of the examples of greatest difficulty he is able 

^Ig work erectly The pupil who is able to work examples 

,high on the scale has a higher level of ability than a pupil 
* mnot work them. Rate of work is not considered 
level of the pupil’s general ability in arith- 
t w ability of the pupil at a particular 

;. 3^e^ can be found by giving him teste made up of^ 
^ elements at that level an/finding 
5 ?; v^^e of work and accuracy. * 

5 ^ X n?I ^alf a dollar? 

6 How much „,d„ 

IP >» bo in 2 ye™? 

How 

A|^racy: Vocabulary; Directions. 
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8. At 121 cents each, how much more will 6 tablets cost 
than 10 pencils at 5 cents each? 

9. What number added to 16 gives a number 4 less than 
27? 

10. A man bought land for $400. He sold it for $445, 
gaining $16 an acre. How many acres were there? 

11. What part of 16 equals half of 24? 

12. I bought 4| yards of cloth, gave the clerk $2, and 
received 20 cents as correct change. What was the price 
of the cloth per yard? 

13. 8 is If X-. 

14. A man spent two thirds of his money and had $8 left. 
How mudi had he at first? 

15. How many times as long as 8 feet is 12 yards? 

16. Write in the space left for it the number that should 
come next. 

240, 120, 60, 30, - 

17. If a snail crawls at tiie rate of an inch in If minutes, 
how long will it take it to go 8 feet? 

18. By how much must you increase 10 so that it will 
stand in the same ratio to 8 that 15 does to 10? 

19. A ship has enough provisions to last her crew of 500 
men 6 months. How long would they last 1200 men? 

20. Three men hired a pasture for $24; the first put in 
2 horses, the second put in 8 horses, and the third put in 
4 horses; how much ought each to pay? 

In measuring the level of the pupil’s ability in such a 
process as addition of fractions, the teacher must, there¬ 
fore, consider the difficulty of the examples included in 
the test. Examples ranging from very easy to fairly 
difficult should be included in test exercises given for the 
purpose of providing a basis of grouping pupils according 
to their ability. 

The principle of difficulty diould assist in the grading 
of the content of the curriculum and in the preparation 
of special exercises on points of extreme difficulty. The 
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^imination, at least for the slower pupils, of certain of 
'^6 usual requirements, which are very difflexilt and are 
l^t commonly used in life, should also result from the 
ll^^plication of this principle. 

giH|n order to secure an adequate picture of the arith- 
»!^c ability of the class, the teacher must sectire measure*- 
ninia of achievement at diff^ent levels of difficulty by 
of tests which consider both rate and accuracy of 
p^tl^ at the several levels. The results of a test consist- 
of relatively easy examples of a low level of difficulty 
|§^1 not give adequate, valid information as to what the 
pupils will achieve in a test of subject matter of a 
glolMiderably higher level of difficulty. 


|/i Cd) The area of the skills in a process. The ability 
1^ a third-grade pupil in such a process as addition of 
||diole numbers can be adequately determined only by 
Ipieans of a test containing, as far as is possible, all of 
p|e various types of examples in which that process is 
principle applies to all of the other 
Mj^cesses in whole numbers, fractions, decimals, per cent, 
denominate numbers. This is true especially dur- 
■ tag the period when the several operations are first 
r. being taught. This is the critical time in the learning 
/.process. 

'■•■■■I The present practice of measuring the ability of the 
pupa by means of a few examples selected at random 
complete process is not satisfactory. In such 
the resdts do not show what the pupU’s performance 
:WXll be on the types of examples not contained in the 
f . ^ usiially do not take into account the 

y . information now available as to the complexity of skills 
.and abUities which constitute a particular process. The 
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ability of the pupils to work all of the various types of 
examples which make up the complete area of the process 
must be inferred from his score on a test of only a small 
part of the process. This is a highly unreliable way of 
locating possible deficiencies in specific types of examples. 
Detailed discussions of the applications of the concept 
of area are given in the following chapters dealing with 
the different operations. Obviously, at the time a par¬ 
ticular process is being learned, special consideration must 
be given to the variety of types of examples in that proc¬ 
ess. Especially in the preparation of the practice exer¬ 
cises, it is essential to make certain that the pupil is 
brought into contact with the many combinations in 
which the various elements and skills are found which 
constitute the complete process. 

(e) The pupil’s methods of work. At any level of dif¬ 
ficulty and for any process an important element to con-j 
sider in evaluating the pupil’s work is his methods of work. I 
The pupil may make satisfactory scores on tests but at 
the same time be working considerably below his possible 
maximum level of achievement because of faulty habits 
of work. These faulty habits may be vocalizing his 
procedure, counting by various methods, lack of neatness 
in writing out his work, incorrect statement of procedure, 
and similar faults which tend greatly to reduce his effi¬ 
ciency. These faults can be discovered through an 
observation of his methods of work. Efficient methods 
of work can be substituted for these faults which tend 
to invalidate any test results which purport to give a 
measure of the pupil's arithmetic ability. Emotional 
instability, nervousness under test conditions, the ten¬ 
dency to work as if under a strain, dawdling, inattention. 




■ liZ. Types of Tests and Their Functions. 

:5' >(a) Survey tests In arithmetic. Survey tests in arith- 
£ire used to detennine how the achievements of a 
or of individuals in the class compare with standards 
Ssii^'horms of accomplishment. These survey tests aj'e of 
.#|^e types: 1, rate tests; 2, scales or power tests; 3, cur- 
'j;'4Cuium tests. 

w. (l) Rate teats. The purpose of rate tests is to deter- 
; >mme how many examples of one paiticular type, or of 
H f^ied types, the pupils can work in a given time and to 


compare their achievement, as measured by both rate and 
accuracy or by either of these factors, with standard scores. 

■ ■ There are sevei'al testa of this type that are widely 
^■^jised, one of the best known series being the Courtis 
3 iStandard Research Tests in Arithmetic, Series B. Typical 
'^c^ples from each part of the test are given on page 23. 
.^i ;^; Thfee tests consist of sets of examples in each of the 
Sr four fundamental operations with integers. In each test 
i ;,^|he ^samples are of the same type, and are of equal difH- 
jjvC^ty. The pupil’s score is determined by the number of 
•:;'.;^i^ples he attempts and by the per cent he can work 
(^rrectly in a ^ven time. Tentative June class standards 
>i>:sire'given by Courtis as follows: ' 
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Illustrative Examples prom the Courtis 
Standard Research Tests—Series B 

Eight of the Twenty-four Addition Examples 

You will be given eight minute to find the answers to as many 
of these addition examples as possible. Write the answers on 
this paper directly underneath the examples. You are not ex¬ 
pected to be able to do them all. You will be marked for both 
speed and accuracy, but it is more important to have your 
answers right than to try a great many examples. 


127 

996 

237 

886 

186 

474 

877 

687 

375 

320 

949 

463 

776 

787 

846 

685 

953 

778 

486 

827 

684 

591 

981 

462 

333 

836 

987 

240 

260 

106 

693 

904 

326 

913 

354 

616 

372 

869 

184 

611 

911 

164 

600 

261 

846 

461 

772 

988 

654 

897 

744 

766 

696 

336 

749 

669 

167 

972 

196 

833 

264 

820 

266j 

127 

554 

119 

234 

969 

137 

533 

268 

323 

Eight of 

the Twenty-four Subtraction Examples 

146246262 

8063 

0266 

12448 

6018 

10741 

9373 

6211 

30891 

6816 

4329 

7309 

8624 

6534 

8405 

3791 

5363 5 

13782 

6921 

152696030 

17897 

6226 

239: 

L38S4 

6272 

9490 

8661 

2816 

9806 

0303 

Ten of the Twenty-five 

Multiplication Examples 

3268 


4796 

7 

964 

2386 


9746 

95 


83 


74 

88 


69 

6283 


9624 

7863 

4926 


6878 

47 


603 


85 

62 0 


49 


Eight 

of the Twenty- 

•four Division Examples 


24^^ 

84 

. 96)86880 

3 6)1 

0440 

87)8 

11867 


78)62868 42)17682 63)26460 6 9)50 799 


TEACHING 

'fte. basis of the standards now used by CourtiB‘ Is' 

. described in the following quotation: 

' The speeds (rates) set as standard are approximately the 
■'Average speeds (rates) at which the children of the different; 
•Vs^des have been found to work when teatetl at the end of 
■,-|he year. For any one grade,, a random selection of five 
JShbusaud scores from children in schools of all types and 
I^.Jdnds'is used as a bams of judgment, 
ir.’/.' ‘standard accuracy is perfect work, one hundred per cent. 

?-This is a tentative standard only, as there is available vary 
.^Tittle information in regard to the factors that determine 
.v’-d^uracy and the dfeets of more efficient training. 

: At present in addition and multiplication, it is only vary 

!; ■ exceptional work in which the median riste above eighty per 
;■ accuracy, while in subtraction and division the limiting 
.‘' level is ninety per cent. 

Standard speeds (rates) are not likely to change greatly. 
'-' .St^dard accuracy is surdy destined to approach mu^ 
more nearly one hundred per cent than present work would 
:'ivindicate. 

k >;,■ .Standard scores are not only goals to be reached; they are 
I'J'^ita not to be exceeded. It seems as fooli^ to overtrain 
^V-a fiohild as it is to undertrain him. All direct drill work 
I'iii-lSiMd, in the judgment of the writer, be discontinued once 
;.i'r:i:he^ihdmdual has reached standard levels. If his abilities 
‘devdqp further through inddental training, wdl and good; 

'put'the superintendent who, by repeated raising of stand- 
ii. ards, forces tea<*erB and pupils to spend each year a larger 
fe.pbfcent^ of time and effort upon the mere mechanical 
Ifhiakes as serious a mistake as the superintendent who 
Is,too lax in his standards. 

g, ■■ ' By Comparing the scores of a pupil, or of a class, with 
|r I'tbeSe standards it is posrible to determine the general 
f 9^. ^bisvement and the processes on which addi- 

OoMs, Third, PouTth, andPlfth Annual Aceountlngi (Detroit, 
g: Michigan: Department of Cooperative Research, 1918-16). 
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tional practice is needed. For example, a fourth-grade 
class might have a median score on the addition test of 
8.4 examples tried and 61 per cent correct; in rate of 
work this class would be somewhat above the standard 
for rate but below the standard for accuracy. 

The following suggestions will assist in interpreting 
pupil and class scores on this test or on similar rate tests: 



Sgobbb 


Tipb 

Hate 

AccunA(!T 

FsaBA.BUi MB,.iaDro 

1 

High 

High 

Marked ability. 

2 

Average 

Average 

Normal ability, usual class work sufii- 
cient to maintain present level of work. 

8 

Low 

Low 

Lack of native ability, or marked defects 
in training; a carefully organized 
remedial program is needed here. 

4 

High 

Low 

Shows poor training or poor ability; 
must he given special training in 
accuracy and taught to check work. 

5 

Low 

High 

Shows excellent training; group may be 
of low native ability, or accuracy may 
have been stressed at expense of speed; 
probably could improve speed with 
special practice. 


Rate tests in arithmetic have also been prepared which 
make it possible to measure the achievements of pupils 
in a single test on a variety of examples in one or more 
processes. A typical series of tests of this type suitable 
for inventorying the work at the bepnning of the fourth 
^ade is given on page 26. 

Inventory Tests in the Fundamentals' 

Tbeae tests will help you to find how well you remember work 
like that wh ich you had in the third grade. 

^Triangle ArlthmeticSt Book 1, Fart 2, page 3. The John C. Wlmton 
Company, Fhlladelphia. 
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AddUion (6 minutes, not including copying) 


a 

b 

c 

d 

e 

/ 

lit.. 14 

7 

3 

7 

75 

70 

8 


4 

9 

61 

40 

ii'' 


_4 

J 

82 


% 36 

876 

966 

798 

243 

369.89 

48 

908 

1^ 

459 

928 

84.96 

:U:' ra 

809 


547 

885 

78.69 

'I ' ■ 

Subtraction (8 minutes, not including copying) 


^ 1. 946 

906 

647 

823 

873 

720 

^ 



IW 

487 

467 

?’2: 900 

7,020 

6,914 

6,476 

13,226 

3300.00 


2,864 

6,907 

4,957 

4,664 

48.32 

Multiplication (7 minutes, not including copying) 


1. 18 

70 

621 

804 

706 

45 

ifM' 

J6 


__2 

8 


|||v;93,6 

800 

641 

724 

978 

35.49 


. Division (10 minutes, not including copying) 

^ ^)76 ^)B16 

iili.lOO 6^ ^1,960 9')1,832 8')$16.48 

|!^4^ctice on the process in which your work was weakest. 

of these tests contains examples of different types 
-in a single process. The time limits that are given sug- 
ge^ the length of time in which pupils should be able to 
y work and check the examples in each test. Inability of 
fthf pupil to work all of the examples in a process cor- 
these time limits shows that practice is 
V ^ prpcess. It should be noted that these 
P^;do not contain nil types of examples in each process, 
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thereby limitiTig their value as a means of exact diagnosis. 
They must therefore be supplemented by other analytical 
tests of a more detailed kind containing a wider variety 
of types of examples. This is essential in order that the 
teacher may determine the ability of the pupil to work 
types other than those included in the test. Such tests 
are described in detail on the pages following. 

The basic principle of the rate test, namely, the time 
element, has been incorporated in such standard practice 
exerdses as the Courtis Standard Practice Testa in Anth- 
metic. The Studebaker Economy Practice Exerdses, and 
Brueckner, Anderson, Banting and Merton Diagnostic 
Tests and Practice Exercises for Grades 3, 4, 5, 6, 7, and 
8. In these exerdses pupils are required to practice on 
a ^ven unit until they can work all of the examples cor¬ 
rectly in a specified time. The length of time decreases 
from grade to grade. 

Other well-known survey tests are the Cleveland- 
Survey Arithmetic Tests, Compass Survey Tests, and 
Monroe General Survey Scales in Arithmetic. 

(2) Scales. Scales differ from rate tests in two respects: 
1, the timp limits for the tests are so liberal that each 
pupil is given practically as much time as he needs to 
complete all of the examples on the test. His rating is 
not determined by the speed with which he can work the 
examples but by the number of examples on the scale 
that he can work correctly; and 2, the examples in the 
scale are arranged in the order of difficulty from very 
easy types, on which few pupils fail, to those which only 
a few pupils can work correctly. The difficulty has been 
determined by the proportion of pupils who can work the 
examples correctly. An example missed by only a few 
pupils in a group is placed lower in the scale than an 
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‘example more frequently worked incorrectly by the;: 
; .pupils in the same group. In theory a score on a scale 
: ; indicates the level of difficulty at which a pupil is just ; 
, ipble to work an example correctly. A typical problem 
; gcale is given on page 18. 

THE WOODY ARITHMETIC SCALES 

, PUBLISHE© BY 

THAfiinaM GOIXBGB, COLUMBIA innVBRSITY 
ADDITION SCALE A 

rCity,_County..-...School..Date. 

Name__When is your next birthday? 

V .How old will you he?___Are you a boy or a girl?. 


in what 

grade 

are you?.._ 

.. _Teacher’s name.. 



CD 

(9) (4) 

e) 

(6) 

m 


'. .2 . ■ 

2 

17 63 

72 

60 

3 + 1 « 


4 

3 

_2 « 

M. 

87 



.:>r' ' (8) 


(9) 

(to) 

(U) 

(12) 

(18) 

■•■2-h6 + l = 

20 

21 

82 

43 

23 



10 

83 

69 

1 

25 



2 

86 

.17 

2 

15 

ilil ’ ■ 


SO 



18 



25 



■" - 




(W) 

(16) 

(in 

(18) 

(10) 

jy>a6.+'421= 

100 

9 

199 

2563 

$ .76 



sa 

24 

194 

1887 

1.26 

fee 


45 

12 

295 

4964 

.49 



201 

16 

166 

2065 


f,, 1 f 


46 

19 






W) 

va) 

(S8) 


(84) 



$8.00 

B.75 

647 

197 

i + i- 


4.0126 

1.6907 



2,33 

686 



4.10 



4.16 

678 



8.673 

. ' 


. .94 

466 





6.S2 

S93 







626 







240 







162 
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(26) 

(26) 

(27) 

(28) 


i + i 

+ J J 

= 124 


i + i 

= 



62| 






124 






8Zi 




< 99 ) 

(80) 

(31) 

(32) 


(38) 



113.46 

i + 4 + i 

= 

.49 


6f 

49.6097 



.28 


§i 

19.9 



.63 



9.87 



‘.95 



.0086 



1.69 



18.263 



.22 



6.04 



.88 






.86 

(34) 


(35) 

(36) 

(37) 

1.01 

i + f 

s= 

2 ft. 6 in. 

2 yr. 5 mo. 

164 

.56 


3 ft. 6 in. 

3 yr. 6 mo. 

124 

.88 



4 ft, 9 in. 

4 yr. 9 mo. 

214 

.76 




5 yr. 2 mo. 

32| 

.66 




6 yr. 7 mo. 


1.10 


.18 


26.091 + 100.4 + 26 + 98.28 + 19.3614 = — 

> Copyright, 1B16,1920, by Toacherg College 

Itinted with the permlesioD of tho pubUshois, 


Scales are published in various forms. Some of them, 
such as the Woody Arithmetic Scales, have a separate 
test for each of the four fundamental operations. They 
combine examples in one operation in whole numbers, 
fractions, decimals, and denominate numbers in the same 
exercise. Other scales, such as the Woody-McCah Mixed 
Fundamentals, the Stanford Achievement Test, the Los 
Angeles Diagnostic Tests in Arithmetic, and the Woody- 
VanWagenen Mixed Fundamentals, include examples in 
all processes in one test, arranged in the order of their 
difficulty. The same scale is given to pupils in all grades 
and consequently must cover a wide range of difficulty. 
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^ Ue score of the pupil is usually determined by the 
^'dumber of examples in the scale he can work correctly. 
^“This is an index of the highest level of difficulty of the 
i ; examples that he is barely able to work correctly. These 
< j sMres canbe converted into arithmetic ages and scor^, and 
I;,'u^ed in other ways that are described in detail in the man- 
I?i: uals for each of the tests. Scores can be related to intel- 
l^'iligence by means of the achievement quotient technique. 
vL’i^ihe data secured make it possible to compare the achieve- 
C’' ment of a class or of an individual with standard scores 
; ■ and to find whether the work is at the level to be ex- 
, pected of pupils of their grade or age. For example, 
note the scores below made on the Woody-McCall Mixed 
. .. Fundamentals Test by pupils in a certain school and 
also the standard scores for each grade, which are ex- 
' pressed in terms of the average number of examples 
'V worked correctly by pupils in each grade in October. 






TABLE I. 

Gompakison op Scores on Woody-McCall Mixed Funda¬ 
mentals Test with Grade Standards 

I ' ■ . CsADB 3 4 6 0 7 8 

I ; Standard Score. 6.8 13.1 17.8 22.6 25.9 27.8 

/ , SchoolB. 6.4 11.7 17.2 24.3 26.7 28.4 


-j In Table I, the class averages are somewhat below the 
standard scores in grades 3, 4, and 6, and slightly exceed 
.the standards in grades 6, 7, and 8. This information 
pi: &ves the teacher comparative data of considerable value 
which in some schools are made the basis for grouping 
classifying pupils. However, it furnishes no precise 
'I'O the exact phases or processes of arithmetic in 
^pi^^ach the class may be deficient or as to the reasons for 
ligihe deficiency of any particular individual. There is the 
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same limitation to the information supplied by a knowledge 
of the pupil’s arithmetic age as there is to data concerning 
the number of examples worked correctly. For example, 
a teacher may learn that a sixth-grade pupil has ability 
equal to that of a normal fifth-grade pupil or that a 
14-year-old pupil is achieving only as much as the 
typical 12-year-old pupil; still he has no definite infor¬ 
mation as to the specific nature of this pupil's arithmetic 
deficiency on the basis of which to provide the needed 
remedial work. The same limitation applies to the 
problem scales of Buckingham. They provide a means 
for measuring the ability of pupils to solve problems, 
but they supply no information as to the reasons for the 
failure of pupils to achieve as much as is expected of 
pupils of their level of progress. Monroe attempted to 
overcome this difiiculty by providing a method of scoring 
the work of the pupil for both computation and the ability 
to determine the principles involved in the problem. 

The value of these arithmetic scales is further limited 
by the fact that for most of them there is not a sufficient 
number of equivalent forms of each test to make possible 
repeated measurement at regular intervals during the 
year. Present practice consists chiefiy of giving a rate 
test or a problem scale, either at the beginning or at the 
end of the year and then comparing the scores on the 
test with standards in order to evaluate the progress that 
has been made. What is needed is a series of tests or 
problem scales for each grade which would make possible 
a continuous inventory of the progress being made at 
regular intervals. The tests could be given at least once 
a month throughout the school year, so that the neces¬ 
sary teaching adjustments could be made at any time 
during the year. 




TBJACHINC 


(8); Curriculum testa In arithmetic. In order to make 
;%|\p 9 SHble to conduct systematic survefys of the work In 
l^^ttivmetic throu^out the year, a seri^ of standardized 
:||jrriculum testa in arithmetic has been prepared by 
^rtieckner.i There are ten tests for each grade, one for 
month in the school year. The use of the name, 
iicUrriculum Tests," is due to the maimer in which the 

1 « . 1 . _ J-, .1. _ 3.J. ___ 


||d^tail the speddc abilities and arithmetic processes that 
f to he taught in each grade. At the beginning of the 
the work usually consists largely of a review of the 


■'processes developed in the preceding year, few new proc- 
being presented. In some months more new stej^i 
iwniay be presented than in others because of differences 
difficulty. This list of skills and abilities can be 
into sections, each of which covers roughly the 
i^^ork for one month, that is, the curriculum for the 
l^l^onth. In constructing the Curriculum Test in Arith- 
for any one month, the first step was to include in 
test the new skills and processes which would nor- 
be tau^t in that month, "When the number of 
secured in this way was inadequate, typical dif- 
i^t examples from the work in previous months were 
if^ivC^ded untU the desired number of examples, graded 
to approxhnate degrees of difficulty, ^d been 
jA^?^?®mbled. In this way ten tests for each grade were 
|j|^6pared. A typical curriculum test for grade 3 is given 
^0^age 33. Similar tests for grades 4 to 8 are available. 
MOMously thdr content becomes increasingly difficult 
fef'lpbm grade to grade. 

Testa in AmmioProenaa CPhilsdri* 
Company), Grades 8, 4, 6, 6, 7, snd 8. 
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Name.___ Grads_ Room, 

CURRICULUM TEST III 

Directions: You will be allowed p— 

10 minutes to work the examples , , 

below. Do your work on the Number correct. 

paper in the space for each ex- „ . 

ample. Work rapidly, but try to . 

have every example correct. Be- 
gm to work when your teacher 
says "Start.” 

Find your rating and continue your Progress Chart. 


1. 

2 

2. 

2X2 = 

S. 

26 

4. 

92 


+ 27 




29 


+ 9 






18 



6. 

95 

6. 

60 

7. 

168 

8. 

162 


-28 


X8 


-94 


+ 286 

9. 

i of 10 « 

10. 


11. 

73 

12. 

8 + 2 




- 64 



18. 

$7,50 

U. 

708 

15. 

94 

16. 



+ 2.18 

- 

-496 


78 





"" 



89 








59 




Standards 



The basis for the standards for each test is the scores 
made by pupils on that test when given at the end of the 
month for which it is constructed; for example, the stand¬ 
ards in Curriculum Test 1 in each grade are based on 
scores made at the end of the first month by pupils in 
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m OUREICULUM TESTS IN ARITHMETIC 
ClasB Summary Sheet 

fe§« 3 HOOL, Longfellow Gbadb 

December, 19— Tbachbb, Mary 




a. ...... BimuuY o* Biuum* oM £acb BxMfrui 

«^W0f ru^iUMtWp, 

MiEng Euh Suadud 






1 

2 


1 . 

2 . 


2 

S 



Q 

K 

o.. . • • > • 

i ... 


.. 6 

fPH . 

S% e 1 

g 

6. 


.. 6 

ftn,. D,... 

A 

ft 


.. 7 


8 

2 

7. 


., 9 


ft .... 


.. 11 



9. 


.. 11 

. 


10 .... 


. . 9 


1-1 u: 

CO 

11 . 


...14 


12. 


...12 

..4yLlQ*BbaiLUaIU< ♦ . » . « 

'i 


ia . 


...11 


14 . 


...16 



ifi . ... 


...12 



ifi. 


...17 


17 . 


...19 

due to influenza. 


18. 


...20 


Recommendations: Give special work on zero difficulties in 
. short division. 

■^the first semester of that grade; the standards for Test II 
on scores made at the end of the second month of the 
^i^t: semester. The standards for each of the other tests 
||||e based on scores obtained in a similar manner. 

standards for each test are given at the foot of the 
Hi^t sheet. These standards make it possible to deter- 
^^e each month whether a class or a pupil is at, above, 
below the expected median score for pupils of that 
They provide a continuous survey of the results 
the basis of which necessary adjustments of instruction 
be made in reviewing arithmetic processes, and in 
taacihing of the new steps. 
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Naiie, Harry Nelson Gradb 3 Boom 306 

CURRICULUM TESTS IN ARITHMETIC 
Ebcoed op Test Results 

Enter the results of the tests in the spaces below. Reep your 
record up to date. Write neatly and clearly. 


Nujubbr of Tbsit 


KmtB&B 

CORRXCT 

EAnira 

1. 

Sept. 18 

■■ 

2 

2. 

Oct. 16 


3 

3. 

Nov. 18 

WSM 

5 

4. 

Dec. 12 

12 

5 

5. 

Jan. 24 

14 

6 

6. 

Feb. 22 

13 

5 

7. 

Mar. 22 

14 

6 

8. 

Apr. 20 

16 


9. 

May 18 

14 


10. 

June 18 

IB 



PROGRESS CHART 

Use a chart similar to this chart to graph your scores. Watch 
your progress. Your teacher will show you how to make your 
graph. 


Ratinq 

Test 


I II III IV V VI vn VIIIIX X 

8 

7 

6 

5 

4 

3 

2 

,1 

■ 


■1 

■I 


■1 





Excellent 

}Very Good 

Median 
Danger Line 

■ 

H 

■ 

■ 


■ 

■ 

■ 

■! 


■ 

■ 

■ 



■ 

Bi 

Si 

m 


■ 


■ 


SI 






■ 

/ 










r 









a 




















_ 






■ 


_ 

_J 


A Typical Individual Record and Graph of Scores on Curriculum Tests. 
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_ Jejecorda of licareB constitute the basis of 

incentives to stimulate efforts on the p&xt of the j 
* ■ ' is to' strive to increase thar ability in arithmetic. An | 
of the work on the examples in the test also 


r-i?;,*'', 


&I)glie8, valuable information as to the phases of the workl 
which additional practice is needed by the class or by-® 
pnii^ridual ptipils. (See page S5.) 

^i j^Taphs showing the progress made by pupils and cktsses | 
fe|oniith by month can ilso be prepared on basis of the j 
;%msult8. (Seepage85.). | 

#5}-^ Curriculum tests such as those that have just been | 
llrjldescribed constitute an important part of the technical | 
M'lpipinent of the teacher and the suporvisor of arith- | 
: They supply much more detailed information :| 
gjv^nceming the progress being made by the pupils in a | 
than can he secured by the arithmetic scales which | 

B jl^ihow being used, since no attempt is made in these 
:':iwles to evaluate or measure the ability of the pupil to 
apples of as wide a variety as are included in the > 
' ilum tests. 

S ^; Mtiiplete series of ten monthly standardized curric-, 
W teats for each grade from 8 to 8 is available. The 

S '" tor each giWe are based on the detailed work for ; 

grade, as found in the Triangle Arithmetics, pub- 
The John C, Winston Company. 

^iVOlmou^y, a single scale for grades 3 to 8, such as that 
must contain a series of examples covering a 
?T^ucli ^der range of skills or processes than would be 
tjl^und ih, a curriculum test designed to cover the work for 
l^e month, and for the period immediately preceding it. 
it the fact that the curriculum tests are 

ti) measuring the processes in a grade 
the scales, there is the advantage that they make It 
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possible to secure ten different comparable measimements 
of the status of the work in arithmetic at regular intervals 
during the year. Such information cannot be secured 
by means of the standard tests previously available be¬ 
cause none of them were constructed so as to follow a 
specified curriculum, and because of the few forms of 
each test available. 

(b) Diagnostic tests. Rate tests, scales, and curric¬ 
ulum tests supply much valuable information as to the 
relative status of the achievements of pupils in arithmetic. 
Still it has been found necessary to supplement them with 
analytical diagnostic tests which will assist in the location 
of the exact nature of the deficiency or difiiculty that is 
preventing desirable growth in ability on the part of 
certain pupils. 

One of the earlier forms of diagnostic tests, the Monroe 
Diagnostic Tests in Arithmetic, consists of a series of 21 
rate tests, each of which measures the ability of the pupil 
in a particular phase of arithmetic. Illustrations of the 
types of examples included in the tests are given on page 
38. The pupil’s weakness is discovered by comparing 
his rating on each of the tests with standard scores and 
by locating the elements in which his score is below 
standard. .These diagnostic tests supply important in¬ 
formation concerning the skills which they measure, but 
they do not measure the ability of the pupil to work the 
many types of examples not found in the series of tests. 
Nor does the knowledge that a pupil is below standard 
on any one of the tests show why he is defident in that 
particular phase of arithmetic. ‘ Additional information 
based on a detailed diagnosis is needed as to the spedfic 
difficulty or groups of difficulties which are the causes of 
his defidency. 




Diagnostic teaching 

EXAMPLES FROM MONROE DIAGNOSTIC|| 
5^', ■ TESTS ? 

Wk. Addition f 


0:: ■; 

®fV' ■ 

■■ 


Tinr I 

Tin II 

Tm vn 

Tun 

4 

7862 

7 

4 + 

7 

6018 

6 

t + 

2 

1761 

6 

A + 


6872 

6 

i + 


8789 

0 



fu/i'- 

Vi!.’, '■ 

■ 


■f*' . 

h<'- ‘"s' ' 

iV;, » ,. 

»fl’; 'Jis. , 

a,'?" . 
#;^:' 


Tin II 

87 94 

6 8 


fcv;; 

Kv *’ 

K'f-- 

ft 4'.' 

*r 

h 

:y 


1' Test III 
6672 
_6 

■; Tm XI7 

.1X1 = 
ixf= 


■ ■ 

Wr: 


B 

1 

8 

5 

8 

3 

1 

2 


Subtraction 

Tin IX 

739 1853 
367 948 

Mui/tiplication 

Tibt VIIl 

4867 660 

86 _87 

TinXVin 
667.2 67.60 

.7 .08 

46004 20260 


Vim XV 

i + 

A + ‘ 


Tmt XIII 

f- 
i- 


TMKt X 
807 617 

59 608 


840 

80 


TmXX 

487.6 67.28 

,62 9^ 

802260 644160 


(PupQ inserts decimal points in tests XVIII and XX.) 
Division 

Tut IV Tare VI TiM XI Tiw XVt 

^3840 82l8^ 4'?)Wl89 f + i* 
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TSBT XIX 


Test XVII 


.^yiSAns.: 87 .03')16.2 Ans.: B4 

.9^66?f Ans.: 73 .OT^l.S^ Ans.: 26 

(In tests XVII, XIX, and XXI pupils 
place decimal points.) 


.47)2758.9 Ans.: 587 
8.2)38,64 Ans.: 47 
write in answers and 


Diagnostic teats may be divided into three groups: 1, 
the sampling test, by means of which the teacher can 
determine the ability of the pupil to work selected ex¬ 
amples of the types included in the test; 2, tests which 
seek to determine the specific elements in a process whidi 
may be the cause of the pupil’s difficulty; and 3, tests 
which seek to determine the ability of the pupil to work 
examples of varied types, each type r^resenting a dif¬ 
ferent combination of the various skills that are the 
basis of tests of the second type. Tests of the tbmd 
type inventoiy the complete area of the process being 
'tested* 

(1) The sampling test. In a sampling test the teacher 
or supervisor includes a selected variety of examples in 
different processes. After the test has been completed 
the work on the papers of the pupils is analyzed and the 
examples which are worked incorrectly most frequently, 
are determined. A typical sampling test is given on 
page 40. The curriculum test on page 33 may also 
be used as a sampling test, since, after it has been given 
the number of times that each example on the test was 
worked incorrectly can easily be determined, 


Diagnostic Test VIU 

This exercise will help you to locate your difficulties in 
worldng examples in fractions and decimals, 

>■ Triangle Arithmetics, Book 2, Part I, page 260. 
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1. Add 4J, 6t, and 71. 

, 2. Subtract 6i from 151. 

C 8. 3iXHX4. 

4, Divide 7J by 6. 

■ ^ 5. Divide 3i by 74. 

I.' 6. Find the cost of 24 inches of ribbon at $.36 a yard. 

7. Add 7.4, 8.26, and 563. 

, 8. Subtract 7.5 from 18.25. 
fe 9. Multiply 27.5 by 16, 

10, Divide 28.8 by 6. 

I'i 11. Divide 763 by 16. Catty the work to two places. 

j;:' ^ 12. Express .75 as a common fraction. 

filV.; 13. Write as words; 26,07; 18.206; 728.01. 

14, Midtiply $.26 by 100; by 1,000; by 10. 

16. Write a fraction and name its terms, 

16. Add $37.64, $.04, $7, and $128.6F*. 

, 17. Subtract $4.68 from $300, 

;> 18. Multiply $76.43 by 800. 

19, Divide 670,666 by 96. 

\i: 20. At 26 cents a dozen, how much do 8 cookies cost? 

ijiK 21. Which is more, 4 yard or yard? 

22. Express 46 minutes as a fraction of an hour. 

"I; 23. Find the cost of 2 pounds 4 ounces of meat at 40(1 a 

pound. 

iv-'i ^aw apian of a garden 100 feet square to the scale 
.of 1 inch for 26 feet. 


a/fret^^^ volume of a trunk, 34 feet by 24 feet by 


' A blank, such as the one on page 34, can be used to 
show the complete distribution of errors on, the various 
Ktamples among the pupils in the class, and also the 
number of times each example was missed. 

^ The of the sampling test makes it possible to devise 
^ormd methods of locating the deficiencies in the v 7 ork 
one by a dass, since the purpose of such a diagnostic 
^t IS not to compare achievements with standards but 
to determine the ability of the pupils to work cei-tain 
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types of examples. Sampling tests are not timed be¬ 
cause their purpose is not to determine the number of 
examples of a given type the pupils can work in a given 
time, but to determine whether they are even able to 
work examples in the test. 

The contents of sampling tests can be selected by 
applying the same principles that were used in the con¬ 
struction of the Curriculum Tests, previously described. 
The examples that make up the sampling tests can be 
selected from among those that are contained in a com¬ 
plete list of the specific skills and types of examples that 
constitute the curriculum. By a careful distribution of 
the various types of examples in the sampling tests and 
by varying the contents of such tests, a complete inven¬ 
tory can he made in a short time, of the processes that 
have been taught. Thus an excellent type of review is 
also provided. 

The new types of objective examinations may be used 
as sampling tests. They enable the teacher to determine 
the types of information the pupils may lack; to deter¬ 
mine their ability to select correct solutions to examples; 
to determine their grasp of important principles involved 
in problem solving; and to secure other kinds of valuable 
information. A typical exercise of this kind is the fol¬ 
lowing completion test. Other types of useful informal 
tests are described in Chapter IX. 

A Reading Test^ 

Supply the missing word in each of these sentences. 

1. f is a-fraction. 

2. ^ is an-fraction. 

3. li is a-number. 


‘ Trlanglo Arithmetioa, Book II, Part II, page 16. 
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4. 4 is a-number- 

5. i and | are-fmctions. 

6. i and | are-fractions. 

7. When i is changed to ? it is changed to-terms. 

. 8. When | is changed to J it reduced to-timns. 

9. Before ^ and ^ can he added, they must be changed to 

a-denominator. 

10. To change i to multiply each term by-. 

11. To reduce -ft to i,-each term by 2 . 

12. Inverting ^ ffves-. 

13. Inverting gives-. 

14. Inverting 5 ipves-. 

15. Before unlike fractions can be addetl or subtracted, 

they must be changed to-fractions. 

16. When changed to an improper fraction, 21 is equal 

to-. 

17. 4' f means the same as X — 

18. A common denominator for §, §, and } is-, 

19. Give the steps in working this example: 

16i - 3i = ? 

20. Express the following in the simplest form: 

611 9i 1211 16H 18B 

Sampling tests enable the teacher to determine the 
t^es of examples with which an individual or a class has 
difficulty, but the exact reason for the difficulty can be 
discovered only by a careful analysis of the work of the 
paper. Such an analysis should reveal 
whether the example was worked incorrectly because of 
failure to understand the process involved, because of 
inaccuracy in computation, confusion of processes, faulty 
methods of work, or for other reasons. Such an analysis 
Is greatly facilitated by applying the techniques described 
m Bupceedmg chapters and by a knowledge of the most 

common Imds of mistakes made by pupils, lists of which 
are also given. 

(2) Tests for deterraming the element in a process 
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which is the source of the deficiency. In this group 
there are two types: (a) those which aid in the selection 
of the specific elements in a process on which the pupil 
may be deficient; (b) those which show the level at 
which pupil mastery in a process breaks down. 


(a) Determining the element ca/uusing difficulty. 

In the primary grades it is important for the teacher 
to discover what specific number combinations the pupil 
does not know, since lack of knowledge of basic number 
facts is one of the chief causes of failure in the various 
processes in the intermediate grades. For this purpose 
the combinations may be grouped into sets according to 
their difficulty as shown in Chapter IV. 

When pupils are tested on one group after the other, 
specific combination deficiencies can be discovered which 
may be made the basis of the remedial work in subsequent 
practice periods, each pupil practicing on the combina¬ 
tions he does not know. The Wisconsin Inventory Tests 
and Lunceford Diagnostic Tests are tests of this type. 


Analysis of the example at the left in subtraction of frac¬ 
tions shows that certain elements 
5 ^ = 5 ^ = 45 . are involved in working it, each of 

_ = 1 » = 1 -g which may be the cause of diffi- 

~ 3 ? = 3 | culty. These elements are as fol¬ 

lows: 

1. Ability to change fractions to a common denominator. 
2 '. Ability to see that borrowing is involved in working 
the example. 

3 . Ability to change the form of 5^ to 4^. 

4. Ability to subtract mixed numbers containing like frac- 

Knowledge that the answer must be expressed in lowest 
terms. 

6 . Ability to reduce the fraction in 3^ to lowest terms. 
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Inability of the pupil to perfoiro the work involved in 
any one of these six elements, assuming that his knowl- 
edge of the basic subtraction facts is atU-quati-, may be 
the cause of failure to work the example eon-ectly. To 
determine the exact element which is Ciiusing the diffl- 
, culty the teacher can prepare an informal exercise of the 
v; following type which tests the pupil’s ability to do the' 
work involved in each element: 


lik?fr£S° fractions in the following pairs to 


1 . i = T 2 . I 

i-- i 

5. 4i =4 — 

2 f = 2 — 


3. 4 
i 

: B ~ 
2 — 


4. 4 


tV 


6. 54 = B ~ 7, 6i 6 

2f = 2 — 24 » 2 — 

following examples will it be neces- 
^ to borrow before you can subtract the numbers? 

-S =• Si « 5. 9i 

, numbers in the following ex- 

J-H-T 2.1J., a gj. 


B. 74 = 6n 6. 747. 74 

zEzE -n 


n 

65 


St 

5t 


8 - 74=7 — 
- 6 J = 5 — 


6 

5 


w& is I*™" 

: 1. Bi = 2. 741 « 

4. 944 = 


3« 8 ^^ 

6 « 6 ^ » 

r answers’in^^es?teim8°^°*' expressing all fractions 


in 



1. 9J 

-Vi 
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8 . 8 ^ 

- 8 ^ 


45 


4. 9f 
— i 


2 . 6 # 

-4f 


5 . m 


By means of such informal exercises as these the specific 
element in the subtraction process which is causing diffi¬ 
culty can be located. Such detailed analyses probably 
are needed only for pupils who have marked weaknesses in 
a particular process or for types of examples such as the 
following which contain spedal elements of considerable 


difficulty: 



1. 9 

2. 4| 

+ 9^ 

3. 8^ X i = 4. 7^ -5- 5 

-6f 


5. .7 

6 . 265 

7. 74/22,363 8. 2.7/m 

.6 

X408 



9 - 

The great variety of types of examples in each process 
which involves different combinations of skills and each 
of which consequently contains different possible causes 
of difficulty is a factor which must be taken into con¬ 
sideration in the development of such diagnostic exer¬ 
cises as that presented above for the subtraction example. 
Su ch detailed analyses of the elements involved in work¬ 
ing any example make clear to the teacher the variety 
of steps that must be presented in teaching the method 
of working the example. The labor involved in preparing 
suitable diagnostic exercises of this type can be con¬ 
siderably reduced by limiting the analyses to the difficult 
types of examples in the various processes or by using 
the ready-made exercises found in the newer textbooks 
and in sets of remedial exercises. 
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The appHcation of this technique of diaptosis involves 
first the location of the types of examples with which a 
pupil or a class has difficulty by means of a sampling 
test. When the difficult spots have berm di<tprminc-d the 
next step is to ®ve each pupil the exercise which will 
aid in the location of the exact element in that tjpe of 
example which is giving him difficulty. Usually it will 
he necessary to use such analytical materials with only 
a small poup of pupils who do not appear to profit from 
the help given by the teacher in the class prp.s;entation. 
Su(^ exercises are not timed nor are standards available 
which can be used for comparative purposes. The func¬ 
tion of such tests is to aid the teacher to locate the ele- 
mmt in examples of a given type wdiich is the cause of 
difficulty, not to measure the ability of the pupils to 
work such examples. 


(b) determining the Uvel at which mastcru hrenkti dov’ 7 U 
It has been suggested that it is possible to determine 
tne level which pupil mastery of a process breaks down, 
In ordCT to apply this method, the important skills in 
an me ic are first analyzed into a number of component 
parts, each of which can be measured in isolation. The 
Compass Diagnostic Tests in Arithmetic are baaed on 

numCJi-‘i, test in addition of whole 

tAo+ja • ■ in this series of twenty 

The test consists of 


K J’ Addition Pacts. 

q’ Addition. 

pS s Additioni 

Part 5, Checking Answers in Addition. 


TiUI ALWWliD 

3 minutes 
6 minutes 
3 minutes 
6 minutes 
9 minutes 
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COMPASS DIAGNOSTIC TESTS IN ARITHMETIC 
Ruch—Knight—Grebne^—Stddebaker 

EDITED BY G. W. MYERS 

TEST I: ADDITION OF WHOLE NUMBERS: FORM A 

Naina...Grada..Boy or girl?. 

Age-.-When is your next birthday?.._How old will you be then?_ 


School.—.Date. 

(Name) (City) (Stnto) 


SuMHABY or Purn's Bcona 

Part 

I 

Part 

2 

Part 

3 

Part 

4 

Part 

r> 

Total 

Scores on Parts of Teat 

H 

■ 

■ 

■ 

■ 

1 

Educational Age Equivalent 


■ 

1 

■ 



Grade Equivalent of Score 

1 

1 

1 

■ 

1 

1 


Part 1—Basic Addition Facts 

Add: 


0 +2 = 

4 + 1 = 

0 

9 

5 

2 

3 

1 

7 

1 + 7 = 

5 + 3 = 

2 

1 

0 

3 

4 

1 

5 

2 + 2 = 

1 + 0 = 








7 + 6 = 

6 + 4 = 

9 

8 

5 

7 

6 

4 

2 

2 + 5 = 

3 + 4 = 

2 

4 

4 

4 

2 

1 

6 

2 + 1 = 

2 + 7 = 








0 + 9 = 

1 + 6 = 

9 

4 

8 

0 

4 

2 

6 

9 + 2 = 

3 + 3 = 

5 

0 

6 

7 

2 

5 

6 

3 + 9 = 

7 + 4 = 








5 + 8 = 

0 + 0 = 

5 

2 

4 

3 

7 

8 

8 

9 + 1 = 

9 + 9 = 

3 

4 

6 

7 

3 

3 

8 

8 + 6 = - 

7+ 5 = 








2 + 8 = 

9 + 4 = 

9 

0 

1 

9 

2 

7 

1 

8 + 3 = 

7 + 2 = 

_6 

_9 

_7 

_7 

_8 

_6 

_8 



7 

1 

7 

6 

S 

3 

6 



_8 

_6 

_7 

_9 

_0 

_9 

_3 


Score on Part 1 = Number right =. 

[Total poBsible score = 70 points] 
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Pabt 2—^Hiohsr Dbcaj>is Addition 


Add; 

2 

20 


4 

42 


15 

9 


8 

16 


1 6 8 18 
^ 22 W _6 

24 21 4 82 

J J W J 

0 1 33 40 

12 n _B _2 

9 32 10 a 
^ 2 7 18 


4 

8 

7 

12 

29 

2S 

1 

4 

38 

18 

M 

_7 




2 

1 

5 

25 

U 

28 

7 

0 

2 

<20 

n 

26 


24 

10 

e 

16 

J. 

2 

12 

J 

4 

33 

7 

1 

20 

3 

13 

24 





31 

6 

9 

2 

J» 

11 

20 

36 

6 

7 

19 

9 

13 

12 

2 

23 


14 0 
2 10 

11 5 

J 10 

24 19 
9 4 


Add: 

19 + 7 = 
12 + 2 = 

20 + 7 = 
26 + 6 = 


14 + 2 = 
11 + 7 = 
28 + 7 = 
18 + 7 = 


10+3 = 
18 + 8 = 
0 + 20 = 
22+0 = 


Score on Pari « = Number right =. 

[Total possible score = 66 points) 



Part 3 Column Addition 



8 

0 

1 

2 

4 

1 

2 


2 6 
4 3 

3 6 

8 7 

1 0 
8 4 

6 7 


Score on Part s = iv«m6ernVftlX6 = 

[Total possible sgore = 60 points] 
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Part 4 —Carrying in Column Addition 


Add: 







1. 

2. 

3. 

4. 

5. 

6. 

7. 

29 

98 

17 

47 

117 

766 

27 

47 

13 

13 

4 

960 

982 

96 



67 

13 

617 

932 

77 



' 

49 

* 

448 

84 




29 



98 







17 

8 . 

9 . 

10. 


11. 12. 

18. 

26 

9132 

7027 

162 


663 



5112 

249 

4914 


5166 



2343 

7191 

9737 


7360 



7417 

9235 

67 


2661 



' 

9059 

9280 


4099 





427 


9730 





'■ 


9222 




12. Copy and add: 62 + 604 + 827 + 797 + 997 = ? (Put 
your work under 12 above.) 

13. Copy and add: 76, 64, 60, 97,35, and 20. (Put your work 
under 18 above.) 

Score on Part 4 = Number right X 10 = - 

[Total possible score = 130 points] 

Part 6—Checking Answers in Addition 
Directions; Some of the printed answers below are right, and some 
are wrong. Check each sum by adding downwards. 
Write your check answer on the line at the top of the 
example. The first one is already done correctly. 


797 


218 

166 

6566 

9270 

7774 

887 

162 

663 

128 

923 

3167 

9984 

9447 

766 

4914 

6166 

456 

928 

4918 

4763 

7267 

798 

9737 

7360 

787 

466 

7194 

7163 

2848 

91 

67 

2661 


2484 

77 

9660 

9192 

700 

9280 

4099 



21792 

3083 

36528 

206 

427 

9780 






3618 

24687 

9222 








38861 


Score on Part 5 = Number right X 10 = .. 

[Total possible score = 70 points] 

Cqpyrlsbt, 1025, by Scott, Forosmui otvI Company 
Fnntea with the penniesioD of the publlehere. 
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The five given consecutively, the pupils beinv 

allowed the time indicated for work on each part. Their 
ability is measured by the score they make in each part 
of the test, based on the number of examples worked 
correctly. No attention is paid to the number of ex- 
amples worked incorrectly. Each part of the test is 
esse^ally a rate test. Standard scores in terms of the 
number of examples are provided in each part of the 
test, wbeh make it possible to compare the scores made 
by each pupil with reasonable norms. Score.s may be 
pressed as arithmetic ages for each part of the test and 
or the whole. If the pupil’s score is below the standard 

defipW itssumal that he is 

deficient m the shlls contained theivin, thereby locating 

A tSr^ which his mastery of the procc&s bleaks down. 

puittof o^TOoIe 

N™, EWeSctoldt „„ 

GB 10 . When is Your Next Bihthoay? September 4. 
How Old Will You Be Then? ii 

School, Barton. Minneapolis, Mmn. Date, May 8, 1928 . 


BmnuBT ov Saasi 


Nombw of examples correct 
Educational age equivalent 
Irrade equivalent of scores 


Pahw 


I 

11 

III 

IV 

V 

VT 

TOTAb 

49 

63 

42 

29 

1 

5 

179 

H4 

L4 

L4 

ik 

H3 

H3 

9-6 

L4 


A'avruius 1, 

grade. I 

core on Fart I, Basic Multiplication Pacts, 
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is equivalent to the High 4 standard. Her scores on 
Part II, Additions Needed in Multiplication in Parts 4, 6, 
and 6; Part III, Carrying in Addition used in Multiplica¬ 
tion, and Part IV, fundamentals in Multiplication, are 
equivalent to the standards for the Low fourth grade, 
the grade she is in. Her scores on Part V, Checking Mul¬ 
tiplication, and Part VI, Finding Errors in Multiplica¬ 
tion, are both considerably below the standard for her 
grade. Remedial work must be^n at the levels rep¬ 
resented by the materials and sldlls for Parts V and VI. 

Just what is meant by “level” has not been clearly 
defined by the authors of this series of tests. An analysis 
of some of the tests shows that many of the important 
types of examples in the process have been omitted. 
This probably is due to the fact that it is the theory of 
the authors that the ability of a pupil can be adequately 
determined by measuring his ability to work a satisfac¬ 
tory number of examples from a fairly large sampling of 
the total possible list of types of examples in the process 
rather than all types. These tests therefore do not form 
the basis of a complete diagnosis, nor do they provide 
techniques by means of which the why of failure at a 
particular level can be discovered. The fact that a 
pupil is below the standard on one part of the test, say in 
subtraction of fractions, may be due to marked inability 
to work examples involving zero difficulties or borrowing 
procedures, or to some difficulty on some specific skill 
lumped in the same test with other specific skills, and 
not to an all around weakness in subtraction of fractions. 

No attention is paid to the number of examples 
attempted and therefore the relative accuracy of the pupil’s 
work is not determined. Specific types of difficulties are not 
located by tbes^'tests, nor are faultj^ methods iof wqrk 
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iw^ed. If a pupil is assijfned practice work on flin 

exercises nartS 

habifewhch cannot be deteted by such trate, 

(8) Te^ which determine the ability of the punil tn 
WOTk a wide ^ety of types of exaraphe in each pS™ 
^^ysis of the leaming process in each of the^S 

a^de P"P” "“y 

of ™ samples in each process. Sets 

rf ^ples can be prepared, each of which reprae,^ 

mmbmation of epeciiic skills and elemenia not 
found m the other examples in the set. This note S 
b® made clear by Monme- in the following stato^ 

?' ‘bis conclusion, a little eea- 

Within a range of rSkS i} of decimal fractions. Even 
decimals it is possible^to in division of 

of types. If each tvne ® considerable number 

ability, it ia dearly ! mmires a specific 

subject-matter be carefuUv ^ 

fundamental types oUxamSef determine the 

a» it is dSu.'thS^ fct°th 

used to develop skill contain f? Practice exercises 
: apples in order that the wb i types of ex- 

he covered. For examnle process may 

volved in the addiS^S in- 

be considered: ^ fractions the following 

, fototip Dirtdon,” 
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Additional Types 
1. i 2. J 3. f 4. f 

_i -i -t -1 

I i = i i = i 


B. f 

^ = If 


In this group of addition examples, each pair of frac¬ 
tions has a common denominator. In example 1, the 
sum, when found, is already expressed in lowest terms; 
in example 2, the sum miKt be reduced to lowest terms. 
A new element is introduced in example 3, since the sum 
is expressed as an improper fraction which when reduced 
to simplest form is a whole number. In example 4, the 
sum is an improper fraction which is reduced to a mixed 
number, involving no further reduction. In example 5, 
the sum is an improper fraction which when reduced to 
a mixed number contains a proper fraction (f) that 
must be reduced to lowest terms. Each of these examples, 
therefore, involves a different combination of skills and 
must be considered as a separate type in the construction 
of drill materials or diagnostic exercises. 

These types can be varied by introducing the element of 
unlike denominators which greatly increases the difficulty 
of each basic type and, therefore, practically results in 
a new series of types each of which may cause difficulty. 
Note the following addition examples paralleling the five 
given above in which the only new difficulty included is the 
factor of reducing the fractions to a common denominator. 



2. f 8. f 4.1 6. I 

J 1 1 J 

l-f 1-1 lf = l* f“lf = lf 


The six examples in division of proper fractions, given 
below, also contain elements which make each of them 
a specific type. In type 1, the quotient is a whole number 
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greater than unity; in type 6, the answer Is unity. The 
answers for types 2 and 3 are fractions, reduction bEiiif 
involved m the latter type. In types 4 and 6, the 

Division Tvpns 

fit!'!’ X 

“ SI®' ^ 

The typK here given may be made more difficult by 
nCTeaang the aiz^ of the numeratoi-s to numbem larger 
han 1 Complete analyses of the important types of 

f2m P^°<^®sses in whole nurabem and 

fractions are given in Chapters IV and V. 

chS the 

is t-lip nx ^ iiivolved, m addition to the computation, 

f ^^^ysis of types of 

cS it''”''? ^ basis. Such 

ChaS^yi,^'® examples m decimals are given in 

is to f pupil difficulties in arithmetic, it 

shills in each ernnp'^ i^beir abilities over a wide range of 
work to determine their ability to 

skills may ocTm toffiSf f ^ *bese 

specific difficulties supTi ^°“ibmations, or in which 
present. A comnletp Hia ^ those involving zeros, are 
made on the basis of ti, ^ deficiencies cannot be 

few ezampt fT> ^ 

It is practically certain^thS^tif'random, since 

ability of the punil to procedure the 

pupil to work difficult types of examples 
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not included in the test cannot be determined and serious 
deficiencies may not be discovered. 

The necessity of such a detailed analysis of types of 
examples has been recognized by Buswell and John.^ In 
their study of the nature of the faults of pupils in work 
in the fundamental processes they used tests covering the 
entire range of types of examples. In the studies dealing 
with the most common sources of errors in fractions and 
decimals, that are reported in subsequent chapters, the 
surveys of errors were made on the basis of an analysis 
of the mistakes made on diagnostic tests made up of a 
wide variety of types of examples in each of the processes. 
Similar analyses of difficulties have previously been 
based on the errors made on a small number of examples 
covering only a small part of the total area of the proc¬ 
esses in fractions. 

Diagnostic tests of this type are not timed. Their 
function is to make it possible for the teacher to deter¬ 
mine the specific types of examples in each process which 
the pupils may not be able to work, not to compare their 
rate of work or their accuracy with standard scores. A 
class summary (see page 56) may be made of the number 
of times each of the examples was worked incorrectly, 
thereby locating the places where remedial work is needed. 

As has been indicated, the nature of the specific element 
which is the source of the difficulty must then be deter¬ 
mined by a careful analysis of the pupil’s work, or by 
means of the specific types of diagnostic tests previously 
described. In some cases a special study of the pupil's 
methods of work must be made by methods described 
in the discussion of individual diagnostic procedures. 


* G. T. Buswell and L. John, "Diagnostic Studies in Arithmetic," 
Supplementary Educaiional Monograph, No. 30 (Chicago, Illinois: Uni¬ 
versity oi Chicago Press, 192G). 
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Diagnostic tests of this kind are also very useful in 
connection with the development of instructional mate- 
rials.‘ The contents of the practice exercises can be 
constructed in such a way that the types of examples 
found in an analysis of possible types will all be included, 
and according to ceiiain specifications set up in advance. 
In this way, the serious limitations that have been found 
to exist in the present-day practice exercises in the vari¬ 
ous processes can be overcome. The nature of these 
deficiencies is made clear by the following conclusions 
based on a study by Bmeckner® of the distribution of 
practice on the various tj^es of examples in the subtrac¬ 
tion of fractions found in ten modern textbooks; 

The range in the amount of error on the 68 tsrpes of sub¬ 
traction examples by a group of 167 sixth-grade pupils is 
from 7 per cent on type (f -1) to 40 per cent on type 
(3i^ - If). It is therefore obvious that each of these types 
should appear in drill materials in subtraction of fractions. 
Some of the tyiDes on which there were the largest amounts 
of error are entirely missing in some of the texts. 

Textbook writers apparently have not constructed their 
drills in the subtraction of fractions according to specifica¬ 
tions which consider the question of types of example as a 
factor. In the ten textbooks analyzed, the range in the 
number of types missing was from 16 to 46. 

Very little practice is given in solving examples of the types 
that do occur in textbooks, since on the average 75 per cent 
of the types that are found in texts occur less than five times. 

There is no agreement as to what types of examples 
should occur in drills, there not being a single one of the 58 
types that occurs in all ten textbooks. 

^An excellent series of such diagnostic tests and practice exercises 
may be found in L. J. Brueeltner, C. J. Anderson, G. 0. Banting, and E. 
Merton, Diagnostic Tests and Practice Exercises, Grades 3,4,6,6,7, and 8 
(Philadelphia, Pennsylvania: The John. C. Winston Company, 1929). 

“L. J. Brueckner, “A Technique for Analyzing the Distribution of 
Drill in Fractions,” Journal of Educational Mdhod, Vol. 7, pp. 362-68. 
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3. Pactoes to be Considered in Selecting a Test. 

The most important consideration for the teacher to 

th^t^i™ ® ^®st is the purpose for which 

the test K to be given. If the teacher merely wishes to 

S ® a survey 

t^ ^ould be ^en. If the teacher wnshes to discove? 

difficulty of pupils in the class, a diagnostic 

suDuklfflt^tL™; necessary the teacher Sould 

value available have the same 

been iiarpfnni® ^ave not always 

shoSld^SeX that basic principles thS 

takr Sn •/ contraction of a test have not been 

^ ralSr r the criteria 

tollowiiig: ” evaluation of a test are the 

2 ! ®®*6 tlie «■ 

whileness of the^t^th general worth- 

emiculum i‘ Parallels the 

3. The reliaWu+Tr to measure. 

accuracy of measurement vr^ degree of 
the ability of the punO on v ®tal3ihty of a measure of 
and the degree to which Tw® the same test, 

claimed to m^nrl " ^^^^t it is 

of. the test. ^tTIuow equivalent forms 

with duplicate or equivalent f^^^ted measurement, tests 
equivalent forms should be selected. 
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Those who may be interested in making a detailed study 
of these factors will find an excellent discussion of criteria 
to be considered in evaluating standard and unstandard¬ 
ized tests in G. M. Ruch, The Objective or New-Type 
Exarnination, published by Scott Foresman and Company. 
Similar discussions are given in the texts listed in the 
bibliography at the end of this chapter. Manuals that 
are published for standard tests usually contain data 
regarding their reliability, their validity, the basis for the 
standards or norms, and other pertinent data. 

Problems for Study, Reports, and Discussion 

1. Show that arithmetic consists of a large number of 
specific sldlls and abilities. 

2. Why is rate of work an important factor in ability in 
arithmetic? What provision is made in textbooks for giving 
standards for rate of work? 

3. How does a pupil’s rate of writing affect his scores in 
an arithmetic rate test? Why? 

4. Is 100% a reasonable standard for accuracy in long 
column addition in grade 5? 

5. How does a scale differ from a rate test? What aspect 
of ability is measured by a scale? What arithmetic scales 
are available? 

6. What is meant by the “area” of a process? 

7. Select from the tests listed in the appendix and those 
described in this chapter a group of tests and exercises that 
you feel should be part of the teaching equipment in arith¬ 
metic instruction. 

8. Examine textbooks in arithmetic to find out what 
provision is made for survey tests, diagnostic tests, and prac¬ 
tice exercises. How are standards stated? 

9. Prepare a sampling test that may be used to deter¬ 
mine the ability of the pupils to work examples in some 
phase of arithmetic processes. Give the test and deter¬ 
mine the frequency with which pupils work each example 
incorrectly, 
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10 . Analyze carrfully the skills involved in the diamostie 
exercise on page 44. Prepare a similar exercise. Give it 
to a class of pupils and an^yze the results. 

19 meantJiy a "type" example in fractions? 

to analytical diagnostic tests not timed’ 

13. How may fte validity of a test be determined? 

14. ^immine the manual of some standard test and find 
^h^^,i“^onnation it contains concerning the procedure 

followed in preparing and standardizing the test its reli- 
abihty, validity, norms, and method of scoring. 

Selected BisLioGEmiY 

siJ? tlie references cited in the previous discus- 

following selected rSer^ 
^ces for supplementary discussions on the uses S tes2?n 
the meMurement of arithmetic ability. “ 

tioiStoa™ I- "S?”mwy of Ediica- 

^ &i'us^vSn 

sScTpaS aSrIr! 

and Inter- 

and Company, 1929) ^ ^ York. Longmans Green 

T* Tho cZ^'S) “ 

(B’oSni^&ghton MiS 
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9. Paulu, E. M., Diagnostic Testing and Remedial Teaching 
(Boston: D. C. Heath and Company, 1924). 

10. Trabue, M. R., Memring Results in Education (New 
York: American Book Company, 1924). 

11. Wilson, G. M., and Hoke, K. J., Row to Meamre 
(Revised) (New York: The Macmillan Company, 1928). 

12. Woody, C., "Measurements of Some Achievements in 
Arithmetic,” Teachers College Cmtrikiims to Education, 
No. 80 (New York: Columbia University, 1920). 


t 



Chapter III 

TECHNIQUE OP INDIVIDUAL DIAGNOSIS 

Survey and diagnostic tests give the teacher important 
formation as to the pupil’s ability in the various proc- 
in arithmetic, and aid considerably in the location 
of ttie causes of weakness in some cases. But these tests 
must be supplemented by a special study of the work of 
^i^^duaJ pupil who is much below the standard for 
his grade or is not making satisfactoiy progress due to 

rtch is to 

r* “ “• The number of pupils 

^ Ortaanly not more than from five to ten in 
DiaraosHc examination. 

1. General Diagnosis. 

alinost no toonJSo^"^ 
of the deficiencies of nunil 

that all classes in Sie^,^ 107 may show 

a^esm the school are above the average. The 
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giving of a survey test, however, is only the first step in 
an effective testing program. When a class score is 
considerably above average there is often great danger 
that the pupils who are at the lower end of the class dis¬ 
tribution may be overlooked and no special adjustment 
made to bring their work up to the standard. For 
example, a certain principal in his report of the results 
of a testing program in arithmetic, which showed the class 
averages to be above standard throughout, stated that 
because of this fact drill in arithmetic need not be stressed, 
thereby implying that the work of all pupils was satis¬ 
factory. ^ analysis of the scores made by individuals 
in his classes showed that several of the pupils were 
considerably below standard and in need of special indi¬ 
vidual help. 

When a class score is below the standard, possible 
factors which have produced this result should be inves¬ 
tigated. The mental level of the class may be such that 
their achievement may really be exceptional for pupils 
of their mental level; the class may contain many aver¬ 
age pupils; there may have been excessive absence for 
various reasons; there may have been a considerable 
turnover in the pupil population; the instructional mate¬ 
rials may be unsatisfactory; the teacher may be incom¬ 
petent; or the training that the pupils received in earlier 
grades may have been inferior. 

When survey tests can be ^ven only once during the 
year, they probably should be given early in the school 
year instead of at its end, as is often done, because then 
the data can be used as the basis of adjustment of instruc¬ 
tion during the remainder of the year. About the end 
of the first month of school would seem to be the best 
time for these tests, since by then the “wanning up 
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process or review work which is neeessai-y to overcome 
the retrogression in ability in arithmetic which occurs 
vacation is eompleted and a more 
the conditions would be secured than 
by a, test given immediately after the opening of school. 
Obviously, it is desirable to repeat the testing program 

aken pkce as a result of the work during the year A 
dass, which may be below standard at the end of tht 
^ar, may actually have made excellent progress when 

. year. A senes of standard tests given at 
more frequent intervals and standardized for the work 

mav M ^ instruction than two tests that 

may not even cover the curriculum that the pupils are 
owmg, given at the beginning and the end of the year. 

2. AimvTicAL Diagnosis by Means op Tests. 

cedires infolZg'^the we ^^/1 diagnostic pro- 

determine: ^ ® ^ ^ employed to 

fa 

“rtain typ® of examples 
contained m sampling tests; 

may ^ ^ which 

('Hwil 1 1 deficiency; 

breaks7own; mastery of a process 

^^in^ SocSs*°suT^ ^ examples 

tensive diagiostift^.^'® 
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As has been shown in the preceding chapter, there 
are available at the present time standard diagnostic 
tests which make it possible to determine the weaknesses 
of pupils by any of the five methods listed above. If a 
pupil's rating on a test, containing a partial sampling of 
the varieties of examples in a process, is considerably 
below standard there is every reason to believe that he 
may have difficulties in the process as a whole which 
should be investigated. Such sampling tests have the limi¬ 
tations that they do not show whether the pupil knows 
how to work examples of the type not included in the 
test, nor do they reveal the specific nature of the difficulty. 

Standard diagnostic tests, or informal exercises, which 
assist in locating the particular element in an example or 
in a process that is the basis of the difficulty, are excel¬ 
lent teaching guides. They indicate the steps that must 
be presented in teaching the process. Such informal 
exercises can be prepared by any teacher who under¬ 
stands the technique of analyzing the skills involved in 
any given example, described in the preceding chapter. 

The knowledge that a pupil is having difficulty because 
of some specific element, may be made the basis of the 
remedial'teaching. Such remedial work is given after 
the teacher has discovered by some method whether the 
difficulty is due to lack of comprehension of the process, 
lack of some more basic skill, or to other causes. Diag¬ 
nostic tests which enable the teacher to determine the 
level at which pupil mastery breaks down, or to ascer¬ 
tain which types of examples in a particular process a 
pupil is not able to work, are analytical in character and 
indicate the places where remedial work must be done. 
Neither of these types of tests indicates the specific causes 
of the difficulties either of individuals or of the class as a 
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whole. In order that the teaching may function effec¬ 
tively, it IS important that the exact nature of the inter 
fenng element, process, skill, or method of work be 
detCTinined. This is especially needful for pupils whose 
work shows little improvement. 

3. Psychological Diagnosis. 

When the teacher has discovered, either by the general or 
by the analytical methods of diagnosis, that the pupil is de- 
ci^t in mthmetic,the problem then presents itself of how 
best to discover the exact cause or nature of the difficulty 
W Spedjic procedures in psychological diagnosi^. 

SZr? ^sed in the psychological type of 

diagnosis have been devised for the purpose of losing 

from sur- 
"^^thods of 

Zw nfT a^^ze the written 

k of the pupil. 2. To observe the pupil’s mental 

be 

ne is required to do all of the work aloud. 

Been made of their wntten work. Some of these diffipul 
t.« ™-ed by e few he ^ 4^:^“'- 

eyidmUl»Al..l.'-T i? f™”'® tbe left it i* 

two denoo™t«4d theS^^SST 

-Js 

^ faul^^’m examples illustrate 

some direct teaching is^tSd. ^ 
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(c) 4 X 36 = 162 In example (c) the pupil carried 
the wrong number (4) from (24), the product of 4 X 6, 
and wrote the (2). 

In example (d) the pupil gave the incor¬ 
rect sum of 6-1-3. Both of these ex¬ 
amples illustrate possible carelessness in 
work, or errors due to lapses in attention. 
In some cases it is more difficult to deter¬ 
mine the exact cause of the error by an ex¬ 
amination of the written work. In example 
(e) the pupil found the correct sum for the 
first column and the incorrect sum for the 
second. The error may have been made because he had 
difficulty in cari’ying or because of faulty sums in the 
several additions in that column. 

(f) Iv 3y = -s- In example (f) it is not possible to 
determine the cause of the error from the work given. 
The pupil may merely have guessed an answer; he may 
have tried to work the example mentally and have 
omitted some important step; he may not have known 
how to reduce mixed numbers to improper fractions or 
how to invert the divisor. In order to discover the exact 
cause of the difficulty in examples, such as (e) and (f) in 
which the reasons for the errors are not obvious, the only 
satisfactory way to proceed is by means of a conference 
with the pupil in which his work is discussed and his 
difficulties are ascertained. While an analysis of the 
written work, in many cases, reveals the kinds of errors 
that were made, it does not give any information as to 
the mental processes of the pupil while working the 
examples, his methods of work, or his specific weaknesses. 
(2) Observing the mental processes and habits of work of 
pupU. While survey and diagnostic tests may give 


(d) 73 
+_2Q 

98 

(e) 98 
47 
56 

m 
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the information that a'pupil is considerably below a desir- 
able standard in one or more processes or elements of 
processes, they yield no information as to his mental habits 
and methods of work. A pupil should not be assigned 
practice exercises in the process in which he is deficient 
before the teacher has made certain whether his difficulty 
may not be due to faulty, roundabout methods of work, 
lack of knowledge of the method of working the examples 
in the exercises, or some specific deficiency, such as 
inability to carry in addition or to borrow in subtraction. 
This can best be done by a careful observation and 
analysis of the work of the pupil as he works the examples 
orally. 

One of those who fir^ used this technique was Courtis’ 
who describes methods of diagnosis and typical errors in 
processes in his Teacher’s Manual for the Standard Prac¬ 
tice Exercises in Arithmetic. Uhl® discussed the value 
of standardized material as the basis for diagnoas and 
described typical errora revealed by an analysis of the 
oral work of pupils in solving examples. The first blank 
for recording typical errors in arithmetic and the first 
standard test for analyzing pupil difficulties in the proc¬ 
esses with integers were published in 1922.® 'These 
materials were the forerunners of the much more care¬ 
fully constructed dU^ostic tests and record blanks 
which are now used in diagnostic work in all arithmetic 
processes, 


n' Pradice Exereises in Arithmeiie (Teachers' 

Manual), (Yonkers-on-Hudaon, New York: World Book Company, 1916). 

• W. L. Uhl, "The Use of Standardized Materials in Arithmrtic for 
Diagnomg ^pils Methods of Work,” ElmetUary School Jomwil, Vol. 

lOf pp» 

Diagnosis of Pupil Diffi- 
Yearbwk of Oib Depar^rU of ElsmTUam 
Behoof PnwpolB (Washington, D. C., 1924), pp. 290-300. 
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The steps to take in making a psychological diagnosis 
of the pupil’s methods of work are as follows: 

1. Select for special study the pupils in the class whose 
work is considerably below standard in any process or 
part of a process. 

2. If the pupil is deficient in a whole process, select a 
standard diagnostic test containing a wide variety of 
types of examples in the process in which the pupil is 
deficient. When a standard test is missing, the teacher 
can devise an informal one for the immediate purpose. 
Several modem arithmetic textbooks contain satisfactory 
tests for this kind of diagnosis. If the pupil’s deficiency 
seems to be limited to one element of a process or to a 
particular type of example, materials of a much more 
restricted nature, limited to the phase in which the pupil 
is deficient, should be used. 

3. Select one of the pupils for special study. Bring 
him forward to the teacher’’s desk. Place him in a chair 
at the right of the examiner. At some convenient time, 
when the other pupils are working on drill exercises, 
direct the pupil to work the examples in the test aloud, 
simply saying to him, “Since we have discovered that 

you are not up to standard in-, the best way for me to 

find how to help you will be for you to work the examples 
aloud for me, instead of working them silently, like 
this. . . .’’ After a simple demonstration, pupils readily 
understand what is wanted and proceed to work the 
examples. 

4. Carefully observe the verbal statements of the pupil. 
Make a note of any faulty procedures, examples which 
evidently present serious difficulty, roundabout state¬ 
ments of method, or other possible sources of difficulty 
that are evident. Whenever necessary require the pupil 
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to repeat the work. If there is a long pause, the examiner 
^ould seek to determine what the mental activities of 
the pupil were during that time. This can usually be 
done by judicious questioning. To prevent fatigue, a 
diagnosis of only one process should be made on one day. 

5, Observe the pupil's habits of work. He may be a 
“counter,” he may dawdle, his attention may easily be 
diverted, he may be bored by the whole process. Through¬ 
out the entire period of the examination every effort 
must be mde to take an impersonal attitude toward 
the pupil’s responses. Under no circumstances should 
the pupil be censured for faulty habits that are revealed, 
since this might result in the inhibiting of his responses 
and make it difScult to proceed with the diagnosis. The 
attitude of the exaimer should be the same as that of 
the physician or clinician who is seeking to determine 
the cause of an ailment, tiiiat is, a critical, impersonal 
study of the case in hand, unbiased by prejudices or 
emotion. Nor should any attempt be made during the 
diaposis to teach the pupil the correct methods of work. 

This should not be done untU after the diagnosis has 
been completed. 


6. R^ord the results of the diagnosis on the pupil’s 
record^ blank for future reference both in deciding what 
remedial work is needed and to find what faults have 
been ehminated as a result of the remedial work that is 
done. File the ptipU's test paper with his record blank. 

typical record sheets.) 

W A tyjnctd sumrmry of errors in a school The 

® faults that were 

^ psychological diagnosis of the 

wta, 1926), pp. ^ (Minneapolis, Minne- 
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difficulties of 45 pupils in grades 4 to 6 in the Calhoun 
School of Minneapolis who were rated by the test results 
as “pupils so far below standard that special adjustment 
is necessary”: 

The types of difficulty disclosed were most interesting. 
The most common fault proved to be the habit of counting. 
The teachers had worked faithfully to secure automatiza¬ 
tion of all combinations, but in spite of their efforts, 
twenty-three counters slipped through. They counted in 
the most amazing ways, with lips, tongue, toes, and fingers. 
Sometimes the counting was scarcely perceptible. Fourteen 
had a short attention span. They could readily add a 
column of four or five figures, but beyond that they were 
lost. Fourteen moved lips constantly, vocalizing every 
step, ten had a bad habit of jessing, eight failed because 
of faulty procedure, and six failed because of slowness. 

Addition difficulties. Twenty-two skipped around, select¬ 
ing combinations that seemed easy to them; eighteen 
hunted about for addends of 10; eighteen inspected the 
example to find a starting point; eleven had trouble with 
carrying; five added all the large numbers first to get them 
out of the way, and nine used curious roundabout methods. 

Subtraction difficulties. Fifteen showed weakness in the 
fundamentals; fourteen had trouble with borrowing; 
twelve used roundabout methods; three always subtracted 
the smaller numbers from the larger whether it was in the 
minuend or the subtrahend; four added to obtain results, 
and three counted backwards, using the fingers to keep 
track of the count. 

Multiplication difficulties. Ten showed weakness in fun¬ 
damentals; seven had cairying difficulties; nine used the 
multiplicand and the multiplier, and two had zero difficul¬ 
ties. 

Dimion difficulties. Nineteen had trouble with divisions 
having remainders; twelve had zero difficulties; eleven 
repeated the tables to secure results; eight used roundabout 
methods; twelve had difficulty with trial division, and six 
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rouldn't remember the nximber to carry in the multinlica. 
tion involved, 

. took from forty-five to ninety minutes to complete an 
indmdual diaj^osis, the time depending upon the number 
and kind of difficulties encountered. We were fortunate in 
haying the assistance of student examiners, but if we had 
not had their help, we could readily have made our own 
diagnoses. Anyone who is supplied with the necessary 
diagnoshc material can do the work. As a matter of fact 
It is a ffistinct advantap for a teacher to make her own 
di^osi^ and some of our teachers preferred to do so. 

i he_ children, themselves, were keenly interested in the 
^alysia and cooperated willingly with the teachers in their 
situation. It sometimes happened 
that a child had only one or two special difficulties. When 

d2r a comparatively easy matter to 

clear im the trouble. On the other hand, one boy in 5A 
pade had a toM of twenty-three separate kinds of trouble. 

(c) Tms of errors found. Many peculiar errors, 
laulty types of procedure, and special difficulties are 
iEli? f deficient pupils. The following 

of th. fadte most 

Description op Dippiculties in Addition 
X. Wealeness in combinaMons. 

(a) Illustration: 9 

,_7 

2 . taow fa*. 


OMwer by tapping pencil, 
_ ^counting on fingers, moving Ups, etc.' 


Uts, 





«« w ^imcuitiea in Whole Num- 
Educational Test Bureau, 1926). 
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3 . Vocalization. 

(a) Description.—^Lip movement, audible or silent. 

4. Adds same digit to both columns. 

(a) Illustration: 12 

_3 

45 

(b) Description.—Pupil adds, "3 plus 2 and 3 plus 1.” 

6. Bridging. 

(a) Illustration: 36 

53 

(b) Description.—Pupil says, “ 36 plus 8 are 53.” 

6 . Zero difficulty. 

(a) Illustration: 40 

78 

110 

(b) Description.—Pupil says, "8 plus 0 are 0.” 

7. Breaks up combinations. 

(a) Illustration: 66 

47 

99 

212 

(b) Description.—^Pupil makes combinations that he 

knows. He says, ”9 plus 3 are 12”; ”12 plus 4 
are 16”; “16 plus 6 are 22.” 

8 . Roundabout methods of work. 

(a) Pupil has very indirect methods of work. This 
difficulty is closely allied to difficulties 7, 10 (1), 
10 (4), and 10 (6). 

9. Carrying difficulties. 

(1) Forgets to carry, 

(a) Illustration: 68 

16 



74 DIAGNOSTIC TEACHING 


(b) Description.—Pupil writes the 3 of 13, but does 
not carry the 1. 


(2) Adds carried number irregularly. 

(a) Description.—Sometimes adds carried number 
at the beginning of the next column and some- 
timM does not add it until he has completed 
adding the next column. 


(3) Carried wrong number. 

(a) Illustration: 89 

36 

161 

(b) Desmption.-Pupil puts the 1 in the sum and 
carries the 5. 


10. Difficulty in Column Addition. 

(1) Adds large numbers first. 

(a) Illustration: 89 

43 

77 

209 

7 plus 3,” or 

t ^ Evidently pupil does not 

know higher combinations. • 

(2) Trouble with second addition in column. 

(a) Illustration: 66 

47 

99 

210 

(b) Description.—Pupil says, “9 plus 7 are 16* 16 

pta 6 are m--, or J pta 2 are U; 4 ^ 

number .b add a written 

number to a thought-of number. 

(3) Repetition. 

necause of short memory or attention span. 
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(4) Adds by tens, 

(a) Illustration: 114 

5 

7,365 
_ M 

(b) Description.—Pupil says, “5 plus 5 are 10; 
10 plus 9 plus 1 are 20; 20 plus 3 are 23.” 

(5) Loses place in column. 

(a) Description.—Most likely to occur in long col¬ 
umn addition. May be due to weakness in funda¬ 
mentals, short memory span, break in attention, 
or lack of visual concentration. 

(b) Remedial. 

1. Begin with easy examples like: 

2 3 

1 4 

3 2 

2 1 

1 4 

_2 J? 

(6) Inspects example to find starting point. 

(a) Illustration: 88 

2 

877 

354 

(b) Description.—Pupil is confused as to the com¬ 

bination with which he is to begin. Shall he 
start with 4 plus 7, or 4 plus 2, or will 8 plus 
2 be an easier combination to begin with? 

Description op Difficulties in Subtraction 
L. Weakness in comhinalions. 

(a) Illustration: 8 

3 
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accurate and quick 
subtraction combinations. Pumi 
either guesses to get results or remains silentS 
given assistance by the teacher. ™ 

2 , Comting. 

(a) Illustration; 14 


3. 


7 

(b) Description. 

^ °ac from minuend recording a 
mark for each deduction until minuend is 

Sd? the^m*' ^ subtrahend, and then 
the marks to get the answer. The 

occur when 

S? sSiS ^ recording marks 


(a) Zero in minuend. 

( 1 ) Illustration: 100 
J1 
29 

^ ““y te in.urib, 

t^to five diS" ^nuends having 

(b) Zero in subtrahend. 

( 1 ) Illustration: 8 24 324 

—i W 

® if abo«pto 

from someth^io^ “^P°®^ble to take nothing 

P"t dom a ^ 
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4. Borromng difficulty. 

(a) Not allowing for borrowing. 

(1) Illustration: 26 53 

H _J^6 

19 47 

(2) Description.—Pupil fails to realize that we can¬ 

not take 7 from 6 but that we must borrow 
one from the two in the first sample. The 
same holds true in the second sample. 

(b) Failure to borrow, giving zero in answer. 

(1) Illustration: 32 

16 

20 

(2) Description.—Pupil says he cannot take 6 from 

2 so puts down zero as part of answer, and 
then subtracts the 1 from the 3 in the second 
digit, getting 20 for remainder. 

(c) Deducting from minuend when borrowing is not 
necessary. 

(1) Illustration: 38 746 

_5 213 

23 '423 

(2) Description.—Pupil does not understand the 

“why” or the “when” of borrowing; has 
difficulty in forming new bonds in subtrac¬ 
tion but when the new bond is learned, he 
has difficulty in going back to the old. 

(d) Deducting two from minuend after borrowing. 

(1) Illustration: 43 568 

3 ^ m 

16 429 

(2) Description.—Pupil does not understand the 

process of borrowing. 

(e) Increasing minuend digit after borrowing. 



78 


DIAGNOSTIC TEACHING 


(1) Illustration: 


13 97 

A 9 

29 108 

( 2 ) DMcription.—Pupil does not understand the 
borrowing process. 

(f) Errors due to minuend and subtrahend digits being 
the same. ^ 

( 1 ) Illustration: 784 264 

86 34 

708 220 

when to bor¬ 
row or when not to borrow. 

5. Svitracting minuend from suhlrahend. 

(a) Illustration: 62 145 

_7 82 

65 143 

“““Pi® the pupil has taken 

reSi n S't the results 

egaraiess of their position in the problem. 

6 . Using same digit in two columns. 

(a) Illustration: 65 88 

7 

21 11 

me oigits in the minuend to get results. 

7. Mowndabout methods of work i 

known combinatioM.) *’ unknown from 


(a) Illustration: 


10 

_6 

4 


(b) Description.—Punil savs **io a • n ^ 

and 6 - 2 is 4/' ^ ’ 10 - 4 is 6; 6 - 4 is 2; 
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8 . Splitting up of numbers. 

(a) Illustration: 347 34 7 

94 9 4 

253 25 3 

(b) Description—Pupil evidently cannot subtract a two- 

digit from a three-digit number so splits up digits 
in minuend and subtrahend and subtracts from 
each division. 

9. Reversing digit in remainder. 

(a) Illustration: 86—4 equal 28. 
fb) Description.—Pupil reverses numbers in units and 
tens place in remainder. This error would prob¬ 
ably not occur in column subtraction. 

10. Confusing processes with division. 

(a) Illustration: 86 

4 

34 

(bl'Uesa'iptioii.—Pupil says, "4 goes into 16 four 
times,” and borrows one from the 8 , then subtracts 
the 4 from 7 getting 3, or a remainder of 34. The 
pupil has confused division with subtraction. 

11. Skipping one or more decades. 

(a) Illustration: 15 

i§ 

12 

(b) Description.—Pupil says, "13 from 15 is 12,” thus 

getting an answer one decade too high. 

Description of Difficulties in Multiplication 
1. Weakness in combinations. 

(a) Illustration: 74 

7 

608 

(b) Description.—Pupil says, “7 X 4 - 28; 7 X 7 =* 48 

and 2 are 60.” 
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2 . Coundng, 

(a) Carrying. 

( 1 ) Illustration: 28 

_JB 

224 

( 2 ) Description.—Pupil says, ‘' 8 X 8 = G 4 ' 8 y 2 - 

16,17,18,19,20,21,22.” ' 

(b) To get combinations. 

(1) Illustration: 63 

6 

378 

(2) Description.—Pupil says, "6X3 = 18; 6x5 

= 30, 31, 82, 33, 34, 35, 36, and 1 to carry 
— 37.” ' 

3. Zero diSwuMiee, 

(a) Zero in multiplier. 

( 1 ) Illustration: 35 

20 

35 

70 

( 2 ) Description.—Pupil says, "0X5 = 6;0X3 = 

_ 3; 2X5 = 10; 2 X3 = 6 andl = 7.” 

(b) Zero in multiplicand. 

(1) lUustratioa; 808 

_ 2 

1626 

4. Gm‘m/Q diffieudties. 

(a) Carries vnrong number. 

( 1 ) Illustration: 632 

9 


( 2 ) Description.—Pupil carries wrong digit. He 

oTfi ^ ^ X 3 = 27,and8are86; 

» X b = 64, and 6 are 69.” 
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(b) Forgets to cany. 

(1) Illustration: 72 


350 

(2) Description—Pupil says, “5X2 = 10; 5X7 
= 35.” 

(c) Error in carrying into zero. 

(1) Illustration; 807 

7 

6009 

(2) Description.—Pupil says, “7x7 = 49; 7X0 

= 0; 7 X 8 = 56, and 4 are 60.” 

5. Errors in adding. 

(a) In partial products. 

a) Illustration: 13 

12 
26 
13_ 

166 

(2) Description.—Pupil multiplies correctly but 
says, “2 and 3 are 6.” 

(b) In carried number, 

(1) Illustration; 948 

4 

3782 

(2) Description.—Pupil says, “4x8 = 32; 4x4 

= 16, and 3 are 18; 4 X 9 = 36, and 1 are 37." 

(c) Forgets to add partial products. 

(1) Illustration: 21 

32 

42 

63 

(2) Description.—Pupil multiplies correctly but fails 

to add partial products. 
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6. Errors in muUiplying. 

(a) C^uaea prodaete when maltiplier ha> two or mm 

(1) Illustration: 25 

26 

630 

(2) Deacription.--PupiI says, "6X5 = 30; 2 y 6 

POO,-. 2X2-4,andlarol! 

(b) Splits multiplier. 

Cl) Illustration: 18 

60 

1080 

(2) y'0 X18 = 0; 8 X 8 

(c) Uses multiplicand as multiplier. 

(1) Illustration: 486 

_3 

3468 

(2) D^ptlon—Pupil says, “6 X 8 = 18; 8X3 

, 34 .^' 1 are 26; 8 X 4 = 32, and 2 are 

(d) Multiplies by adding. 

(1) Illustration 42 

_2 

84 

® “22’ “^2 + 40 = 80, and 

(e) Multiplies by same digit twice. 

(1) Illustration: 437 

230 

13110 

1311 

874 
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(2) Description.—^Pupil says, “0X7 = 0; 3X7 
= 21; 3X3 = 9, and 2 are 11; 3 X 4 = 12, 
and 1 are 13; 3 X 7 = 21; 3 X 3 = 9, and 2 
are 11; 3 X 4 = 12, and 1 are 13; 2 X 7 = 14; 
2X3=6 and 1 are 7; 2x4 = 8.” 

7. Omits digit in 

(a) Multiplier 

(1) Illustration: 807 

26 

4842 

(2) Description.—Pupil fails to multiply by 2. 

(b) Multiplicand 

(1) Illustration: 618 

159 

5662 

618 

(2) Description.—Pupil multiplies by 9 and 1, but 

neglects to multiply by middle digit 5. 

(c) Product 

(1) Illustration: 27 

W 
27 

(21 Description.—Pupil says, “0x7=0 (not nec¬ 
essary to write it) 1X7 = 7;lx2 = 2," 

8. Uses wrong process {adds.) 

(a) Illustration: 52 

_3 

85 

(b) Description.—Pupil says, "3X2 = 5;3x6 = 8.” 

9. Errors in position of partial products. 

(a) Illustration: 24 

n 

24 

48 
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Description op Difficulties in Division 
Wearness in comhinaiions. 

/ 9 . 

(a) Illustration: 

2, HifieuUy with T&niaindeTS, 

(a) Within the example. 

11 

(1) Illustration: 4)76 

not carry the re¬ 
minder of the first partial dividend to form 

‘dividend. ™ 

(b) With final remainder, 

293 

(1) Illustration: ^B8f~ 

(a) Within quotient. 

(1) Illustration: ^642 

(2) D^^ptiom-Pupiioimte zero in quotient. He 

(b) Within dMdend.^ ' ® ^'^• 

4 ^. , --d,and4t??aL°'^^^^^’20ofthe 
4. Difficulty mh quoUmt. 

(a) Trial quotient. 

(1) Illustration; 2^437 
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(2) Description.—Pupil i^ unable to determine a 
quotient in long division when apparent 
quotient is not true quotient. 

(b) Counts to get quotie nt. _ 

(1) Illustration: 7)672 

(2) Description.—Pupil does not know how many 

7's in 67, so counts by 7’s until he reaches 63, 
keeping count at the same time of the number 
of times he gave an exact multiple of 7, 
namely 9. 

(8) Remedial.—The counting habit is evidence of 
weakness in the fundamental facts. To over¬ 
come firmly established counting habits, give 
oral division combination drill under time 
limit, decreasing the time with increasing 
sldll of pupil. 

(c) Derives ciuotient from a similar example. 

(1) Illustration; As this may occur with any phase 

of division, .sample is omitted. 

(2) Description.—Not knowing the combination, the 

pupil looks for other exainple.s already worked 
to find the answer in one of like combination. 

6. Roundabout methods of loork. 

Under this caption may be designated any of the 
peculiar methods which in<Uviduals may show during 
diagnosis. On account of the variety of .such methods 
and the fact that they are associated with indi¬ 
vidual characteristics, specific remedial measures 
cannot be prescribed here. Usually it may be suf¬ 
ficient to call the attention of the pupil to his 
particular peculiar method. 

6. Difficulty with subtraction. 

(a) Illustration: 2831035 

_ 9 ^ 

16 
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(b) Deseription.-Pupil is unable to do subtraction to 
obtain partial dividend. 

7. Difficulty with multiplication. 

56 

(a) Illustration: 32)1792 
160 
192 
162 


10 


80 

(b) pescriptiOT.~Pupil is unable to do multiplication 
to prove trial quotient. 

8. Repeats tables for resuZte. 

7 

(a) Illustration: 6^2 

(b) pesmption.--PupiI being unable to give the quo- 
tient repeated the tables of 6's to 42. 

9. Uses digits of divisor separately. 

22 

(a) Illustration: 3^)^ 

(b) Pl^l^P^jp^'-Using digits in tens place, pupil says, 

3 into 6, 2. Wnte down 2.” Then he uses dirite 

Uses digits in dividend twice. 

869 

(a) Illustration: 64)6568 
612 



KJti* 

becomea coiiiu.ed in long div 
am and n»s the 6 in the dividend tvri(S 
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11, Interchanges long and short d ivision. 

(a) Illustration: 6)749 

(b) Description.—This is a short dhnsion example but 
pupil used the slower long division method. 

(d) Desirable types of supplmentary information 
needed concerning the pupil. Some pupils art‘ so defi¬ 
cient in all phases of arithmetic that their mental level 
should first be', "determined by means of the excellent 
standard mental tests that are now available. Inferior 
mentality has been found to be a primary cairst? of poor 
work in arithmetic. It lias also been found that even 
pupils of superior mentality sometimes show marked 
deficiencies in arithmetic. There are various rea.sons for 
this, such as gaps in their training due to frc?quent moving 
from town to town, indifference on their part to the for¬ 
malized work in arithmetic, or excessive absence. 

The physical condition of the.se inipils should also lie 
studied, to detennine whether their vi.sion and hearing 
are normal, whether they are anemic or underwe-ight, or 
whether special medical attention i.s needed. Their 
school history should be known, whether they have 
skipped grades, what grado.s they have repeated, tho 
subjects in which they have done sati.sfat^tory or unsati.s- 
factory work, the numbei' of schools they hav(> attended, 
and their general attendance. Their ratings in achieve¬ 
ment tests in other subjects should also be known; for 
example, weakness in problem solving may be associated 
directly with inferior reading ability, in which ciise the 
latter is undoubtedly a contributing factor to deficiency 
in the former. 

The pupils’ general methods of work should also be 
observed. Their attention may la; very poor, any simple 
dteaction diverting them from the work at hand. They 

7 
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W mrtjr dawdle over their work, making no real fflot 
to wmplete the aasignmente. Day dreaming, ^ 
dnet wbspen^ md other forma of umleairabk belS 
ean be detoed. They may he nervous or work in aini>, 
1 ^ 5 . Such symptoms show that tho nuoil 
^eettve habits of work and that a definitlX® 5 

'*7® °'’ ®"‘*toPtoTementh 

anthmetic can be expected. 

4. Case Studies. 

adapted from those by Souba> 
descriptions of the results of diag- 
nostic studies of pupils who are markedly deficient in 
^aataons m whole numbers and in problem solving. A 
^eful study of these cases will show the great variety of 
factors that may have a direct bearing on the quality o 
the pupil'sjyork. Record blanlcs used for rSin 

numbers and in additions 
fractions are given on pages 104 and 106. 

Case A (after Souba) 

'WSS 2*5 ’pHigh InWIigenoo Who wai 
w ric Uecau8e He is Bored with the Drill Side 
of School Life 

examination ^Hec^ 

ehildren axe' aJlowTd^to^T ^ 

have nurses and maida they please and where they 
; both highly educated them. The parents are 

careers. They are vpto vitally interested in their 

their children E their attitude towards 

E. S. has everything he desires at home. 

__Diaimoaia nt . 
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He has a chemical set at home in which at present he is 
greatly interested. He is always talking about the things 
he has made with this set. Just recently he made some ink. 
His greatest difficulty in .school arise.s from the fact that he 
has never been made to conform to any nile.s at homo. He 
does not loiow what it is to get down to w(trk or to do any¬ 
thing that he does not wish to do at that particular time. 

His attendance at school has never been regular. He 
attended a private school at first and then at the renue.st of 
his parents attended only half-day sessions in a public school. 
He repeated the 2C and 3C grades becau.sc he was absent .so 
much of the time those two terms, while traveling with his 
parents. At the time of the examination he wa.s doing the 
work of two grades, the 3A and the 40. 

He does well in the .subjects that are of intere.st to him. 
The novel and unu.sual situation.s appeal to him, but ho 
tires soon even of those. He wa.s mtcresled in the mental 
test as long as it did not involve arithmetic, hut his responso.s 
were so irregular that .so many te.sts hud to he given to iind 
his mental level that ho hc<!ame tired and wisli(>fl to t|uit 
before the examination was eomidcted. Ht! laiiks in staying 
powers. He soon tire.s of evoi^thing. It, was iu‘cc.ss:iry to 
go back to the tests of the fifth year t,o lind his lias;il year 
and he passed two tests in the fifteenth year. He has a 
mental age of ton and five-eighth ytsirs and an intelligence 
quotient of one hundred and eighteen. At, that, it is reji.*ion- 
ably certain that his score would have htfon higher if it had 
been possible to divide the examination period intti several 
sessions so that his interest might have been sustiined. 

His teachers have the same difficulty with him. It i.s 
very difficult to keep him interested in the tilings going on 
in school. He does very well in the things that appeal to 
him. His teachers rate him A in intelligence, 15 in scholar- 
ship, and C in industry. He undersland.s the proc,esKe.s in 
arithmetic, but the whole .subject bores him. He only docs 
the work under protest and hi.s work is never comiileted on 
time. He has been on the first Ies.stm in the Studebaker 
Practice Tests for sixteen days. A study of his record re¬ 
veals some interesting points. 
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TctJorfl shows his irrcCTlar attendance 
h« not ilow 

pick out the almost nothing. It is possible to 

wSc Awh^ determination to do the 

i« ^Pt to be qdte 

attSiote co^enT practically all the examples he 

one day and work eight examples 

to brJrected possibilities that need 

•onsnehrStVsUynTaS 

he ws^^oMed^bv tho ^ to his teachers. One day 

as a result he staved^h(^^‘^‘?r^^ minor offense and 

He hi had a headache, 

removed and he hno*!?'^ ^ 4.? tonsils have been 

wear them. He is glasises, but he does not 

so many wavs ha aoJ^ ^ loolbng boy, large for his age, In 
^ ways he seems mature, while in other ways he is 
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nothing but a baby. His general attitude toward school 
work is indifferent. He does well in all phases of school 
work involving reading, but poorly in the drill phase of school 
activities, not because he is incapable of doing the work, but 
hecause it is of little interest to him. 

In the time allowed for his grade test he attempted seven¬ 
teen examples and had four correct in the Courtis Super¬ 
visory Test. He skipped the last four subtraction examples 
and worked the first three multiplication examples in the 
lime allotted for his grade test. It took him eight minutes 
and thirty seconds to complete the twenty-nine examples. 
Only five of the entire set were correct. In the Minneapolis 
3C and 4C Arithmetic Test he made a score of twenty-four. 
This places him at the 3B standard. His responses to the 
diagn ostic tests were very slow, but his accuracy was good 
considering his lack of concentration. His attention was 
always wandering, he was continually fussing, wiggling and 
turning around. He kept singing out his results and repeat¬ 
ing them over and over to himself, making a little song out 
of every example. He counted with his head and fingers 
and kept his place with his pencil. It was very evident 
throughout the entire examination that he was a child who 
W the ability, but who would not work. 

In addition he broke up his numbers, added the small 
numbers first, grouped his numbers, had trouble with zeros 
and used roundabout methods. In subtraction he usually 
took the smaller number from the larger; he had trouble in 
borrowing; he used the Austrian method to some extent and 
counted up from the subtrahend. In multiplication he 
always called the upper number the multiplier. He seemed 
to have formed wrong associations with some numbers. He 
gave the results better if the examiner pointed to the ex¬ 
amples and kept encouraging him all the time, in fact that 
seemed to be the only way to get him to work at any time. 
He wanted attention all the time. He had foimed soine 
wrong associations in division, but his main difficulty in 
division lay in dividing a number by itself. 

E. S. is a child of keen intelligence, who unfortunately 
for his own good has always been a law unto himself. With 
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him it is not a question of inability to do the work T+ f. 

f of doing what is required even if it is k mat 

ter of little value to him. I believe E. S. would nrSS" 
be able to gain all the arithmelic that was required in 
particuto grade in a few lessons or at most in a few ?eeb 
and that he would to it if he knew he would be exS 
from the dodgery of the drill periods as long as he SH 
to the standards required for his grade, ^ 

Case B (after Souba) 

A Sixth Grade Boy With a Keen Mind Wliose Mental and 
Physical Reactions Function Very Sluggishly 

years and six months old when he was 
mcluded in this study. His parents, who are Norwegians 
were in very comfortable circumstances and lived in a nooH 
neighborhood. They were interested in the Ws 

they were ambitious for hirn to 
attend college and to succeed in life. The father, esneciallv 

Sfto regretted hfe 

S W ia an nni u'lT education while he was young. 

««yth W is bought for him a^d 
uone lor mm. He is a very well brought un child Hp 

<■ 

actira^ children who seems incapable of quick 

mTOT, +1 ^ ^?'y ® deliberate in evervthinn If 

CbS'L'K'iV’’'' “SufSt io“5t f" 

teachers becaiwp a cause of exasperation to his 

At . He has ulway. 

very sympathetic tpppjioi.^^ the examination he had a 
■ ties inS ° to see great possibili- 

careful phlegmatic, 

to consider him lazv ’ His teachers were apt 

and while he does ask willing to cooperate, 

be confident in his abilit^®Pt to 
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TTeis considered a “C” child in scholarship, intelligence, 
and industry by his teachers. He does very fine work in 
He does slow written work because he draws his 
Ks and figures. He is a v«y quiet child. He says very 
little and often is not given credit for what he does know 
because he gives his answers in sucli a few words. His 
Ser has always helped him at home with his work, 

ggi 50 cially in arithinctic* ^ i » it i 

Th 6 writer worked with S- W. six months before ho was 
included in this study and diagnosed his difiiculties in arith¬ 
metic for his teacher. When more cases with a higher level 
of intelligence were needed, the writer asked for S. W. The 
principal and teachers all said that he wa.s not the type of 
case desired, that his intelligence was not above average, 
but they raised no objections to the administration of a 
mental test. S. W. fell into the highest level of intelligence 
while the three other cases piedeed by the princii>iil and the 
teachers fell into the dull level of intelligence. Thus faid; 

' was a source of great pleasure to the parenis, who were 
conscious of the boy’.s sknvne.^s and had often Wfindored if 
it was a matter of intelligence'. His mental age was thir¬ 
teen and one-eighth years and his intelligence <iuoUent was 
one hundred fourteen. The writer felt sure that the scort^s 
would have been even better if the time element had not 
played such a large factor in the mental test. 

S. W. attempted ten examplo-s and had five correct when 
he first tried the Courti.s Supervisory Test. The next time 
he tried the test he raised his score to twenty attempted, 
and eighteen right. When he was given all the time he 
wanted on this same test he had twenty-one examples cor¬ 
rect. His accuracy is not very good. 

In the diagnosis it was noticed that vocalization and lip 
movements were present to a slight degree. It was very 
evident that S. W. counted. In the simple diagnostic testa 
he did very poorly both as to speed and us to accuracy. 
This was especially noticeable in adtiition. He had many 
roundabout methods of doing his work. He in.spected his 
column for the starting place, and would start adding one 
way, and then discover a difficult combination and stop and 
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begin adding from the other end. He skipped around the 
column, grouped his numbers, and then added the groups. 
He was weak in fundamentals and had formed the wrong 
associations for certain combination.s. He had trouble with 
the second addition. He could not remember his sums and 
he had difficulty in carrying and in bridging tens. In aU 
his work he made a long story instead of simply stating his 
results. 

In subtraction he used faulty statements when he said he 
took the upper numbers from the lower. He very seldom 
did take the upper from the lower numbers, but he always 
stated his process in this way. He was weak in the funda> 
mental combinations and evidently formed wrong assoda- 
tions. He had difficulty in examples involving borrowing. 
As a rule his results were ten too large. Examples involving 
the use of the zero were also a source of difficulty. 

In multiplication he was apt to confuse this process with 
addition. In several of the examples he only used partial 
multiplication and finished the example with some other 
process. Carrying caused him trouble. Often he obtained 
the correct results, but was unable to remember his product 
and so laboriously had to repeat the whole process. He did 
not always use the multiplier as the multiplier, but inspected 
his numbers first to find the one that was the most familiar 
to him. He did not know his combinations, often failing 
on very simple ones as 3 X 6 = 16, or 3 X 4 = 10. 

In division a large part of his difficulties were caused by 
his inability to subtract, expetaally in examples involving 
borrowing. He did not know his combinations and had 
fortned^ wong asaoeiations. It seemed difficult for Wm to 
retain m mind his results. Examples involving the use of 
zeros also caused him trouble. In several examples he did 
not ca^.^ Short division seemed to be more diffieffit than 
long division. 

_ S. W. has a fine mind in a large, slowly moving body. He 
13 toamy and slow to respond and his slowness is a source 
01 trial to his teachers. He is one of those children whose 
n^es and musdes will probably always function slower 
tnan normal. Little can be done for such a case except that 
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the standard should be set a little higher than the present 
achievement, a little at a time and a sympathetic encourage¬ 
ment should be given all the time to aid the child to better 
his own record. The class instruction has been too rapid 
for him to grasp all the points. The rest of the class has 
probably been ready for the work before he grasped what 
was wanted. His motor and mental reaction after he did 
get started, were so slow that he could not keep up with 
the class. 

Case C (after Souba) 

An Over-Age Boy Who Lacks a Foundation in the 
Fundamentals of Arithmetic 

J. B. was sixteen years and six months old when a study 
was made of his case. He was normal phy.sically and had 
attended school very regularly for ten years. He was a 
constant repeater from the fourth gi-ade up. He repeated 
the IB, 4B, 50, 5B, 5A, 6C, and 7A gi-ades. 

According to the report of his teachers his comprehension 
in reading was above tlic average, but he seemed to lack a 
foundation in the mechanics of arithmetic. This wealmess 
was always noticed and was the cause of much of his repeti¬ 
tion of grades. His arithmetic ha.s alway.s seemed a confusion 
of ideas and while he has improved, as a result of individual 
instruction which has been given him, he has not by any 
overcome his weakness in the mechanics of arithmetic. 

His teachers rated him ‘‘B’’ in intelligence and in indus¬ 
try. According to the findings from the Kuhlinann Test he 
is a dull normal child. His general attitude is good and he 
is very unassuming in his manners. Ho seems to have quite 
a talent in drawing and wishes to study further along that 
line, but he lives with his mother and grandmother and they 
are not able to pay for his further schooling. He will have 
to work, but he does not seem to know how to obtain a job. 
His grandmother seemed very much concerned about his 
future. She feels that J. B. will not be able to keep his 
position, if he obtains one, because ho is unable to tell time. 
She wondered why the schools did not teaoh time. The 
difficulty with J, B. seems to lie largely in the fact that he 
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realizea that he has missed learning things that others learn 
nrnch younger. As he is sensitive about this and is ashamed 
to ask for help now or to allow others to help him, it will 
be difficult for him to learn these things at the present time 
A sympathetic stranger could do more with him now than 
his own people. They evidently have scolded and ridiculed 
his shortcomings. 

J. B.’s scores in the Courtis Supervi.sory Test in two triala 
were twenty-one attempted and thirteen right, and nineteen 
attempted and ten right, re.spectively. When the same test 
was repeated in the diagnosis, he tried seventeen in the time 
allotted for his grade, and had twelve correct. It required 
^ and orie-fourth minute.s to complete the test, the same 
tune that is given to low fourth grade children, and then he 
had only fifteen examples correct. 

Vocalization and lip movement a.s well a.s counting were 
very notable in the examination of his clilliculties in arith¬ 
metic. His speed and accuracy were both voiy low. Guess¬ 
ing and a lack of thoroughness in all the four operations 
wCTe common characteristics of his work. Ho u.sed round¬ 
about methods, skipped around in the column, broke up his 
numbers, combined numbers into groups, and added the 
groups, broke up numbers and recombined these parts with 
fi 5 up by ones, and tried other numbers 

Mt. lie had difficulty in carrying and in second addition, 
ms attention span was short. He was weak in his combina- 
uons ana had formed wrong associations. 

’ - rcBponscs were incorrect, 

■ S w facUhat he did not take time to count 

HPPTYiol He did not know his combinations and 

At times he used the 
w^TpS'^^°? of subtraction. Most of his difficulties 

; ’ zeros and borro^g “ examples involving the use of 

f: i^%lier was not always used as 

partial multinV became confused and used only 

^ KSiSSf”;. his multiplicatici 

those that ^ repeat his tables in order to obtain 

■ that he did know. He was absolutely unable to do 
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innc division. He did have some succcs.s with short division, 
hi t it was a very laboriou.s proccs-s. Ho roix-al oil the tahlos 
for the results, had dillieulty with uneven division, trial 
division, and with '/ero.s, did not carry, forgot what to carry, 

and paid no attention to the remainder.^. 

J B is an over-age child whose arithmclical sense has 
been slow in developing. Pos-sihly little individual instruc¬ 
tion fitted to his particular needs was given to him when it 
would have done the most good, 'fhe gains from (‘vtn ji 
large amount of drill at the present t ime arc apt to he .small. 


Case D (after Martin) 

An Over-age Child Deficient in All Pha.ses of Arithmetic 

D. D. was selected for this sUaly hi^cause of tlie unusual 
and rather inexplicable results on his lost inipitrs in arith¬ 
metic reasoning. D. 1). i.s the oldest child in a family in 
which there are live children. The family lives in a rented 
house in a rather undc.siruhle neighhorliood, made so Ity the 
proximity of factoric.s, railroad Irackagt', ami tumhlc-down, 
dilapidated house.s. The father i.s a iiraciioal engineer and 
works in a factory not far removed from the home. He 
and the mother, too, are very much interesierl in the widfare 
of the children and cociperated witli the writer in every pt).s- 
sible way to see it something might conii^ of the inlt-rviews 
that would be of value to the child. 'Pile father st-eiimd to 
have lost patience with D. 1). hccau.se ho einiid not gra,sp 
the fundamentals of arithmetic and this al.titude hindered 
rather than improved the boy’s chances for develoimient,. 
The mother was conscientiously interested in her children 
and helped tliem as much as she could with their .schmil 
work when they brought it home. This wa.s espeidally true 
in the case of D. D, the mother .stated that he very .seldom 
had difiBculty with his other suhjtnds, but that, arillunetic 
seemed to be his "bugbear” and that he could not seem to 
understand it. A blackboard had been provided for his us(.» 
at home and it was here, the mother .sUiled, that, she heljH?d 
him in the evenings to attempt to master l.lio dilfen'iit com- 
hinatlons in the four fundamentals. D. D. could not seem 
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to retain the combinations for any length of time tj,« 
mother heli^ him to memoriKc them in the evenina unHi 
he was tired and she was sure that he had learned sotneS 
^em, but the next day he would have forgotten them 
p. D. is a boy who becomes very e:isily diseouraK^ Ho 
does not seem to have much real "backbone’' and when ho 
could not get the combinations quickly, he seemed to lose 
interest and to become sulky. ■ 

intelligence, his I.Q. in the Hag. 
gerty Delta 2 being 99. Hus low achievement in arithmetic 
may be partially due to the fact that he has attende^five 
different schools since he began. Thi.s perhaps has only a 
verj indirect^ baring upon the cast.*, however, because his 
achievement in his other subjects seems to be on a par with 
Welligence D. D.'s progre.^ in school has been entS 
normal, i. e., he has not hail any repeats or skips. He hM 
® in ‘n« ntln’i* whool subjects during 
n! conditioned twice on account 

Eiemm+r^Jr interested in 

adSoS;, ®®P®<=inlly ,rnbust child. His tonsils and 

been remov^ and his eyes have been cor- 

they mairp not wear the glasses because 

!«'in®y trouble, his 

aiHpit im together with his nervousness, has 

Shic However, he ei jo^ 

b?&i boys. He is very fond of 

is favorablp ^ spare time, when the weather 

■ D ?® in this pastime. 

Proble^ the Buckingham Scale for Arithmetic 

the stSdard iS S®+“^ v® Reasoning Test was 8, 

words he worked^m bis grade. In other 

should haTe b£i ahlcT"'"®! ^ben he 

standard Up u 7 o= v® ^ to comply with the 

his score in the the two reading tests, 

standard of 84 andThk^'^ Reading Test being 96 with a 

in the Monroe «?ilpn+n rate and comprehension 

ivtonroe Silent Reading Test being 126 and 8, respec 
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tivdy the corresponding standards being 122 and 7.7. One 
S P b.’s serious weaknesses in arithmetic lies in his inability 
to cope with the four fundamental processes. His scores 
in the addition, the subtraction, the multiplication and the 
division sections of the Woody-McCall Scale were 6, 0, 3, 
and 2 respectively, the sbindards in those tests for his grade 
being 17.8,15.7i H. 10.5. His weakness in fundamentals 
was fflven’ further emphaas by his score of 20 in the funda¬ 
mentals test of the Stanford Achievement Test, the standard 
for that test being 65. In the Stevenson Problem Analysis 
Test his score and the standard for his gi-ade were 7 and 11, 
respectively. His condition in arithmetic is apparently 

^'An^'inspection of the fundamentals test of the Stanford 
Examination indicates that D. D. did not have a weakness 
in any particular process, but weaknesses in all of them. 
For instance, he secured 5 when he added 3 and 2, but 9 
when he applied the same process to 3 and 4. When he 
subtracted 2 from 4, his result wa.s 5; 4 from 7 equaled 8; 

5 from 16 equaled 14, according to his figures. His work 
in the other processes closely corresponds to these results. 
Sometimes he was fortunalie enough to get the right result; 
more often he was not. He attempted every one of the 
forty"S6veii problems in this test unci only five of them were 
correct. A fourth-grade pupil could not possibly hope to 
work some of the more advanced problems in this test, and 
yet D. D. blindly attempted all of them; that is, he wrote 
an answer under each one. He seemed to think that he was 
required to work all of them and he did not want to cause 

displeasure. , , . • t* 

D. D.'s case seems just as hopeless in reasoning, it 
naturally would seem hopeless when he docs not have better 
command of the fundamentals than he does. The test w^ 
not a reasoning test to him but a guessing contest. D. D. 
answered the first two questions of the Stanford Reasoning 
Test correctly. He did know these combinations correctly 
for the writer quizzed him regarding them some days after 

the test. , , ,. , j „ - 

The third problem reads, “A hen had 9 chiclts and 3 of 
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them died. How many were left?’' His answer +« fu’ 
problem was " O." a mere fruc«s. ™ ^ 

divideii when he should have 
added. His division, however, was eorreet. 

In the fifth problem which rc.idR, “If you buv a 
for 4 cents and pay for it with a dime how 
atouid youi^t?" D. ».■« Si «S' " 

Les.f Sr 

^nts, and when asked, after the tt>st, the proper process to 

asked Was right. When 

ti^beine T %hfs1?r answer the first 

wasguSng.' very conelusivoly. that he 

for^he T ^Kueswed at the process also 

dollar biit wtSf ^ ™ a 

reSse^ afterward.s ho knew the correct 

^^ok^_scmetHng^^^^^^^ +t2 1^%% t ff-fl 

liave^ SSed S ^Sr ^*^***^ 

and 3. He did nnt i^n ^ mistake in adding 6 

pHcation howe?w ^7 H 

product of 7 and 3* 

,3. involved the product of 8 and 

be gave 28 as the resuP ^®work the problem, 

to him, he was aakeH problem was explained 

was 23. ^^® P"°duct of 8 and 3 and his response 

i?*:^soning^It,^;m^^n.^^ ^^® problems in the 

^ res'^lts were just as enratic as in the 
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problems above; more so, if possible. His rcstilff; in the 
Stevenson Problem Analysis Teat would indiealolbai in ino>-! 
cases his silent reading ability enablrs him tn find nuf. v:h:i> 
is given in the poblem and what he is tu liud, but in- crjiniu! 
place his finger upon the proper iirfiftv.s for sohoitin, nur 
can he execute the processes <'orr(Tfly. I>, ]>. sct-u!h (u be 
the product of poor teaching in arit ljnt(;(i<:, or perhaps }>»< 
laeta capacity to think in malheinat ieal terms. 


Cask E (after Itlartin) 

A Superior Child with a Dislike for Aritlunefle 

H. P. is a precocious child of grade rj', who has a e'-nnir.t' 
dislikeforarithmetichecan.se he has liia n to masb r 
it. He is a very likable Ijtty with ro;,y and Jl.a ininr 

brown eyes. The family, consisting of .a puIh'I- v.-bu due,, 
not live at home, the mother and two ebiidree, a liuy and a 
@rl, is in rather unfortumdft nrcuin.aaja’-n. p.'it f-pi,, j- 
is an expert cantlyniaker and hns an est ellf m The 

separation between the fathiT and moiin r *.v;w, di; rsi',.,a d 
very freely by the memln'r.H of the fajniiy w it h no ai-paiv id 
feeling of regi’et or diKturliani-f!. 

H. P.’s parents are both Italians, ba*, ing r itdinoti d from 
Italy shortly before JI. 1*. wa.s born, ’rin- fat?,, r kn . 
command of the Kngli.sh lunKuagt* conf-idi niig it.o Jiundirap 
of coming into a new (siuutry at an adv:m.', d Jap f 
mother has not bt'cn .so f(»rt«nati\ Xci’)..r tsi.- f.-iSss< r nor 

the mother had a great lU-al of ufbooiitig, and ««!'•' tJa* 
mother seems to want H. I’, to go on to i. rosie r 

negligent of some of the things nmwirv to maj.e rbihrs 
education a success. Por inslan.-c, t,i,!h oiiildr.-a ho-t }..N-n 
attending summer school fur alnmt thive wi ck.-i wkois tJu- 
witer first visited the home, and lUiring t’na! time tSa* 
children had been lardy a large portion of tin- tinse, 'I'le* 
mother stated that she forgot to get tinm up at the jurom-r 
tame, and the children did not get up of tSu-ir own avi’ord 

because they were permit ted to .stay u{. tmtil vh-vm r,vhs-k 
or midnight every evening, Whaf rhiSd will ari':- vurlv 
eveiy morning to attend aummer if h\.i mother 
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penmts him to retire at a late hour and does not maU 
a^^ous effort to get him started for school at the 

Minneapolis for four years, having coma 
here from New York City. During his residence herS 
has attended three^ different schools. His school procri 
1^ been normal with one exception—he was permitted to 
sbp grade 2A. One would think H. I>. to be aA exSptiond 
scholar beca^ hw I.Q. is 130, the highest in the grounl 
ty-su pupils. This IS not the caise, however, his school 
work bei^ only of mediocre caliber. H. P. received C’s 

exception of 

a^^etic and spelling, in which he received P and A 
re^ectively. H. p. k permitted to do pretty much as he 
study is concerned. He does not like 
^thmetie and language so he never brings these texts home- 

STT" u' M boolcs of those sXecR 

which he is interested. He does a great deal of reading at 

Minneapolis Public 
ambitions as far as his future is con- 

hke^tobTSSaT"^ bacldng at home. He would 
^ some day, he stated. 

significant, but the 
^ V indication. H. P. 

wf makes one 

worth while. ^ would eventuate in something 

h^'i^v S*+h^ Pkysipl condition. He has 

they have left no in children usually have but 

coastmg are hia fn^ baseball, football, and wagon- 

sports and he spends a 
H aem of time engaging in these. 

scores in th^rate^and m reading, his 

Silent Re^iS TeS 

pared with standarda ® respectively, as com- 

. in theXnfSSdi?g^£j“i®‘®’ well 

being 158 and 11^ respeSy. standard 
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H P. was above the standard in the Stanford Computa¬ 
tion Tek, but his scores of 18,19,15, and 9 in the four divi¬ 
sions of the Woody-McCall Scale were below the correspond¬ 
ing standards of 21.4,19.4,17.2, and 16.5 for his grade. 

Hia weakest process was evidently division. He was 
slightly above the standard in the Stanford Reasoning Test 
but scored 0 in the Buckingham Test and 10 in the Stevenson 
Problem Test, the standard in this test being 16. He 
missed several problems in these tests because of confusion 
of processes and inability in the fundamentals, and others 
berause he arranged his work so carelessly. 

In the first problem of the Bucldngham Test which in¬ 
volved the division of 36 by 12, he subtracted the 12 from 
the 36, an evident choice of incorrect process. 

The next problem of the .same test read, “An automobile 
was run 30 miles every day for a week. How many miles 
did it go?” H. P. again chose the wrong process, adding 
30 and 7 instead of multiplying. . , . 

The next problem was a two-step problem involving the 
multiplication of 8 by 5 and the division of this result by 4. 
Here, he added the 8 and 5, indicating that he did not under¬ 
stand the problem. When asked why he had done this he 
stated that he did not know. The writer explained the 
problem to him and gave him another problem of similar 
type which he succeeded in working correctly. 

The next problem read, “Ned sold his rabbit for 30 cents. 
This was H of what he paid. How much did he pay for 
the rabbit?” After the test H. P. said that he did not 
understand the use of fractions. He felt that he ought to 
work the problem, however, so he added 30 and 35 because 
35 and % looked practically the same to him. His result 
for this problem was 65. _ 

In the next problem, which involved the addition ot tour 
items involving dollars and cents, H. P. would have been 
able to work the problem if he had arranged his work care¬ 
fully, for he did so afterwards. Many of H. P.’s problems 
were difficult to interpret as he had figures strewn all over 
tiie page. In this case, he was asked to work the probleni 
over wMle the writer looked on. In another problem of 
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the Buddnghmn Test which involved the finding of ^ of 210, 
H. P. again stated that he did not understand fractions. In 
another problem involving the subtraction of 18J from 42, 
H. P. chose the correct process but was again troubled with 
fractions. He gave a result of 24,neglecting the 1 altogether. 

It seems rather peculiar that a 5H grade pupil of his intel- 
ligence could not understand simple fractions like J, 5, and 

H. P.'s teacher volunteered the information that he had 
a rather bored attitude during the arithmetic classes and 
that she could not seem to interest him or challenge his 
thinking powers. 

H. P. attempted four problems in the Stevenson Problem 
Test. He knew what facts were given in two of these; 
knew what to find in all four; knew the most reasonable 
answer in two, and chose the correct proeos-s for solution in 
two. All that is involved is the ability to comprehend and 
H. P. has that ability. Had he been interested in the prob¬ 
lems, and concentrated his attention on them, he should 
have been able to tell what facte were ^ven in all the 
problems he attempted. 

H. P.’s principal difficulties in arithmetic reasoning are 
carelessness, inability in fractions, and an evident lack of 
interest in ^1 that deals with arithmetic. Were one able 
to instil in him an interest for the subject, his other difficul¬ 
ties could he removed speedily. 


BRUECKNER DIAGNOSTIC TEST IN ARITHMETIC 
Record of Individual Diagnosis—Whole Numbers 

Addition Difficulties 

Nama--Grada-Room.Date. 

Ages: Chronological.Mental.I. Q. 

General Rating by Teacher: Scholarship.Effort. 

Intelligence... 
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Pi.uKKiPiirAtinN ro- Diprirni-TliiH 


1. Wealcness in combinations. 

2. Counting. 

3. Vocalizes his work. 

4. Bridging the tens. 

5. Zero difficulty. 

6. Breaks up combinations. 

7. Roundabout methods. 

8. Carrying difficulty: 

(1) Forgets to carry. 

(2) Adds carried number 

irregularly. 

(3) Carries wrong nurabor. 

9. Column addition: 

(1) Adds large numbers 

fir.st. 

(2) Trouble with second 

addition in column. 

(3) Porgeits sum and re¬ 

peats work. 

(4) Adds by tens. 

(5) Loses place in column 

(6) Inspects example to 

find starting point. 


Ur.MAllKA 



Difficulties: 

a. Major 

b. Minor 


General Remarks: 

OopsniEhtod 1020, by t. J. BniockDor, MiimoopoUii, Minn. 


Directions; Under “ Score ” indicate the 
number of examples wrong in each set. 
Under “Diagnosis” indicate by number 
the types of difficulties found in each set. 
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BRUECKNEK DIAGNOSTIC TEST IN FRACTIONS 
Individual Diagmostic Rbcoud Sheet—Addition 

Name, Lowell H- Grade 8A Room 304 

School, Franklin Date, March 8,1928 


..wnsniHH SdmmAM 

. Lack of Comprehenaion of Proceas 

a. Adds numerators and denominators. 

b. Adds numerators, multiplies denominators...!!. 

c. Numerator added without changing to common 

denominator. Either denominator used in sum 25 


II. Reduction to Lowest Terms 

a. Fraction not reduced. 

b. Denominator divided by numerator.........!]] 

c. . Denominator and numerator divided by dififerent 

numbers. 


III. Difficulties with Improper Fractions. 

a. Not changed to mixed numbers. 

b. Changed but not added to whole number. 1 

IV, Computation Errors 

a. Addition. g 

b. Subtraction. !!!!!!!!!.! 

c. Division.^1! ]!!!!. ..!. 

V. Omitted. 


VI. Wrong Operation. 

VII. Partial Operation 

a. In adding mixed numbers adds only fractions.,. 

VIII. Changing to Common Denominator. 

IX. Other Difficulties. 


Djnnber opposite each row the types of errors 

tlint tVic missed. For example, la means 

thrt the pupil adds numerators and denominators. 

earR “Summary" the total number of times 

each difficulty was found. 
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Problems fob Study, Reports, and Discussion 

difference between diagnosis and measure- 

f ® f pupils for diagnosis 

i=S oi '“"■'^*™r=toaidinth! J. 

>“ “ “ sc™iiBdsquate mslhod of making 1 

ciaj? Why a« wrycy torta not mtistaoton- diagnostic w,- 

Hw^do SSs\rco?rey 

“ W“'s proced™ b 

weateessinmbtraS ^ 

tivdy7^°^ teacher to instruct more effee- 

it a ^ of gS teachiny°“®^^®*’^^^^ 

15. Give a°stmidS’S f ®° greatly? 

.16. to interpret the scores, 

izing instruction. ^ ^ completely individual- 

schools differ froi^th^+*^ arithmetic in the Winnetka 
18. ^rSd the subject? 

aw considerably above the ttandSd?^'"^'^^ 
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Chapter TV 


THE DIAGNOSIS OP DIFFICULTIES IN THF 
PROCESSES WITH WHOLE NUMBERS 

nf ^ adequate diagnosis of the causes 

of failure or deficiency in the four fundamental operation 
with integers, the examiner should have: 1. A clear under¬ 
standing of the specific skills and abilities which the proc- 
^^der consideration includes; 2. A knowledge of the 
mo^ common faults and difficulties that have been found 

TOtoms; and 3. An adequate! 

worlf ^ noted in the pnpil’a 

the tippm should be considered complete until 

he necessary remedial work has been prescribed. 


A. Addition op Whole Numbers 
1. Analysis op the Addition Process. 
fo® of ae skiila in each of the 
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1 The 100 addition combinationfl. 

2 ! Ability to apply the combinations to higher decades: 


2 

4 


52 

4 


3 The meaning of the addition sign. 

4 The meaning of the following terms: Addition, sum, 

add, add&nd, axid carrying. .v 1 j 

5. That in writing the example, units must be placed 

undCTunits, tens under tens, etc. , . . v , , 4 . 

6. That one must begin at the right and work to the left. 

7 That unit figures should be added to unit figures in 

a column, tens to tens, etc. This also includes the ability 

to keep one’s place in a column. 47 

8. Ability to add a seen to a thought-of number: gg 
After a child has added 3 and 6, he no longer sees gg 

both of the numbers he is required to add. Now 7 is 
a seen number, but 9 is only a thought-of number. 

This also includes the ability to keep m mind the result of 
each addition until the next number is added to it. 

9. How to regard zeros in a column. 

10 ! How to regard empty spaces in a column. 

11. How to place the answer in the sum when a column 
has been added and the total sum of these figures is less 

*^l^How to proceed with the next column when meeting 

the condition in 11. . , i 

18. How to place the answer in the sum when a column 
has been added and the total sum of these figures is 10 or 

more than 10. , , .. _ 

14. How to proceed with the next column when meeting 

the condition in 13; i.e., carrying. 

15. Ability to remember the number earned. 

16. How to proceed when the need for carrying and no 
carrying is met alternately in an example. 

17. How to place all the numbers in the sum. 

18. How to check for correct answers. 
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2. Detailed Analysis of the Basic Number Pack 
XJSGD* 

There are one hundred basic number facts in addition 
which the child must be taught. Weakness in knowledge 
of these number facts results in inaccurate work in the 
application of the addition process in the solution of 
examples. In making a diagnosis in the primary grades 
one of the fii-st steps should be to determine the pupil’s 
knowledge of the hundred basic combinations. This 
may be determined^ by finding how rapidly and how 
accmately he can ^ve the answers to sets of examples 
such as the following, in which the number facts are 
grouped according to their approximate degi*ee of difficulty. 

The answers should be given orally for sets 1 and 2 in 
one imnute, and for sets 3 and 4 in one and one-half 
nunutes. The eimminer should note the combinations 
whose sms are given incorrectly and assign these facts 
lor further study. 


5 

J. 

0 

J. 

4 

0 

0 


1 

4 

3 

5 
0 


Practice in Addition: Set I 
3 0 3 

1 5 0 


6 

_0 

0 

_4 

3 

3 


2 

_4 

1 

1 

1 


4 

_1 

0 

_3 

2 

0 


1 

_5 

2 

_2 

1 

j4 

2 

3 


1 

9 


Practicb in Addition: Set II 
^ J 6 0 3 

_§ _8 1 7 5 


4 

6 


1 

_3 

0 

J 

2 

J. 

0 

2 


7 

2 
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6 9 

2 J; 

7 6 

1 _3 

8 8 

4 1 


4 6 

7 6 


6 4 

2 _5 

1 8 

6 _2 

6 5 

4 3 


4 4 

3 _4 

2 0 

7 _8 

3 7 

6 3 


8 0 

7 ^ 

1 2 

7 

7 2 

0 8 


Practice in Addition: Set III 

3 9 2 5 3 4 2 

5 3 8 7 8 6 9 


372683 634 
9_4._7_4_3J_5jr_8 

917256148 
29566 3 864 


Practice in Addition: Set IV 


6 8 6 

9 _8 _7 

8 9 6 

7 _4 _8 

8 9 8 

6 7 6 


9 7 4 

9 _8 _9 

7 8 5 

6 _9 _8 

9 7 9 

6 7 6 


3. Skills in Column Addition. 

(a) Addition by endings, including bridging 
the tens. An analysis of the work done by 
a pupil in solving such an addition example as 
that at the right reveals at once the skills the 
pupil must acquire in order to be able to work 
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5 

9 

5 

4 


7 

3 

3 

4 

5 
3 


9 

8 

7 

9 

6 

9 


95 

56 

68 

89 
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the example correctly. For example, if addition is begun 
from the top of the column, the pupil first says 11; then 
he adds 8 to 11, saying 19; then he adds 19 and 9, say, 
ing 28. He writes 8, and carries the 2. In like manner 
he continues in the second column until the example is 
completed. 


11 

+8 


19 

9 


19 

9 


In giving the sum of 11 and 8, addition 
by endings is introduced as a new difii. 
culty. The difficulty is complicated by 
the fact that the number, 11, is not seen 
but is “thought of” mentally. The same 
is true for the addition of 19 and 9, since 
19 is not seen, but is “thought of” men¬ 
tally. 

To find the sum of 19 and 9, the new diffi- 
culty of bridging the tens is introduced, a 
step which causes much difficulty for pupils. 

If it is assumed that the pupils should he 
given practice on all the number combi¬ 
nations involving addition by endings, a 
very large number of practice exercises would need to 
be prepared. For example, to any number, such as 47, 
W number from 0 to 9, ten numbers in all, may be 
added. In order to provide for practice in adding by 
endings of a 1 imt digits, 0 to 9, to all numbers less than 
100, not including the 100 basic facts, 10 x 90 or 900 
combinations would need to be practiced. 

T, experimental evidence available which 

would justify the conclusion that all of these 900 com- 
m loM must be practiced. Curriculum investigations 
tove shown that long addition examples involving sums 

^ addition of columns of figures 

very rarely in fife. It has therefore appeared 
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fldeQuatfi to limit the work in addition by endings laigely 

aiiTTis of less than 40 or 50. . . , 

iTorder to discover possible weakness in addition by 
andines the following sets of examples may be used. ^ It 
be pointed out that the fact that a pupil can give 
C sums correctly when the numbers are presented to 
Wm in this form is no guarantee that he can transfer 
iTip gVilla involved directly to the addition of columns 
numbers, since column addition is a much more com¬ 
plicated process. 


Addition by Endings-No Bridging. (1?, minutes) 

23 + 4 = 17 + 2= 26 + 3= 14 + 4= 24 + 5 = 
36 + 2 = 26 + 2 = 12 + 5 = 27 + 2 = 33 + 5 = 


42 18 27 

6 1 _2 


3 4 8 26 35 

35 22 31 3 _4 


Less than 16 correct in the time allowed indicates 
possible difficulty. 


Addition by Endings—Bridging, di minutes) 

26 + 7 = 18 + 6 = 46 + 4 = 23 + 8 = 42 + 8 = 
17 + 9 = 35 + 8 = 33 + 9 = 29 + 7 = 44 + 9 = 


38 47 33 

9 4 8 


45 6 8 5 9 

8 47 27 17 


Less than 16 correct in the time allowed indicates po.^ 
sible difficulty. The pupil should then be given addi¬ 
tional practice on similar examples. 
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(b) Canying. As has been indicated, carrying in 
column addition presents many difficulties to pupils. 
The following examples illustrate some of the skills that 
are involved: 


(«) 

486 

261 




226 

Carrying in unit's place. 



m 

(6) 

253 

164 



492 

283 

Carrying in ten’s place. 



521 

(c) 

257 

698 



495 

176 

m 

Carrying in unit’s and ten’s place. 

id) 

5426 

5158 



2687 

2918 

1918 

Carrying in alternate places. 

(c) 

606 

306 



208 

208 

Carrying into zero. 



209 

(/) 

584 




26 

_2 


Carrying to a vacant place. 

(ff) 

598 




_2 


Carrying in adding by endings. 


The essential skills involved in carrying are: 1 . Know¬ 
ing what number to write in the sum; 2. Knowing what 
number to carry; 3. Knowing the process to be used in 
the completion of varied types of examples involving 
carrying. To the adult these skills seem so simple and 
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obvious that the difficulties which pupils encounter in 
solving the examples involving carrying are not recog¬ 
nized. In maldng a diagnosis of pupil difficulties in addi¬ 
tion, the mental processes of the child in carrying mii.st 
be'carefully studied to determine his habits of work whili> 
solving the example. Coi-rect habits of carrying must 
be established from the beginning to insjure efficicnciy in 
addition. 

Carefully prepared practice exercises containing the 
various types of skills involved in can-ying should be* 
prepared. One new skill should be introduced at a tim<>. 
Other skills should be added as rapidly as the pupils 
become efficient in their work. 

A diagnostic test in addition of intf’gers is given on 
page 118. This test contains the important types of 
examples in addition, each involving a different combina¬ 
tion of skills or a special dHRculty. 

In giving this test to pupils in gradivs I? and 4, the 
teacher should study carefully the work of (iu‘h pupil to 
determine, if possible, the iypt« of exampli'S with which 
he has difficulty. If the cause of the dinUailty is not 
obvious from the survey of the work on the paper, the 
pupil should be required to repeat orally the stejjs in 
solving the example, so that faulty ijroi'cdures may hr* 
discovered. 

4. Addition Involved in Multiplication. 

In any multiplication example with can-ying, addition 
combinations involving adding by endings are used, 
hence the pupil should be given sufliident drill on the 
different combinations that he become.s prcdicient in 
all the skills in addition. These will be discussed in 
connection with multiplication. 
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Finding Difficulties in Addition^ 

This exercise contains many different kinds of addition 
examples. Practice until you can work all of them 
correctly. 

Set I 


a 

b 

c 

d 

e 

1. 18 

4 

6 

9 

18 

_7 

6 

1 

6 

61 


1® 

_6 

2 





_1 


2. 763 

5,241 

18 

342 

30 

236 

4,637 

21 

104 

20 



42 

452 

20 



■ ■ 

— 


3, 204 

81 

7,104 

46 

304 

301 

26 

2,060 

3 

72 

203 

32 


30 

3 

4. 68 

627 

8,965 

5,248 

4,968 

_24 

268 

3,714 

2,396 

7,638 



Set 11 



6. 8,664 

68 

337 

162 

967 

1,987 

47 

406 

360 

777 


53 

238 

407 

996 



“ 

—' — 


6. 3,926 

807 

926 

298 

399 

2,618 

508 

666 

46 

7 

6,029 

808 

409 

785 


7 $.01 

A A 

$.60 

$.26 

$1.66 

$4.89 

.04 

.40 

.64 

2.64 

.26 

.08 

.20 

.72 

7.28 

.05 




6.63 

8,08 


5. Difficulties in Addition of Integers. 

j ^ determined by a test that a pupil is 

—gent in addition as measured by either his speed or 

' Triangle Arithmetics, Book II, Part I, page 17. 
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accuracy of work, the next step is to determine the causes 
of the deficiency and the desirable remedial exercises. 
Many pupils make satisfactory progress by the use of 
well constructed, standardized practice exercises; others 
make relatively little, if any progress, and present serious 
problems for the teacher. 

A careful study of the mental processes of pupils who 
are deficient in arithmetic reveals many faulty habits, 
which, unless corrected, result in inaccurate, inefficient 
work in addition. Table 2 shows the relative frequency 
of the most common faults in addition. It is based on a 
rearrangement of data from the investigation by Buswell 
and John.^ 

The data in Table 2 shows that in grades 3 to G the 
most common source of difficulty in addition for the 414 
pupils whose work was studied was errors in addition 
combinations. The next most common faulty habit was 
counting. Pupils count with their fingej's, tongue, tot«, 
by nodding their heads, by tapping with their pencils, 
and in many other ways. Undoubtedly the weakne-swes 
and faults due to eirors in combination.s and counting 
are the result of ineffective work in the lower grades. 
The remedy for those difficultie.s is more work on the 
basic number facts themselve.<s rather than on difficult 
examples in column addition. The diagnostic methods 
described on pages 62 to 72 show how it is possible to 
determine the specific deficiencies and to do the neces¬ 
sary remedial work. 

The largest group of faulty habits in addition involves 
carrying. Many of the pupils added the carried number 


and L. John, “PinenoHtie .Studies in ArithnicUc," 
cational Mojwgraph, Wo. i}7 (ChicaKo: University of 


‘ G. T, Buswell 
Smlmentary 13d\ 
ChlcBBo, 1926), p. 
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TABLE 2 


FitEQUBNCY OP Faulty Habits m Addition 

(Adapted from Buawell and John) 


1, Errois in Combinations. 

2. Counting. 

8. Carrying! 

(o) Added carried number last. 

(b) Forgot to add carried number. 

(c) Added carried number irregularly. .. 

(o) Wrote number to be carried. 

Carried wrong number. 

i f) Carried when nothing to carry. 

W Wrote carried number in answer. 

h) Added carried number twice. 

i) Subtracted carried number. 

4. Faulty procedure: 

(ol Retraced work partly done. 

(6) Irregular procedure. 

(o) Grouped numbers. 

I ) Split numbers. 

I Lost place in column. 

) Disregards column... 

) Omits igits. 

) Disregarded one column. 

) Error in writing answer. 

1 Added in pairs. 

) Added same digit in two columns..,. 
I Began with left column. 

6- pd other miscellaneous faults: 

m wrong operation. 

I ^opended upon visualization. 

I ( 0 ) arore in reading numbers 

S''hack one or more tens. 

w. Omved unknown from Imown.. 

(/) Skipped decades. " " 

(p) Confused columns. !.!!!'!" 

(ft) Added imaginary numbers. 

6. Used scratch paper. 

Total cases. 


CrllADRB 

HI 

IV 

V 

VI 

81 

103 

78 

68 

61 

83 

64 

17 

39 

46 

46 

26 

37 

38 

34 

17 

2C 

30 

28 

18 

34 

25 

18 

12 

28 

19 

26 

14 

C 

9 

9 

6 

10 


2 

1 

0 

n 

0 


u 

0 

0 

1 

26 

34 

39 

22 

16 

29 

23 

18 

25 

22 

21 

16 

13 

29 

26 

14 

tSM 

17 

17 

14 

34 

11 

9 

1 

13 

21 

13 

6 

15 

11 

8 

2 

12 

3 

14 

6 

■a 

6 

6 

2 

10 

6 

1 

n 

1 

1 

1 

B 

23 

25 

20 

11 

24 

8 

27 

2 

14 

10 

21 

7 

13 

12 

17 

6 

13 


11 

11 

11 


9 

6 

1 


0 

0 

0 


1 

H 

7 

6 

9 

D 

06 

124 

116 

78 


Total 


320 

216 


166 

126 

102 

89 

87 

29 

16 

1 

1 


121 

86 

84 

80 

66 

66 

62 

86 

34 

20 

18 

8 


79 

61 

62 

47 

42 

32 

1 

1 

21 

414 


















































difficulties in whole numbers 121 

last, instead of at the beginning of a new column, resulting 
in many errors due to forgetting what number was to be • 
carried. This fault can be corrected by showing the pupil 
the desirability of adding the carried number first, and 
then &ving practice until the habit is established. Other 
pupils forgot to add the carried number at times; some 
carried the number irregularly, sometimes at the be^n- 
ning of the column, sometimes in the middle, and some¬ 
times at the end; some pupils carried the wrong number; 
some carried when there was no number to carry; some 
wrote the carried number as a “crutch” to aid them to 
remember the number. Other peculiar methods of carry¬ 
ing are given in the table. The data make obvious the 
necessity of giving special attention to the habits that are 
formed when carrying is being taught. The data also 
show the types of faults in carrying that the teacher 
would expect to discover in the work of pupils who are 
deficient in addition. 

Faulty procedures are often discovered in the work of 
deficient pupils. Some pupils have no regular procedure 
in working addition examples. They begin at the top or 
the foot of the column; they add the large numbers first 
and then the small ones, or vice versa; they attmpt to 
group numbers by tens, and in other ways; they split num¬ 
bers to get easier combinations; they lose their place in a 
column, possibly due to lapses in attention or because 
they are easily distracted by environmental influences 
such as noises, whispering, and the like. ^ Numerous 
other types of faulty procedures are given in the table. 
The following description of the methods of work used by 
pupils deficient in addition is contained in a report by 
Uhl:‘ 


'W. L.Ubl, loc,cU. 
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Pupils* methods oj worfc.—-The findings as to methods em¬ 
ployed by pupils in "difficult" combimtion are both inteN 
esting and significant. The following methods were found 
in the work of pupils who were tried out in the manner just 
d®cribed. A fourth-grade boy showed by slow work that 
the combination 9+7 + 5 was difficult for him. When 
questioned, he showed that he used a common form of 
“breaking up" the larger digits. In working the proUem, 
he said to himself: " 9+2 + 2 H-2 + 1 =16 and 21." 
This shows that the 9 + 7 combination was not known but 
that the 16 + 6 combination was known inasmuch as he 
arrived at “21" directly after having combined the other two 
numbers. Another boy of the same grade showed the Ramo 
type of difficulty in a more pronounced form. He added 
8, 6, and 0 as follows: “ First take 4, then take 2, then add 8 
and 4—makes 12, and 2 makes 14.” In adding 9, 7, and 5, 
he said: “9 and 3 is 12 and 4 is 16 and 2 = 18; and 2 = 20; 
and 1 = 21." He broke into parts even so easy a problem 
as 3 + 4 + 9, adding 9 + 3 + 2+ 2 = 16. 

It is not known to what extent pupils who are efficient 
in arithmetic have irregular methods of work which may 
reduce their efficiency below possibly higher levels. The 
fact that the faulty habits listed in the table were found 
in the work of deficient pupils suggests the importance 
of teaching the pupil from the beginning, effective, eco¬ 
nomical methods of work. In the past, the establishment 
of methods of attack has too often been left to chance, 
and the faults described above have resulted. 

^ Various psychological factors such as lapses in atten¬ 
tion, short attention span, confusion of processes, and the 
like are a prolific cause of difficulty in addition. Much 
of the difficulty in adding long columns of figures in 
grades 3,4, and 6 is due to the breaks in attention as the 
pupil proceeds up or down a colunrn of figures. For example, 
in adding the column of numbers on the next page the pupil 
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might have added 8, 7, 6, and 8, getting 29 98 

as the sum, and then become confused in add- 47 

ing this number and 4, due to a break in 66 

attention. The writer has found many pupils 58 

who knew the combinations, knew adding by 84 

endings, bridging of the tens, and the carrying 72 

procedure, but who failed completely in add- 65 

ing a column of figures such as the above be- 
cause they did not know how to proceed when the break 
in attention came in adding the numbers. The lower 
the ability of the pupil and tihe greater his lack of con¬ 
trol over the basic facts, the more frequent will be his 
lapses in attention. The average attention span of 
pupils in grades 3 and 4 is much less than that of pupils 
in the upper grades. It is therefore probably best not 
to give pupils in grades 3 and 4 addition examples con¬ 
taining more than five numbers in a column. The length 
of the column can be increased in the upper grades to 
seven or eight numbers in a column. 

Courtis' describes difficulty due to faulty attention as 
follows: '' 

"Irregular speed in adding a column may be due to either 
of two factors: lack of control of attention, or lack of knowl¬ 
edge of the combinations. Attention will be considered here. 

“There is a limit to the length of time that a person can 
cany on any mental activity continuously. As time goes on, 
the mind tends to respond more and more readily to any 
new mental stimulus than it does to the old. The 
wanders, as it is said. The attention span for many children 
is six additions; for some, only three or four; for others, eight, 
or ten, and so on. That is, a child whose attention span is 
limited to six figures may add rapidly, smoothly, and accu- 

* S. A, Courtis, Standard Practice Tests in Arithmetic, Manual (Yonkers* 
on-Hudson, New York: World Book Company, 1916). 
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lately, for the fbst five figures in the column, civine its 
tion wholly to the work. As the limit of itfaSSnIS; 
IS reached, however, it becomes increasingly diflieult 
to concentrate its attention. The child suddenly become 
conscious of Its own physical fatiguer and of the sights and 
sounds wound it. The mind balks at the next additimi 
It may be a simple combination, as adding 2 to the partiai 
si™, 27, held in mind. It finally becomes imperative that 
the child momentarily interrupts its adding activity and 
attends to something else. If this is done for a small frac- 
tion of a second, the mind clears and the adding activity 
Will go on smoothly for a second group of six figures. The 
inattention may be repeated. 

"It should be evident that these periods of inattention 
we critical periods. If the sum to be held in mind is 27. 
mere is great danger that it will be remembered as 17, 37 
26, or some other number, as the attention returns to the 
work of adding. The child must, therefore, learn to ‘bridge' 
ite attotion spws successfully. It must learn to recognize 
the cntical period when it occurs in order to divert its 
attention consciously while giving its mind to remembering 

figures already added. This is 
p uably best done by mechanically repeating to one's self 

twenty-seven, twenty-seven, or 
iTio+f ®^y during the whole interval of 

about the different methods of 
attention spans and it may well be that other 

effective. The use of the device 
sog^ted above, however, is common. 

of 3- column and commencing 
pnfl+rAi f ^®®*onmg is almost a certain symptom of lack 
curS^I other hand, mere inac- 

lac^f ^ 28) may be due to 

at pver the combinations. If the errors occw 

the regulw points in a column, and if, further, 
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B. Subtraction op Whole Nimbbes 

1. Analysis op the Subtraction Process. 

One of the most difficult processes in arithmetic is 
subtraction. An analysis’- of the skills and knowledges 
needed in subtraction is as follows: 

1. The 100 subtraction combinations. 

2. Three ideas in one’s subtraction concept: 

Taking away idea: 15 — 7; 7 from 15. 

Adding idea: What number added to 7 equals 167 
Difference idea; 15 is how many more than 7? 

3. The meaning of the following terms: Minus, less, 
subtrahend, minuend, borrowing, difference, remainder. 

4. The meaning of the subtiraction sign. 

5. That the complete minuend must always be larger 
than the complete subtrahend. 

6. That in writing the example, units must be placed 
under units, tens under tens, etc. 

7. That one must begin at the right and work to the left. 

8. That the order of units in the subtrahend must be 
subtract^ from the same order in the minuend. 

9. How to proceed when the first number to be subtracted 
in the minuend is larger than the corresponding number in 
the subtrahend. 

10. That one must not borrow unless the number in the 
subtrahend is larger than the corresponding number in the 
minuend. 

11. How to proceed when a number of the subtrahend is 
larger than the corresponding number of minuend; i.e., 
borrowing. 

12. What it means to place a 1 in front of a number when 
borrowing ten. 

423 

-219 


> E. Merton, he. eii. 
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18. What it doea to the next number in the minuend when 
a 1 has been placed before the following number. 

14. Must be able to remember the new number made 
through borrowing. 

628 

-239 

After subtracting 9 from 18, the child is dealing with 11, 
not 12. 

15. How to proceed when the need for borrowing and no 
borrowing is met alternately in an example. 

16. How to borrow when two or more successive digits 
in the subtrahend are larger than the corresponding digits 
in the minuend. 

17. How to proceed when there are fewer figures in the 
suhtrahend than in the minuend. 

18. How to proceed when the last subtraction takes place 
with the subtrahend and minuend the same: 

649 

-623 

(The zero must not be placed in the remainder.) 

19. Ability to handle a zero or a succession of zeros in 
the subtrahend. 

20. Ability to handle a zero or a succession of zeros in 
the minuend. 

21. How to check for correct answers. 

A well organized teaching procedure must recognize 
the necessity of providing for the development of each of 
the elements included in the analysis. Deficiency in any 
element may be the cause of weakness in the process as 
a whole. 

2. The Basic Subtraction Facts. 

A knowledge of the basic facts in subtraction is abso¬ 
lutely essenti^ for satisfactory work in that process. Since 
this is true the first step in a diagnosis should be to deter- 
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nine the control the pupil has over these facts. This 
ihould be done by measuring the speed and accuracy 
dth which he can give orally or write the remainders for 
•ombinations and by discovering his deficiencies. 

The following sets of combinations may be used to 
letermine the pupil’s knowledge of the basic facts. A 
)upil in grade 3 or 4 should be able to give the answers 
or each set in the time indicated. If he cannot do so, 
Ldditional practice is needed to develop speed. Special 
TOrk should be done on combinations not known. 

Practice in Subtraction: Set I (Two minutes) 


3 

6 

2 

3 

4 

6 

5 

3 

0 

J. 

J. 

3 

4 

_0 

1 

4 

4 

3 

6 

0 

5 

0 

_2 

J. 

_2 

_6 

_0 

_4 

4 

6 

2 

6 

4 

6 

1 

0 

_3 


3 

4 

5 

_1 

2 

6 

6 

5 

3 

6 

5 

0 

2 

_2 

1 

0 

1 

5 


Practice in Subtraction: 

Set II 

(Two minutes) 

8 

9 

8 

7 7 

10 

9 8 8 

1 

4 

_8 J 

2 _4 

J. 

9 < 

1 2 

7 

10 

9 ! 

9 9 

7 

10 10 7 

3 

_8 

_1 J 

3 _0 

_6 

6 j 

5 _0 

8 

8 

8 ! 

9 10 

9 

10 

7 9 

5 

_7 

3 : 

3 4 

6 

7 

1 7 

7 

10 

7 10 9 

10 

9 j 

3 8 

7 

_8 

_6 J 

2 _2 

_9 

A J 

1 J. 
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Practice in Subtraction: 

Set hi (Two 

11 

7 10 11 


9 

7 

4 

_3 1 

5 J 


A 


12 

10 11 10 


12 

10 

_3 

_3 

8 4 


6 

7 

9 

11 

9 12 


10 

11 

_4 

3 

7 _9 


_8 

7 

11 

8 11 9 


11 

12 

6 

^ : 

- A 


_5 

_7 


Practice in Subtraction: 

Set 

W (Two : 

15 

14 

16 

13 


18 

6 

_8 

_7 

_5 


9 

17 

16 

13 

14 


15 


_9 

_4 

_6 


8 

16 

13 

14 

17 


13 

J? 

_9 

_7 

9 


A 


12 

_5 

9 

_2 

10 

_9 

8 

6 


13 

_6 

13 
_7 

14 
5 


8 

12 

_8 

12 

_4 

10 

2 


14 

_9 

16 

_8 

16 

9 


3. Higher Decade Subtraction. 

Whenev er a p upil works a short division example of 
the type, 4)1956, higher decade subtraction is used. For 
™ple, after dividing 19 by 4, the subtraction example, 
Za mentally; the 3 must be car- 

^ 35. Here the example 35 — 32 

Mst be worked mentally after division by 4. Similar 
.subtraction examples must be worked in every 
snort division e^mple involving carrying. Specific prac- 
shnT+ sub^action examples improves the work in 
be taVoiTf detailed discussion of this point will 

; up in the unit on division of whole numbers. 
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4. Examples not Involving Borrowing or Carrying, 

When compared with addition, subtraction is a much 
less complicated process as far as the basic number facts 
to he learned are concerned. Only two numbers are 
involved, namely, the minuend and the .subtrahend, 
whereas in addition, long columns of as many as nine, or 
ten, or more numbers, are sometimes found. 

The chief difficulties in examples not involving carrying 
or borrowing are found in examples which contain zero 
difficulties, as follows: 


84 

-24 


A number less the number equals zero. 

66 

-20 


A number less zero equals the number. 

47 

598 


-45 

- 592 

Zero is not written when occurring in this 



type. 

85 

487 


- 4 


How to subtract in examples inv(jlving a 



larger number of digits in the minuend 
than in the subtrahend. 


Examples of the type below merely afford practici,' on 
the combinations, although care must be taken to cstitb- 
lish the habit of beginning work at the right. 

976 800 906 6892 

-432 - 400 - 804 - 4571 


6. Examples Involving Borrowing or Carrying. 

After the pupil has learned the basic combinations, and 
has learned to work examples such as those giv{-n under 
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(4), he must leam the process of working examples in 
which the number in the minuend is less than the number 
in the subtrahend. There are many skills that must be 
taught, the chief ones being illustrated by the followinir 
examples: ® 

158 15 

— Where the combination -J introduces the process. 

95 

~ 28 Borrowing or carrying in unit’s place. 

60 

— 47 Zero difficulty. 

73 6 

~ 64 Zero difficulty in — 6 

63 

■ 9 Subtraction by endings; blank place, 

962 

Three numbers; borrowing or carrying in unit's 
place. 

708 

~ ^95 Borrowing or carrying ten’s place. 

846 

Borrowing or carrying in unit’s and ten’s place. 
485 

— Two-place borrowing or carrying; blank place. 

600 

Double zeros in minuend. 

207 

—^ Zero in ten’s place; borrowing or carrying. 
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800 

_ 208 Double zeros in minuend; borrowing; zero in sub- 
trahend. 

These examples may be followed by four-place or five- 
place numbers, involving other combinations of difficulties. 
The diagnostic test on this page contains many different 
types of subtraction examples, each type representing a 
new combination of sldlls. Such a test makes it possible 
for the teacher to locate the specific types of examples 
which cause the pupil difficulty and to prescribe the neces¬ 
sary remedial exercises. 

Finding Difficulties in Subtra.ction^ 

This exercise contains many different kinds of subtrac¬ 
tion examples. Practice until you can work all of them 
correctly. 


Set I 



a 

b 

c 

d 

e 

1. 

9 

15 

87 

46 

897 


4 

7 

3 

21 

366 


— 



*•“ 

— 

2, 

9 

26 

268 

90 

805 


9 

5 

101 

30 

202 




" -" 

— 

— 

3. 

77 

686 

869 

774 

793 


72 

683 

22 

414 

593 




Set II' 



4. 

78 

494 

868 

729 

921 


8 

49 

639 

456 

666 



-- 


— 

' 

6. 

6,172 

523 

180 

909 

802 


4,758 

195 

2 

727 

618 


Triangle Arithmetics, Book II, Part 1, p. 24. 



1S2 DIAGNOSTIC TEACHING 


6. 

4,001 

9,200 

574 

4,981 

8,043 


2,883 

3,373 

108 

Set hi 

3,008 

7,606 

7. 

9,080 

8,010 

11,900 

7,462 

3,376 


6,759 

3,584 

9,901 

4,399 

2,968 

8. 

15,886 

16,575 

2,333 

12,344 

6,661 


5,899 

6,778 

1,677 

4,446 

6,892 

9. 

$.08 

$1.20 

$4.00 

$6.54 

$8.91 


.03 

.80 

1.25 

5.79 

4.06 


6. The Most Common Faulty Habits in Subtraction. 

An analysis of the faulty habits in subtraction revealed 
by a study of the mental processes of pupils defieiait in 
t^t process is given in Table 3. 

TABLE 3 

PRHQUBNOY OP OCCURRENCaS OP THE MOST COMMON FAULTS 

IN Subtraction op Whole Numbers 


(Adapted from Buswell and John, page 137) 




Grades 


Total 


HI 

IV 

m 

Q 

1. Errors in CombinationB. 

2. Borrowing: 

62 

75 

69 

1 


246 

(o) Did not allow ior haviriB borrowed.., 

19 

50 

67 

36 

162 

(&) Errors due to zero In minuend. 

(c) Subtracted minuend from subtra- 

26 

39 

26 

16 

106 

bend. 

(d) PaUed to borrow; gave zero as 

47 

33 

12 

4 

06 

answer. 

(«) Deducted in minuend when no bon- 

21 

20 

14 

4 

59 

rowing was necessary. 

(j) Deducted (2) from minuend after 

2 

8 

10 

6 

26 

borrowinir. 

(g) Increased minuend digit after bor- 

1 

6 

8 

6 

20 

Towinn. 

(ft) D^ucted all borrowed numbers 

2 

2 

6 

2 

12 

from left hand digit. 

1 

0 

■1 

0 

2 
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TABLE 3 { Continued ) 




QBAviia 


1 

Total 


Ill 

IV 

V 

VI 

3. Counting. 

43 

44 

39 


136 

4. Faulty Procedures; 

21 

38 

29 

12 

100 

(a) Said example backward. 

(b) Added instead of subtracted. 

18 

9 

19 

1 

47 

\e) Used same digit in two columns. 

(d) Omitted a column. 

18 

16 

3 

4 

40 

9 

13 

8 

6 

36 

(ej Split numbers. 

■h 

6 

10 

2 

24 

(/) Imored adigit. 


6 

2 

3 

23 

(g) ifeed minuend or subtrahend as 
remainder. 

n 

6 

2 

0 

18 

(h) Began at left column. 

2 

■1 

1 

0 

3 

6. Lapses, etc.: 






(a) Derived unknown from known. 

12 

9 

IS 

3 

37 

(b) Error in reading. 

14 

6 

13 

10 

42 

(c) Error due to numbers in minuend 
and subtrahend being the same.... 

1 

6 

10 

8 

19 

(d) Reversed digits in remainder. 

4 

7 

2 

4 

17 

(4 Confused process with division or 
multiplication. 

6 

6 

3 

2 

16 

(f) Skipped one or more decades. 

3 

4 

7 

0 

14 

dr) Baseh subtraction on multiplication 
combination. 


2 

8 

0 

6 

(k) Error in writing answer. 


1 

K| 

1 

4 

Total cases. 

84 

1 

109 



872 


Errors in the basic subtraction combinations and count¬ 
ing to get the answer are the most common faults in 
subtraction. Their prevalence suggests the need of addi¬ 
tional work to develop speed and greater accuracy in the 
basic number facts. This practice should be adjusted 
to the needs of the individual by careful pre-tests and an 
analysis of the results. 

The skills involved in borrowing or carrying present 
the largest group of faults in subtraction. The most 
common fault in this group was failure of the pupil to 
allow for having borrowed. Inability to solve examples 
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with zeros in the minuend caused many errors. This 
suggests the need of special stress on examples involving 
zeros in the minuend. Complete lack of comprehension 
of the process involved is evidenced by the individuals 
who subtracted the smaller number in the minuend from 
the larger number in the subtrahend, or who failed to 
borrow when necessary and gave zero for the answer. 
Most of these faults can be eliminated by a careful re- 
teaehing of the borrowing or carrying process by means 
of a well graded set of practice exercises each of which 
presents a new difficulty. 

Various faulty procedures are found in the work of 
deficient pupils. Faulty statements, splitting up num¬ 
bers, omitting numbers, and using the same number in 
two columns were those most frequently discovered. The 
following is an exact reproduction of the .steps in solving 
a subtraction example orally, reported by Winch 

(1) “9 from 6 you cannot; take 1 from the 7 next door 
leaves 6; 9 from 10 is 1 and 6 is 7.” 

(2) “2 from 6 leaves 4.” 

(3) “8 from 5 you cannot; take 1 next door, leaves 3; 
8 from 10 leaves 2, and 6 are 7.” 

(4) "9 from 3 you cannot; go next door, 

take 1 leaves 1; 9 from 10 is 1, and 3 makes 624,576 

4." 139,829 

(5) “3 from 1 you cannot; go next door, 484,747 

take 1 from the 6 leaves 5; 3 from 10 is 7 • 

and 1 makes 8." 

(6) “2 from 6 leaves 4.” 

Similar statements of the pupil’s verbal processes are 

frequently found in educational literature. They illus- 

trate the c omplexity of the mental processes employed by 

_ ^ W. H. Winch, "Equal Addition Versus Decomposition in Teaching 
Su^action, JmrmA of Experimenldl Pedagogy (Vol. 6, pp. 207-20, 
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many pupils in arriving at the solution of an example. 
Such roundabout methods are inefficient and cumber¬ 
some and result in inferior work. One fifth- 
grade pupil was given the example at the 
right to solve. After laboring for a time he 84 

finally wrote the correct answer, 47. After — 37 
considerable questioning it was revealed that 
he had found the answer by counting from 84 
back to 37 by ones and had managed, in some manner, 
to keep track of the count and to get the correct answer. 
He amply did not know what to do when the number in 
the minuend was less than the corresponding number in 
the subtrahend. It may be said that he readily learned 
the correct process and was greatly pleased to see how 
much more quickly and easily he could find the answer 
than by the method he had been using. 

C. Multiplication of Whole Numbers 

1. Basic Knowledge in Multipucation. 

According to Merton^, the basic knowledge needed in 
multiplication is as follows: 

1. The multiplication tables through 9X9 including 
zeros. 

2. How to add. 

3. The meaning of the multiplication sign. 

4. The meaning of the following terms: Multiplication, 
product, multiplicand, multiplier, canning, and sum. 

6. That in writing the example, units must be placed 
under units, tens under tens, etc. 

6. That the multiplier is ^ways a number of times. 

7. That the number in the multiplicand is to be multi¬ 
plied by the numbers in the multiplier. 

^ Merton, loc dt, 

10 
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, 8. That one must begin at the right and work to the left, 

9. How to place the product after the first multiplica¬ 
tion when the product is less than 10. 

10. Ability to proceed with the multiplication of the next 
digit when meeting the condition in 9. 

11. How to place the answer in the product when the 
product is 10 or more than 10. 

12. How to proceed with the multiplication of the next 
digit when meeting the condition in 11; i.e., carrying. 

13. Ability to multiply and add quickly. 

14. Ability to remember the number carried. 

15. Ability to handle zero or a succession of zeros in the 
multiplicand. 

16. How to proceed when the need for carrying and no 
carrying are met alternately in the example. 

17. How to proceed after the multiplication by the units 
figure of the multiplier is completed when there is more than 
one figure in the multiplier. 

(a) Which number to multiply by next. 

(b) Where to place the first product. 

18. Ability to handle a zero or a succession of zeros in 
the multiplier. 

19. That these products must be added and how this is 
done. This involves any or all of the 18 points on addition. 

20. How to check for correct answers. 

2. The Basic Number Facts. 

(a) Zero combinations. Unless they are carefully pre¬ 
sented, combinations, one of whose factors is zero, have 
been found to be difficult for children. There are 19 such 
combinations. When being taught they should be prac¬ 
ticed in connection with the other basic facts. 

(b) Combinations not involving zero. Assuming that' 
the pupil should know all combinations neither of whose 
factors exceeds 9, there are in all 81 facts to be learned, 
not including zeros. There are 100 facts in all. 
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The following sets of combinations provide a con¬ 
venient means of locating deficiencies in multiplication 
facts. Pupils in grades 4 and 5 should be able to give 
all of the facts in each set in the time allowed. Special 
note should be made of the facts on which the pupil 
makes mistalces. Special work on them should be re¬ 
quired. ' 


1 2 1 

6 jO J. 

1 1 2 

3 _8 J. 

2 2 2 

7 9 5 


Set I. 1 minute. 

2 1 

3 2 


1 1 

4 9 


2 0 
8 1 


2 12 

4 7 2 


0 1 1 
0 0 6 


0 2 0 

4 6 2 


Set II. 1| minutes. 

3 4 3 4 3 3 

1 1 6 6 0 _3 


4 

3 


4 3 

7 ■ 4 


3 

8 


4 

2 


4 8 4 4 3 

0 2 B 8 7 


3 0 3 4 4 

9 3 6 4 9 


Set hi, 1^ minutes. 

6 6 6 6 5 5 

16 2 16 3 


6 

7 
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6 

5 

6 

5 

6 

6 

6 

_0 

3 

j4 

5 

5 

4 

8 




" 



5 

6 

5 

5 

6 

5 

0 

_8 

_2 

7 

0 

9 

9 

_5 



Set IV. 

1^ minutes. 


•'8 

7 

8 

8 

7 

7 

7 

2 

1 

3 

6 

5 

2 

g 




"■ "■ 


■ - 


7 

0 

7 

8 

8 

7 

0 

8 

7 

3 

9 

4 

7 

6 




— 

— 



7 

8 

7 

8 

7 

8 

8 

4 

1 

0 

7 

6 

8 

5 



Set V. 

l-s minutes. 



9 

9 

9 

8 

9 

9 



■ 7 

2 

0 

3 

0 



“ ' 


— 




9 

9 

0 

9 

9 

9 

0 

3. 

_4 9 6 

Carrying in Multiplication. 

9 

5 

_8 


Whenever a pupil works an example of 
43 such a type as the one at the left carry- 

X 4 ing is involved. The pupil must learn 

(1) to write the correct number in the 
product; (2) to carry in his mind the 
nimber to be earned; (3) to add the carried number to 
j J^sxt partial product. This process seems simple to 
adults hut for the pupil it is a quite complicated process 
to learn, one which causes much difficulty. 



27 + 4 == 18 + 3 = 

i5 + 8 = 40 + 6 = 

18 + 5 = 15 + 4 = 

4X7 + 3 = 

6X6 + 3 = 

7X5 + 6 = 
8X5+4= 
6X8+6= 
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One method of reducing the difficulty of this process is 
0 fflve the pupil special practice on the possible combina- 
lons that may arise in the carrying step. The following 
^mes of exercises will aid the examiner to discover pos¬ 
sible weaknesses in carrying in multiplication: 

SEjT I 

49 4-5= 12 + 5= 36 + 4 = 

35+4= 16+3= 81+8 = 

72 + 7 = 32 + 6 = 24 + 7 = 

Set II 

9X6+7= 3X7+2= 

9x4+8= 5X4+3= 

8X6+4= 2X9+1= 

3X4+1= 4x5+2= 

9X7+4= 7X7+6= 

/S w I v 

Set (I) includes the sums of some of the possible prod¬ 
ucts and a number that might be carried in an example 
in multiplication. Set (II) includes multiplication com¬ 
binations plus numbers that might be carried, giving prac¬ 
tice in multiplying and adding a given number to the 
product. It should be noted that in exercises like Set (li) 
the number carried must always be at least one less than 
the number by which one is multiplying. ^ An example 
such as 4 X 3 + 9, never diould be used, since 9 is nev^ 
carried in a multiplication example wheh the multiplier is 
4. The largest number that ever could be earned when 
the multiplier is 4 is the 3 in the product of 4 X 9 = 36. 

The product numbers which occur in examples involvii^ 
carrying in multiplication are 1, 2, 3, 4, 5, 6, 7, 8, 9,10, 
12,14,15,16,18, 20, 21, 24,26, 27, 28, 30, 32, 35, 36. 40, 
42,45, 48, 49, 64, 56, 63, 64,72, 81. There me m all 176 
possible addition combinations involving carrying m mul¬ 
tiplication. 
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The most common types of examples in multiplication 
involving carrying are as follows: 

(a) 16 Carrying in ten’s place; two-place product. 


(b) 


66 

X6 


Carrying in ten's place; three-place product. 


(c) 216 Carrying in ten’s place. 

(d) 321 Carrying in hundred’s place. 
X8 


(e) 4162 Carrying in alternate places. 
X3 


(/) 3617 
X 6 


4. Zeros in Multiplication. 

Zeros cause much difficulty in multiplication. The 
most common types of zero difficulties in simple multipli¬ 
cation are as follows: 

(а) 40 Zero at end. 

(б) 203 Zero in middle, no carrying. 

X 3 

(c) 200 Double zero. 

X 4 

(d) 206 Middle zero; carrying. 

X6 ^ 
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(e) 4007 Double zero; carrying. 

(/) 4080 Alternate zero; carrying. 

X 9 

If pupils are given the above examples to work, their 
deficiencies in working with zeros quickly become ap¬ 
parent. 

5. Long Multiplication, Including Zeros. 

When the pupil has once learned all of the steps in simple 
multiplication, he must be taught the more difficult com¬ 
plex processes of multiplying by two or more numbers, 
including numbers ending in zeros, or including zeros. 
The new skills involved here are: 

1. Ability to place partial products correctly. 

2. Ability to allow for zeros in the multiplier. 

3. Abilify to add partial products. 

These abilities are involved in many different types of 
examples in multiplication. The diagnostic test for grade 
5 on page 142 contains a large variety of types of examples 
by means of which the teacher can locate the specific 
types which the pupil is not able to solve because of lack 
of knowledge of the procedure to follow. 

In most cases an examination of the paper will show 
the exact nature of the difficulty. Where it is not pos¬ 
sible to discover the cause of the difficulty in this way 
the pupil should be required to work the example aloud. 

6. FAuimr Habits in Multiplication. 

The relative frequency of faulty habits of work of pupils 
in grades 3 to 6 deficient in multiplication is ^ven in 
Table 4. 
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Finding Difficulties in Multiplication^ 

This exercise contains many different kinds of multipli- 
cation examples. Practice until you can work all of them 
correctly. 

Set I 



a 

b 

c 

d 

e 

1. 

7 

23 

20 

71 

812 


_8 

_3 

4 

_8 


2. 

340 

601 

400 

2,010 

604 


2 

_5 

3 

6 

_7 

3. 

16 

87 

615 

851 

657 


_7 

_5 

6 

8 

9 




Set II 



4. 

32 

412 

230 

612 

812 


21 

21 

22 

30 

400 



■ 

■■ 

— 

— 

5. 

412 

3,004 

62 

24 

369 


103 

22 

93 

85 

_78 

6. 

849 

708 

9,005 

9,080 

143 


490 

796 

465 

Set III 

823 


7. 

628 

625 

7,859 

4,685 

7,866 



404 

968 

157 

2,500 

8 . 

$.76 

$1.20 

$.09 

$2.25 

$16.00 


8 

_5 

_7 

79 

64 

9. 

$15.20 

$.60 

$.06 

$30.10 

$524 


80 

90 

48 

275 

76 


^ Triangle Arithmetics, Book II, Part I, page 42 . 
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TABLE 4 


The Most Common Faults in Multiplication op Whole 

Numbehs 


(Adapted from Buswell and John, page 138) 


1. Combinations: 

(a) Errors in combinations.. 

(b) Errors in single zero combinations, 

0 as multiplier. 

2. Carrying:. 

(а) Error in adding carried number. 

(Sj Carried wrong number. 

(c) Forgot to carry. 

(d) Counted to carry. 

(c) Wrote carried number. 

If) Error in carrying into zero. 

(g) Multiplied carried number. 

(ft) Added carried number twice. 

li) Carried when nothing to carry. 

3. Counting: 

(tt) Counting to get combinations. 

(б) Repeated table. 

(c) Multiplied by adding. 

(d) Wrote table... 

4. Faulty Procedures: 

(а) Wrote rows of zeros. 

(б) Used multiplicand as multiplier. 

(c) Errors due to zero as multiplier. 

i d) Omitted digit in multiplier. 

e) Omitted digit in multiplicand. 

/) Errors due to zero in multrolioand. 

g) Error in position of partial products .. 
ft) Confused products when multiplier 

has two or more digits. 

(i) Did not multiply a digit in multh 

plicand. 

U) Omitted digit in product. 

(ft) Forgot to add partial producte. 

(I) Split multiplier. 

(m) Wrote wrong digit of product. 

(to) Used multiplier or multiplicand as 
product. 

e Used digit in product twice. 

Began at the left side. 

Multiplied partial products. 


Qjiadsb 

Totaii 

in 

IV 

V 

VI 

36 

69 

60 

41 

196 

11 

20 

23 

27 

81 

6 

40 

68 

46 

149 

5 

28 

40 

22 

96 

10 

30 

27 

22 

89 

4 

20 

28 

9 

61 

8 

16 

14 

9 

47 

1 

6 

7 

1 

IS 

2 

1 

0 

1 

4 

0 

1 

1 

0 

2 

0 

0 

1 

0 

1 

16 

11 

9 

6 

40 

3 

11 

11 

6 

31 

G 

11 

8 

4 

29 

0 

0 

4 

1 

6 

2 

S3 

40 

34 

109 

18 

33 

23 

16 

89 

6 

26 

30 

17 

78 

1 

15 

20 

16 

62 

2 

17 

12 

12 

43 

4 

14 

16 

9 

42 

0 

15 

16 

9 

39 

1 

13 

9 

9 

82 

6 

9 

7 

7 

28 

0 

5 

7 

5 

17 

0 

3 

7 

2 

12 

0 

1 

6 

4 

11 

0 

3 

4 

2 

9 

B 

B 

1 

1 

4 

B 

B 

2 

0 

3 

B 

B 

0 

0 

1 


B 

0 

0 

1 
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TABLE 4 (Continued) 




GnitDEB 




Ill 

IV 

V 

VI 


6. Lapses, etc.: 

fo) Used wrong process. 

18 

22 

16 

10 

66 

(b) Derived unknown combination from 
known. 

3 

11 

6 

6 

26 

(e) Errors in reading. 

6 

6 

11 

3 

26 

(d) Errors in writing products. 

2 

4 

8 

2 

16 

(e) Multiplied twice by same di©t. 


1 

3 

2 

7 


II 

1 

2 

2 

6 

6. Errors In addition. 

6 

31 

41 

21 

98 

7. Illegible figures. 

n 

3 

6 

7 

16 

Total cases. 

47 

93 

102 

82 

829 


The most common fault is lack of knowledge of the basic 
combinations especially those in which 0 is the multi¬ 
plier. This fault is also revealed by the number of pupils 
who count to get the products of combinations or repeat 
tables. Evidently these pupils would profit greatly from 
further work on these basic facts. 

Another important source of en’or in multiplication is 
in faulty carrying. Many errors are made in adding the 
carried number, showing the need,of additional practice 
on the step of adding products and the number to be 
carried. Many other errors in carrying are due to the 
fact that the wrong number is carried. Pupils often 
forget to carry. They count with their fingers and in 
other ways when eaitying, thereby revealing 
weakness in addition. 

Errors are often made when carrying into ^ g 

zero in such an example as the one at the right. - 

It is evident that teachers must give special 
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attention to the carrying process. In making an analysis 
of the causes of difficulty in multiplication, the pupil’s 
habits of work in carrying should be carefully checked. 

Numerous faulty procedures are found in examples 
involving the work in multiplying by two or more numbers 
e^ecially when the multiplier contains one or more zeros. 
Many of these errors are probably due to carelessness, 
such as the omission of a digit in the multiplier or in the 
multiplicand;incorrect placing of the partial products; 
failure to complete the example, or using a digit in the 
multiplier twice. 

An analysis of the data concerning faulty procedures 
suggests: 

(1) The necessity of giving special attention to ex¬ 

amples involving zeros in either the multiplier 
or multiplicand. 

(2) The necessity of insisting on neat work and the 

correct placing of the partial products. 

(3) The desirability of requiring the pupil to redieek 

the entire work before being prepared to accept 
the answer as correct. 

Errors in the addition of partial products are also fre¬ 
quently found and constitute one of the chief causes of 
weakness in multiplication. 

D. Division of Whole Numbers 
1. The Knowledge Needed in Short Division. 

According to Merton^ the basic knowledge and abilities 
necessary in short division are as follows: 

1, The multiplication tables through 9X9 including 
zeros. 


* Merton, loe, dL 



146 


DIAGNOSTIC TEACHING 


2. The 100 subtraction combinations. 

3. The division tables through the 9's including zeros. 

4. The meaning of the signs for division,) , and -r-. 

5. The meaning and use of each of the following terms: 
Division, product, dividend, carrying, divisor, quotient, 
remainder. 

6. How to proceed when the first number of the dividend 
is the same as, or greater than, the divisor. 

7. ■^ere to place the first number of the quotient when 
meeting the conation in 6. 

8. Must know how to proceed when the first number of 
the dividend is smaller than the divisor, as: 4')i04. 

9. Where to place the first number in the quotient when 
meeting the condition in 8. 

10. Each step: 

(a) Divide. 

(b) Place quotient figure. 

(c) Multiply. 

(d) Subtract. 

(e) Carry. 

11. How to handle the remainder after subtracting: 

2)M54. 

12. Ability to remember the number carried. 

13. That no number equal to or larger than the divisor 
can be carried. 

14. Ability to find the correct quotient figure with a min¬ 
imum of trial; i.e., rapid recognition of the two factors, one 
being given. 

16. How to continue dividing after some number in the 
quotient brings no remainder: 18 

16. Ability to handle the zero in the quotient and make 
the proper operation in the dividend: 150 

17. Ability to handle the zero in the dividend when alone 
or used with a number carried. 

18. How to handle a zero or a number of zeros at the end 
of the dividend. 
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19. How to place correctly all quotient figures. 

2o! How to handle the remainder at the end of a problem 
that does not "come out even.” 

21. How to check for correct answers. 

2. The Additional Basic Knowledge Needed in 
Long Division. 

In addition to the knowledge listed for short division, 
the following knowledge is basic in the long division 
process: 

1. Ability to subtract under conditions found in the long 
division process. 

2. Ability to estimate quotients of all types, chiefly in 
examples with two- and three-place^divisors. 

3. How to multiply and carry. 

4. The steps in the process. 

(1) Divide. 

(2) Place quotient figure correctly. 

(3) Multiply divisor and correct quotient figure. 

(4) Place the resulting product correctly. 

(5) Compare with number from which it is being 
subtracted. 

(6) Subtract. 

(7) Compare remainder and divisor. 

(8) Bring down digit from dividend. 

(9) Continue these steps until the example is com¬ 
pleted. 

If the correct basic habits in short division relating to 
the manipulation of zero difficulties and remainders are 
well established, the chief problems involved in long 
division are teaching the pupil the form to be used in 
writing out the example and how to find the quotient 
figures. The form in which to write out the work is easily 
taught by requiring the pupil to write out the steps in 
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solving a typical example in short division which the 
pupil has learned to solve mentally. 

3. The Division Combinations. 

(a) The basic combinations. In division there are 90 
basic combinations with divisors from 1 to 9 and in which 
there is no remainder. Since these are absolutely essen¬ 
tial any deficiency in knowledge of basic combinations 
is certain to have serious consequences. The following 
sets of examples afford a convenient means of cbpnVing 
up on the pupil’s knowledge of the baac combinations: 


Set I. 1 minute. 


IT 

2ir 

2ll0 

iir 

iir 

llT 

2ll2 

iir 

ilT 

2lU 

2ir 

slF 

2ir 

iir 

2ir 

T 

2ll6 

T 



Set II. 

minutes. 



sir 

4ir 

T 

4l20 

4ll2 

3ir 

4l24 

3ll2 

4ir 

slM 

4l^ 

4ll6 

Sis 

4l^ 

3W 

4l36 

3ll5 

3ll8 



Set III. 

1| minutes. 



5lio 

6l^ 

5ir 

6l^ 

6ir 

5li6 

6li8 

5^25 

elS 

6348 

5l^ 

^545 


6l80 

6l^ 

63M 

6l40 

6l42 
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Set IV. IJ minutes. 



8l24 


8l40 

7l35 

8l48 


tTT 

“8l8“ 

7W 

8l56 

7l49 

7521 

8ll6 

'f)42 

8W 

'^3 

8172 



Set V. 

1 minute. 



9'546 

9172 

9lir 

9l54 

9l27 


9W 

9ll8 

9lM 

9l8l 




(b) Combinations with remainders. In dividing 13 
by 2, the pupil must first find the quotient figure 6, then 
subtract 12 from 13 to get the remainder 1. It is known 
that pupils have much difficulty with this step since 
higher decade subtraction is involved and the pupil has 
usually had relatively little, if any, practice in this type 
of subtraction. Therefore, in addition to the 90 basic 
division facts, the pupil must have definite practice on 
360 other division combinations in which there are re¬ 
mainders. This is a total of 450 division facts. These 
facts may be found as follows: 


Total 

Fobsiqlb 

One into any number from 0 to 9. 10 

Two into any number from 0 to 19. 20 

Three into any number from 0 to 29. 30 

Four into any number from 0 to 39.... . 40 

Five into any number from 0 to 49. 60 

Six into any number from 0 to 69... 60 

Seven into any number from 0 to 69. 70 

Eight into any number from 0 to 79. 80 

Nine into any number from 0 to 89. 90 

Total.460 
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The following sets of exercises should be used to dis¬ 
cover possible weakness in division examples involving 
remainders. The sets contain a fair sampling of com¬ 
binations ranging from easy to difficult. 


Set L Subtraction Involved in Division. 
1^- minutes. 


62 - 49 = 17 - 9 = 

67 - 63 = 16 - 12 = 

52 - 48 = 27 - 21 = 

19 - 16 = 20 - 14 = 

16 - 12 = 14 - 10 = 

24 - 20 = 26 - 18 = 

32 - 28 = 27 - 21 = 


19 - 18 = 44 - 36 

31 - 24 = 48 - 42 

29 - 25 = 62 - 45 

35 - 27 = 39 - 36 

34 - 28 = 17 - 12 

39 - 32 = 23 - 16 

41 - 36 = 61 - 64 


Set II. Finding Remainders and Products. 
2 minutes. 


9 X 5 and 7 = 48; 52 
9 X 7 and 7 = 67; 70 
9 X 8 and 7 = 77; 79 
4X6 and 7 = 27; 26 
6 X 7 and 7 = 38; 39 


8X5 and 7 = 47; 42 
8 X 6 and 7 = 61; 54 
7 X 7 and 7 = 52; 55 
6 X 9 and 7 = 67; 59 
3 X 8 and 7 = 26; 26 


Set III. Easy Divisions and Remainders. 
2 minutes. 

(Subtraction in Same Decade) 


2"^ 

3)17 

4)l4 

4)^ 

6)47 

4)^ 

4)r 

6)M 

6)39 

2)19 

3')26 

4)21 


3l^ 

2yr 

4)I9 

6)4" 


5)23 

2)17 

3)19 

5)46 

6)l8 

4)W 

4)27 
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Set IV. Division and Remainders. 2i minutes. 
(Higher Decade Subtraction) 


4)^ 


4311 

3 ' 

73 ^ 83^ 

6323 


7 

7)54 93 ^ 

832 ! 

g)B3 

7 

6368 83^ 

4. Types op Short Division 

93 ^ i 

Examples. 


6341 

'?)4l 


The chief difficulties in suwi- 
concerned with remainders in the body of the example 
Tat the end, and with the use of zeim m the quotients. 
The following set of examples contains the important 
TSplea in ea»y short divWon This set may 
be used to determine deficiencies in particular types of 
processes. 

( 0 ) 2)64 Even division, no remainders. 

(6) 2)482 Even division; 3 place quotient. 

(c) 2)60^ Even division; zero in quotient in middle. 

2)420 Even division; zero in quotient at end. 

4)400 Even division; zero in quotient; double zero. 

(d) g)216 Initial trial dividend—^two figures; no re¬ 

mainders. 

(e) 2)816 Zero difficulty in quotient; carrying. 

(/) 4)485 Remainders at end of example; with and with¬ 
out zero difficulty. 
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4)^ 

(g) 2)819 Zero, carrying, and remainder. 

(fe) 8)282 Carrying; no reminder. 

4 )^ 

(t) 4)847 Carrying and remainder. 

If the pupil has difficulty with any of the types listed 
above, the reason for the difficulty should be discovered. 
The following are known to be the chief causes of difficulty 
in short division: 

1. Errors in division combinations. 

2. Errors in carrying. 

3. Zero difficulties. 

4. Manipulation of remainders. 

If the pupils have special difficulty with any particular 
type of example they should be given practice on others 
of the same type. These can easily be prepared by the 
teacher. 

6. Naming Quotients in Long Division. 

One of the chief problems in long division is to teach 
the pupil effective techniques for finding the quotient 
figures. The difficulty of finding a quotient figure may 
vary from the easy type 20)60, to the very difficult trial 
division type, 16)142. The following sets of examples 
afford a convenient basis for determining the level at 
which the pupil has difficulty in naming quotients. Each 
set contains a special step. Any single column of these 
examples may be used to locate approximately the level 
where difficulty may be found. 



difficulties 

IN WHOLE 

NUMBERS 

1 163 

(1) 

(2) 

(3) 

(4) 

(6) 

(a) 26 )W 


40)80 

20)6r 

40)40" 

(b) 20lir 

30)3r 

40^" 

10)65“ 

20)66" 

(c) 21^ 

32)^ 

43)8r 

23)69" 

41)82" 

(d) 32'56r 

21)89 

12)^ 

31)96" 

23)48" 

(e) 201^ 

43)W" 

21)^ 

24)9^ 

23)5^ 

(/) 40p0 

80)480 

61)102 

61)1^ 

21)126 

(!f) 86)106 

32)iM 

34)168 

43)236 

52)l7l 

(h) 29jm 

58)187 

78)366 

29)m 

28)l38 

(i) eejm 

36)M 

66)4ir 

25)128 

35)^ 

U) 14)^ 

16)^ 

Up? 

18)166 

17)9r 


In sets (a) to (g) the trial quotient is the true quotient. 
In sets (h) to (i) the trial quotient is not the true quotient. 
In these sets the pupil faces the problem of first estimat¬ 
ing the quotient and then checking his ffitimate by mental 
multiplication. He must repeat this cheeking until he 
has found the correct quotient figure. The pupil should 
be ^ven considerable practice in naming quotients with 
specially prepared exerdses, be^nning with level (a) and 
proceeding to level O'). 
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6. Special Types op Dippiculties in Long Division. 

The chief new skills needed in long division, in addition 
to the ability to name quotients, are those concerned with 
the multiplication of the quotient figure involving carry¬ 
ing and the subtraction necessary in long division ex¬ 
amples. Some authorities suggest that only one new 
difficulty be introduced at a time. Note the following 


In example (a) there is no carrying in multi¬ 
plication and there is no bbrrowing in 
subtraction. 


In example (6) there is carrying in multipli¬ 
cation, but no borrowing in subtraction. 


(c) 2^506 In example (c) there is borrowing in subtract- 

44 ing 44 from 50, but there is no carrying 
66 in multiplication, 

31 

(d) 36) 1116 In example (d) there are both carrying in 

108 multiplication and borrowing in subtrac- 

36 tion. 


examples: 

22 

(а) 31)16^ 

62 

62 

51 
■ 0 

22 

(б) 4BpO 

, 90 

0 

23 



difficulties in whole numbers 155 


Any one of the above types can be further complicated 
by introducing the factor of remaindera. Two other 
factors that can increase the difficulty of these examples 
are the introduction of more difficult quotient figui’es and 
zero difficulties in quotients. 

The following exercise contains the different types of 
examples in long division by means of which specific diffi¬ 
culties in long division can be located. Each example 
illustrates a new difficulty, either in process or in quo¬ 
tients. 


1. 

23)483 

2. 25)575 

8 . 

2)30^“ 

4. 

3fp5“ 

6. 32)407 

6. 

35)428 

7. 

21)1155 

8. 32)2592 

9. 

42)1008 

10. 

33)17^ 

11. 2871896 

12. 

6374285 

IS. 

15)10^ 

14. 16)912 

15. 

36)10675 

16. 

72)14416 

17. 2675^04 

18. 

37)74370 


Appropriate remedial exercises must contain examples 
of the types given above. The examples should be given 
in a weU graded series. 


7. The Most Common Faults in Division. 

In Table 5 are given the most common faults in long 
and short division, according to an analysis of data con¬ 
tained in the report of Buswell and John.^ 


'SuBvell and John, {oe. cU, 
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TABLE 5 

Fbequbncy op Occureencb of the Most Common Fatii,ts 
IN Division of Whole Numbers 

(Adapted from Buawell and John, page 139) 



1. Errora in division combinations. 86 SB 

2. Errors in subtraction.^. 4 26 

8. Errors in multiplication. 1 20 

4. Remainders: . . 

(o) Used remainder larger than divisor... 1 

(b) Neglected to use remainder within 

example. 5 

(e) Wrote remainders within example.... 8 

fd) Omitted final remainder.4 16 

lie) D^sed remainder without new divi¬ 
dend fimre. 0 ^ 

(/) Wrote all remainders at the end of 

the example. 1 

(gl Added remainder to quotient......... 0 

(ft) Added remainder to next digit in 
dividend. 0 


Faulty procedures: 

(o) Pound quotient by trial multipli¬ 
cation. 1 

(b) Onutted zero resulting from another 

digit. 0 

(e) Omitted digit in dividend. 4 

(d) Used short division form for long 

division. 0 

(s) Omitted zero resulting from zero in 

dividend. 3 

(/) Used long division form for short 

division. 0 

igl Used too large a product. 0 

(b) Said example backwards. 9 

(i) Grouped many ^gits in dividend. 1 

U) Used dividend or divisor as quotient .. 2 

(fc) Reversed, dividend and divisor. 8 

(0 Used digits (d ^visor separately. 0 

(m) Used digits in dividend twice. 0 

(n) Used second digit in divisor to find 

quotient. 0 
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TABLE 5 {CordvmiQd) 




OamB 


taco, 


i 

a 

a 

a 

(o) Began dividing from the right. 

(p) SpHt dividend. 

(g) TJsed endings to find quotient (long 

n 

1 

4 

B 

7 


0 

6 

Kl' 

6 

1 



■1 


divieion). 

0 

2 

3 

mm 

6 

(r) Added zeros to dividend when quo- 





1 

'' tient not a whole number. 

■i 

0 

1 

2 

3 

(s) Wrote row of zeros. 


0 

1 

0 

1 

m Dropped zero in divisor, not in divi- 






dend. 

0 

0 

0 

1 

1 

6. Counting: 


26 




fai Counted to get quotient. 

6 

24 

4 

63 

(Eli Repeated part of multiplication 

4 

15 

27 



table. 

9 

65 

(ej Counted in subtractions. 

S 

16 

18 

6 

42 

'((j) Found quotient by adding. 

1 

8 

6 

4 

14 

7. Lapses, etc.; 



24 



la) Used wrong operation. 

17 

17 

6 

64 

(b) Derived unknown combination from 






known. 

1 

6 

11 

8 

26 

(e) Had right answer but used wrong one.. 

0 


10 

4 

21 

3 


10 

2 

17 

(e) Misinterpreted table. 

0 


6 

2 

9 

8. Illegible figures. 

B 

B 

0 

D 

■ 

Total cases. 

m 

m 

H 

m 

H 


As was found in each of the other processes, the chief 
faults in division are lack of knowledge of the funda¬ 
mental combinations and counting to get the answer. 
These difficulties can be remedied by well organized prac¬ 
tice. Many errors were made in subtraction, both in 
carrying in short division and in subtracting in long 
division examples. Many errors were also made in the 
multiplication of divisors and quotient figures. These 
data show that much of the deficiency in long division 
may be due to weakness in the other basic processes 
involved in the complex long division examples. 
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Another large group of errors is due to difficulty with 
remainders, mainly because of using remainders larger 
than the divisor, or because of neglect to use remainders 
within examples. Many faulty procedures are found, a 
large proportion of them involving zero difficulties and 
the method of finding the quotient. 

Problems for Study, Eeports, and Discussion 

1. Do you think that the lists of skills in each process, 
as prepared by Miss Merton, are complete? Analyze them 
carefully. What changes, if any, would you make? 

2. List the skills that are involved in solving the following 
examples: 

78 7890 786 655^ 

49 - 1664 X 85 

675 - 


3. Show how addition is used in subtraction, multiplica¬ 
tion, and division. 

4. What are the most common difficulties in addition? 
in subtraction? in multiplication? in division? 

5. Construct a duplicate set of subtraction examples 
containing the same types of difficulties as those in the 
examples on page 131. 

6. Show how subtraction is used in short division. Pre¬ 
pare a set of exercises that will give the pupils practice on 
the subtraction used in short division. 

7. Make an analysis of the examples in naming quo¬ 
tients on page 153 and show the specific skills involved in 
each level of difficulty. 

8. Examine textbooks to discover the methods pupils 
are taught to use in estimating quotients in long division. 

9. Select some pupil whose work in arithmetic is inferior 
and by means of a standard diagnostic test make a diagnosis 
of his difficmlties. Use the technique of psychological diag¬ 
nosis described in the previous chapter. Meet or prepare 
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a set of remedial exercises that you would use to overcome 

his difficulties. . . i, 

10. Why might continued practice on exercises with which 

the pupil has difficulty result in failure to produce any 
improvement in his work? 

11, an arithmetic text and list the number of 
types of examples in a proce^ that are presented in the 
new development units. Compare the number of steps in 
developments of processes in new and old texts. 
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Chapter V 

diagnosis of difficulties in fractions 

1. An Analysis op the Specific Abilities in Frac¬ 
tions. 

The first step in the development of a diagnostic pro¬ 
cedure in fractions is the analysis of the specific abilities 
involved in each of the processes. This is true br-cause 
weakness in working fraction examples may be due_ to 
defidency in one or more of these specific skills or abilitit-.s. 
Such an analysis of skills likewise facilitate.s a study of thr- 
instructional materials that are being used by the class 
to discover the possible shortcomings of thc-ii’ cont«'nl. 
Diagnostic tests may be constracted on the ba.sis of siu-h 
an analysis. By means of such taste the? teacher can Im-ate 
the specific nature of the difficulty that the pupils have in 
any of the processes. Such an analysis of tlu? specific 
skills in each process is also of great value to thi* textbook 
writer. This list, supplemented by a knowli ilgt' of the 
most difficult types of examples and of the major causi s 
of pupil difficulty in each process, furnishes a valuable 
set of specifications to be used as the ba.sis for the 
development of adequate instructional and practice 
units. 

(a) Specific abilities involved in addition of fractions. 
The following list of items arrays the various nt-w skills 
involved in the addition of fraction.';: 

SmL So. UKiu.'ttii'rios vv .Vttuj. 

(1) 1. Knowledge tliat fractions must have a common 
denominator before they are to be added. 

( 101 ) 
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Hicit. t, Ko, DEscnimoN or Skili. 

(2) 2. Knowledge that to find the sum of two or niore 

like fractions their numerators are to be added 
and their sum written over the common denom¬ 
inator. 

3. Ability to reduce unlike fractions to a common 

denominator: 

(3) (a) When the common denominator is one of the 

given denominators: + i = f 4^ + ^ = 4j. 

(4) (6) When a common denominator is the product 

of given denominators: ^ i = ■§■; 21 + 
3 ^ = 5 ^. 

4. Knowledge of procedure to use in: 

(5) (a) Adding like fractions. 

(6) (b) Adding unlike fractions. 

(7) (c) Adding whole numbers and fractions. 

(8) (d) Adding whole and mixed numbers. 

(9) (e) Adding fractions and mixed number (all types 

of fractions). 

(10) (/) Adding two or more mixed numbers (all types 

of fractions). 

5. Ability to reduce sums to simplest form: 

(11) (o) Ability to recognize answer already in simplest 

form. 

(12) (6) Ability to reduce proper fractions: v = I; 

8—2 
TIT ” a* 

(c) Ability to reduce improper fractions: 

(13) (1) Simple reduction, answer a mixed number: 

^ = 2h 

(14) (2) Simple reduction, answer a whole number: 

I = 2; I = 1. 

(15) (8) Further reduction, answer a mixed num- 

_ _ her: ^ = U = 1-|; ^ = 4|= 4i 

(d) Ability to reduce mixed numbers: 

(15) (1) No reduction required: O-J + 7^ = 16i^. 

Noth.— An analysis of descriptive elements to be used in analyzing 
practice m fractiona, differing in make-up from the lists here given, baa 
been publiMed by F. Knight, E. Luse, and G. Rucb, Problem m ih 
Teamns of ArtSmiMic (Iowa City, Iowa: Iowa Supply Store, 1926). 



in) 

(18) 

(19) 

( 20 ) 
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(2) Simple reduction: 12| = 12|^; I 612 = 16 

(3) Carrying, answer a whole number: 12-2- 

— 14 » 

(4) Carrying, simple reduction, answer a mixed 

number: 7? = Hi- 

( 6 ) Carrying, further reduction, answer a mixed 
number: Tg = SJ = 8 J. 


How to use the list of skills in analyzing an example: 
This list of items may be used in making an analysis 
of the skills involved in working such an example as 
the following: 

qx _ 7 | The skills involved in this ex- 

_ g| ample are skills 1, 2, 3, 10, 

IW = 15 + 1 ^' = 16^ described in the list 

^ * * above. 


The skills involved in working the following examples 
differ from those listed for the above example, as can be 
determined by a comparison of the skills indicated. 

(1) 74 Skills required are (2) 8 J Skills required are 
f Nos. 1,2,9,15.20. ^ Nos. 1,2,4,10,16. 

8| 14-fV 

In a similar way an analysis can be made of the skills 
involved in any example in the addition of fractions. 
The diagnostic test in addition of fractions on page 164 
contains a large variety of types of examples, each of 
which contains a different combination of the unit skills 
listed above. The reader can readily make an analysis 
of the unit skills involved in each example on the basis 
of the list of skills given above. Such analysis will make 
dear the complexity of the various types of examples in 
the process. 
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Brtjkckner Test in Fractions. 

.. School_ 


Name_ 

.Grade.... 

.Acre 

Rov 


Find the answers to the following addition examples: 


a 

b 

c 

d 

e 

1. t 

i 

X 

a 

f 



1 

1 

I 

1 





— 

2. 5 

1 

4 

3J 




M 

8_ 

4 

3. ^ 

i 

2^ 

3f 



2i 

!1 

?! 

?! 

4. i 

I 

1 


7 

Tff 


k 

■h 


A 



J 



6. 3f 

U 

li 

T-f 

2f 


3t^ 

i 

3| 

7| 






6. i 



f 

1 

a 


i 

h 


1 


A 

1 

1 

inr 



' 



7. 4^ 

U 

i 

6§ 

5i 

li 

7| 

3 

4^ 

7i 



A 


J 

8. 5A 

ifW 

f 

I 

3M 

1 

U 


1§ 

41 



4A 


3f 









(b) ! 
tions. 
volved 

aiiLii No. 
( 1 ) 1 

( 2 ) 2 
S 

(3) 

(4) 

( 6 ) 

( 6 ) 

(7) 

( 8 ) 

(9) 

P) 

( 11 ) 

I 

( 12 ) 

(13) 
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Specific abilities involved in subtraction of frac- 


The followng is a list of the specific skills in- 
in the subtraction of fractions: 


UEBClUPTinN OV BkIMj 

Knowledge that fractions must have a common de¬ 
nominator before they can be subtracted. 

1. Knowledge that numerators of like fractions are to 
be subtracted and the difference written over the 
common denominator. 

1. Ability to reduce unlike fractions to a common 
denominator: 

(а) When common denominator is one of the given 

denominators; ^ — i = t — 1 4J- — 

= 41 - 3-J = 1^. 

(б) When common denominator is the product of 

given denominators: -J- — i = -sV; 3} 

^ == SjV. 

L Ability to use procedure in subtracting fractions and 
mixed numbers, not involving borrowing, in— 

(а) Subtracting like fractions: s- — i|- = J — 

(б) Subtracting unlike fractions: J — J =H. 

(c) Subtracting fractions from mixed numbers, no 

zero difficulty: 31 — i = SJ. 

(d) Subtracting two mixed numbers, no zero diffi¬ 

culty: 51 — 2-1 = 31. 

(e) Special types of zero difficulties with— 

(1) Answer a proper fraction, zero not ex¬ 

pressed: 71 — 7-1 = 1. 

(2) Answer a whole number, zero not ex¬ 

pressed: 7-1 — 31 =4; 4| — 1 = 4. 

(3) Answer is zero, and zero is expressed: 

1-1 = 0 ; 71 - 71 = 0 . 

5. Ability to subtract a whole number from a mixed 
number: 

(a) Knowledge that a fraction less zero gives the 

original fraction. 

(b) No zero difficulty: 4| — 2 =» 2J. 
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Skill Ko. DEBcnnTioN op Skill 

(14) (c) Zero difficulty, zero not expressed: 4| - 4 = i 

6. Ability to use procedure in subtracting fractions 

and mixed numbers from whole numbers, which 
involves borrowing— 

(16) (a) When whole number is unit (1): 1 - | | _ 

1 sa 1 
4 4 ‘ 

(16) (6) When whole number is greater than one, no 

zero difficulty: 7 - f = 61 - f = 61: 8. - 
4J = 7^ - 4i = 3i 

(17) (c) When whole number is greater than one, zero 

difficulty, zero not expressed: 8 - 7i = 
7f - 7i = i 

7. Ability to use procedure in subtracting fractions 

and mixed numbers from mixed numbers, which 
involves borrowing: 

(18) (a) Ability to change the form of the minuend in 

examples containing like fractions: 7i - 
f = 65- - I =6i-; 7i - 2§ = 6^ - 2| = 4i 

(19) (b) Ability to change the form of the minuend in 

examples contmning unlike fractions: - 
f = 6f - f = 5^ - 5 = 5f. 

Note.—^A fter the form of the minuend in 6 and 7 
is changed, the skills listed under 4 become operative. 
No new sMlls are required. 

8. Ability to reduce answers to simplest form: . 

(20) (a) Ability to recognize answers already in simplest 

form. 

(21) (6) Ability to reduce proper fractions to lowest 

terms: | = 

(22) (c) Ability to reduce mixed numbers to simplest 

form: 4f = 4|. 

(23) (d) Knowledge tihat fraction with 0 numerator 

equals zero: ^ - | = « = 0. 

This list of skills may be used in making an analysis 
of the drills involved in any example in subtracting frac¬ 
tions, The following examples illustrate the method: 



SPECIFIC ABILITIES IN FRACTIONS 167 

(1) Skills required are 

= J Nos. 1, 2, 3, 7, 20. 

7i 

(2) = 8-ff = 7|- Skills required are 

Nos. 1, 2, 3, 19, 9, 21. 
a = 4 

(i 2 

SiTTiilar analyses may be made of the unit skills in¬ 
volved in the solution of the examples in the diagnostic 
test in fractions on page 168. 

(c) Specific abilities involved in multiplication of frac¬ 
tions. The following list of items arrays the unit skills 
involved in multiplication of fractions: 

No. DisacRxmoN ov SritjXi 

(1) 1. Knowledge that fractions need not be reduced to 

a common denominator before multiplying. 

(2) 2. Knowledge that “of” means “times,” as in ^ of 4. 

(3) 3. Knowledge that the product of the numerators 

gives tiie numerator of the answer and that the 
product of the denominators gives the denomi¬ 
nator of the answer. 

(4) 4. Ability to reduce mixed numbers to improper frac¬ 

tions: 7^1 = 

(5) 6. Knowledge that a whole number, as 4, may be 

expressed with a denominator, as 
6, Ability to apply procedure to use in— 

(6) (a) Multiplying proper fractions, with unit nu¬ 

merators: i X i = .gV- 

(7) (b) Multiplying proper fractions with greater than 

unit numerators: f X f = ii-- 

(8) (c) Multiplying proper fractions and whole num¬ 

bers; i X 4 = 1. 

(9) (d) Multiplying proper fractions and mixed num¬ 

bers: t X IJ = 

(10) (e) Multiplying whole and mixed numbers: 4 X 

n = 31 ^. 


u 
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Bexjbcknbe Test in Fractions: 

Date. School. 

Name.Grade.Age.Sex. 


Find the answers to the following subtraction examples: 

a 

b 

c 

d 

e 

/ 

9 

1. ' € 

R 

a 

s. 

H 

4! 

4! 

74 

L 


J 

J 

J 

J 

i 

2. 51 

4| 

3^ 

74 

14 

9 

5 

3_ 

2i 

21 

24 

li 

_2 

li 

3. 3 

64 

74 

104 

94 

44 

4 


2 

ii 

A 

8 

_4| 


li 

i 

4. 1 

14 

31 

44 

34 

7| 

44 

J 


_i 

J 

li 

l-iV 

_i 

6. n 

34 


1 

24 

24 

llv 


M 

_i 

1 

24 

14 






' 



6. 

u 

3-J 

24 

34 

64 

4 


li 


J 

1! 


_4 

7. A 

2f 

84 

44 

144 

14 

64 

A 

_i 

2 

-I 

11 

Hi 

J 


8. li 

104 

2i 






IL 

11 

2|_ 




(11) 

(/) Multiplying mixed numbers: 

II 

X 

Hle« 

21. 

7. 

Ability to 

express 

products in 

simplest form (ii 


cancellation is not used), when product is ex¬ 
pressed as— 

(a) Proper fraction. 

(1) Reducible: 


( 12 ) 
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(13) 

(14) 
(16) 

(16) 

a7) 

(18) 

(19) 

( 20 ) 
( 21 ) 


(2) Irreducible: 

(6) Improper fraction, which gives— 

(1) Product a whole number: = 3; ^ = 1. 

(2) Product a mixed number, simple reduction: 

^ 

(3) Product a mixed number, involving further 

reduction: -V*- = 2| = 2^. 

8. Ability to cancel, which involves— 

(а) Ability to determine when cancellation is not 
possible. 

(б) Ability to recognize common factors. 

(c) Ability to indicate cancellation in numerator 

and denominator. 

(1) Single cancdlation: f X | = f. 

1 6 

S 5 

(2) Double cancellation: ^ ^ ~ ^ 

4 7 

(d) Ability to manipulate unit tenns remaining after 

complete cancellation: 

1 11 
^ 1 =1 
.3 2' A i 

2 11 


Note.—C ancellation is merely a short-cut method of 
reduction before the respective multiplications have been 
made. It should probably not be taught until the basic 
procedure has been firmly established. Otherwise inter¬ 
ference with important habits may result in serious difiiculty. 


The skills involved in solving typical examples in the 
multiplication of fractions are analyzed below: 


(1) 7iX2f = ^ 
1 



Skills required are 
Nos. 1, 8, 4, 
11,15,18,19, 


(2) ^ X 8 = = 6|. Skills involved are 1,3, 6.16,17. 
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The diagnostic test in multiplication of fractions on 
this page contains a wide variety of types of examples 
in which these unit skills occur in varying combinations. 

Brueckner Test in Fractions 

Date.. School.. 

Name....:.-.Grade.Age.Sex. 

Find the answers to the following multiplication examples: 


a 

1 

e 

d 

e 

1. i X 8 = 


■!X2 = 

5 X16 = 

5- X14 = 

2. 2 X ^ = 

sxi = 

4 X -J- = 

12X5 = 

8X| = 

II 

X 

CQ 

i- X H = 

= 

5X-5 = 

5 X5IX 

5 = 

4. 6 X = 

7X4§ = 

6X3§ - 

2X45 = 

X 

RlR 

5. 2i X i = 

3|X2 = 

3i X 4 = 

3* X 9 = 

f XlOX 
a = 

8 

6. iX2J = 

^Xl| = 

5X61 = 

1 X 3f = 

I X6X 

25 = 

7. 3|X^ = 

X i = 

7^Xf = 

II 

X 

CD 

4 X3f X 

7 = 

8. 2§X2J = 

X 6f = 

35 X 35 = 

X 2! = 

41 X 25 X 
15 = 

9. 24 

36^ 

18 

255 

23 


12 


27 



(d) Specific abilities involved in division of fractions. 
The following list of items arrays the skills involved in 
division of fractions. It is assumed that the method of 
inversion is used. 
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BkiUi No. DEScaimiON op Sxaw 

(1) 1. The knowledge that the divisor must be inverted 

as the important new step in a division example. 

(2) 2. Knowledge that a whole number such as 4 may be 

thought of as having the denominator 1, thus 
t; I -5- 4 = ^ 4- f f X J 4 4-1 ^ X 

= 12 . 

(3) 3. Ability to reduce a mixed number to an improper 

fraction: 4-^ = |. 

(4) 4. Knowledge that mixed numbers should almost 

always first be reduced to improper fractions: 

2| 4-1|- = I 4- f = 2. 

(5) 5. Knowledge that after the dmsor is inverted the 

procedure is the same as in an example in multi¬ 
plication of fraction.?, thus involving many of the 
specific skills and knowledges listed for that 
process. 

6. The ability to invert the divisor when it is— 

(6) (fl) A proper fraction: 4-^=Xf; 4-f=X|. 

(7) (6) An integer: 4- 4 = X 

(8) (c) A mixed number: 4- 21 = 4- = x f. 

7. After the divisor is inverted, the example involves 

the ability to work an example in which— 

(9) (a) An integer is multiplied by a proper or an 

improper fraction: 5 4- = 5 X i!-; 5 4- 

2-J = 5 -H f = 6 X 

(10) (6) A proper or an improper fraction is multiplied 

by a proper or an improper fraction: % 4- 
I- = f X li; 2J 4- 4 = f X 2| 4-1 = I X f. 

(11) 8. Ability to cancel when the form has been changed 

to a multiplication example. See skills listed 
under multiplication. 

9. Ability to reduce the answer to the simplest form 
involving— 

(12) (fl) Ability to recognize fractions already reduced 

■ to lowest terms. 

(13) (5) Ability to reduce proper fractions to lowest 

terms. 
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(c) Ability to reduce improper fractions to simplest 
form: 

(1) As a whole number: S- = 2. 

(2) As a mixed number^ no second reduction: 

ft — 11 
a “ 

(3) As a mixed number, involving further re¬ 

duction: = 1| = I'f. 


The following illustrate the analysis of skills involved 
in three typical examples in division of fractions. 

(11 6 -H = Skills in division, 1, 2, 3, 4, 5, 8, 9, 
j 11,14. 

1 

1 

(2) 5 T 7| = Skills in division, 1,2,3,4,5,8, 9,11,12. 

1 

^vl-2 
1 3 

3 

(3) 6 - 5 - 3| = Skills in division, 1, 2, 3, 4, 5, 8, 9,11,16. ■ 

1 ^ iir 3 ’ 

3 


Division examples 1,2, and 3, each involve the division 
of a whole number by a mixed number; yet each example 
contains a spedfic element which makes it differ from the 
other two in an important way. Division skills 1, 2, 3, 
4, 5, 8, 9, and 11 are common to the three examples. 
The difference between the types is revealed by the re¬ 
maining element which varies in each example, namely, 
the nature of the answer. In example 1 the answer is 
an improper fraction which reduces to a whole number, 
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skill U; 1^ example 2 the answer is a proper fraction, 
sldll 12; in example 3 the answer is a mixed number, 
skill 15- analyses may be made of the skills 

involved in working the division examples found in the 
diagnostic test on this page. 

The examples contained in the diagnostic tests in frac¬ 
tions are the important types that should be included 
in the practice materials. They contain, in various 
combinations, all of the skills listed under specific abili¬ 
ties on pages 171 to 172. Unless all of these types are 
present there is a possibility that the pupil may not be 
able to work examples amilar to missing types encoun¬ 
tered in life outside the school. 

Bhueckner Test in' Fractions 


Date- 


School..— 


Name.Grade.Age.Sex... 

Find the answers to the following division examples: 


aha 


1. 5 -5- 

4 = 

5 -5- 

1 = 

12-5- 

2. 4+ 

4 = 

1 . 

•tf — 

4 = 

n • 

3. 4"5- 

4 == 

-1- 

■ 4 = 

14- 

4. 4- 

5 = 

n . 

4 = 

■4-5-i 

5.14-f 

6 = 

14- 

■4 = 

5§-5- 

6. 4-5- 

14 = 

9 . 
8 ’ 

J-8 ~ 

l*V-r 


d e 

5 = 14-^^= 2 

B = »■ = 

1§-T^= 9-5-8 
= 10-5-6 
61-5-2 =2-5-14 
-1-5-14= 12-5-61 
44-^2i 

-5 -11 


7. 2 -5-21 = 3 h-44 = 5 h-2^ = 5 -5-24 


8. 14-5-34 = 


14' 


-34= 2^h-2|= 34-5-U = 


These tests are not standardized for rate of work nor 
are there norms or standards of accuracy. Their fune- 
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tion is not to measure ability but to make it possaible' 
for the teacher to inventory the complete area of each 
process and to locate the types of examples which may 
be presenting difficulty for the class or for an individual 
pupil. This is vital at the time the processes in fractions 
are first being taught. 

The diagnostic test in reduction of fractions g^ven 
below supplies material by means of which the teacher can 
determine the specific element that may be causing diffi¬ 
culty in reduction or in changing the form of fractions. 
It will be shown that it is this phase of the work that is 
a major source of errors in all processes. 

It is of course obvious that the ability of the pupil to 
work all examples that fit the description of a particular 
type is not measured by his ability to work a single 
example of the type. However, the fact that he can work 
a single example of the type means that he knows the 
procedure to use in working similar examples. To 
measure the ability of the pupil to'work examples of a 
given type, a test contmning from fifteen to twenty such 
examples should be given. At present no such tests are 
available. 

Diagnostic Test in Reduction op Practionsi 

1. Reduce the following fractions to lowest terms: 

16 _ B_ Jl— i#.= 

17= 17= TV- 7— 11- 

2. Supply the missing terms in each of the following 
fractions; 

^=1=7=17=17=11 

^=17 i=T7 i = T7 3=7 f=7 

3. Change the' following' improper fractions to mixed 
numbers. Express all answers in lowest terms. 

_¥= -11= !ft= ^ = 

»TriaflBlo AiithmatioB, Book II, Part 11, Pago 217. 
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4, Change lihe following mixed numbers to improper 
fractions: 

= 2 § = 7 ^- = 5 ^ = = 9 ^ = 


6. Change these pairs of unlike fractions to fractions 
with* a lowest common denominator. The first example is 
already worked correctly. 


a 


i = I 






6. Change h and | to twelfths. 


7. Change h and J to fractions having a lowest com¬ 
mon denominator. 


8. Supply the missing numerators in the following: 

7^ = 6^ 51 = 4^ 6 — 5t 8 = 7it 

3^ = 2t 61 = 4Tr = 8rf ISJ- = Idxjr 


9. Reduce the following to simplest form: 

3^ = Si = 12[“- = 8J = 

10. Express the following as fractional parts of 100: 

12§, 25, 76, 50, 33?„ 87^ 

66t, 37,i-, 40, 835, 60, 625 


(e) Basis of Analysis of Fractions Proposed by Osbum. 
Osbum^ has proposed a somewhat different technique 
than the method just described for analyzing the pro¬ 
cedures used in solving fraction examples. This tech¬ 
nique makes very clear the complexity in the number 
and sequence of steps involved. Failure of the pupil 
to take any of the steps in the con'ect order will result 
in confusion and error. The follovring example illus- 
trates Osb um’s suggested procedure: 

*W. S. Oabum, Correclive Ailrhmeiw, Vol. 2 (Boston: Houghton 
Mifflin Company, 1929), pp. 39-46. 
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4i =41 
2 |_= 2 |_ 
65 


The Steps are: 

( 1 ) Multiply 2 and 3.M 

(2) Divide 6 by 2. D 

(3) Multiply 1 by 3. M 

(4) Divide 6 by 3. 5 

(5) Multiply 2 by 2.M 

6 + li = 7tf (6) Add 3 and 4. A 

(7) Add 4 and 2. A 

(8) Divide 7 by 6. I) 

(9) Subtract 6 from 7. S 

(10) Add 15 and 6. A 


Summary: MDMDMAADSA 


M stands for multiplication, S for subtraction, A for 
addition, D for division, I for invert. 

In solving this example there are ten steps. Should 
one be surprised if the pupils find such examples difficult? 

Similar analyses may be made for solutions 6f examples 
in other processes. The following analyses illustrate the 
complexity of steps involved in solving examples in the 
other processes in fractions: 

Subtraction. 

35 - 25 = MDMDMAASS(9 steps) or 
MDMDMSASS(9 steps) 

Multiplication, 

3|Xf= MADDMMD(7 steps) 

7 |X 23 ^= MAMADDDDMMDS (12steps) 

Division. 

16 -5- If = M A I M M D S (7 steps) 

75 -5- 55 = M A M AI M M D M S (10 steps) 


2, Rela-tive Difficulty of Types of Examples in 
Fractions. 

It is important that provision be made for practice 
on each of the types of examples in fractions. This is 
made dear by available data as to the relative difficulty 
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of types of examples in each process. To determine the 
difficulty of the types of examples found in the diagnos¬ 
tic tests previously described Kelly‘ gave the teste to 
approximately 800 pupils in Minnesota and Wisconsin 
schools at the end of the &st semester in the sixth 
grade. These pupils had completed all work in fractions 
and in addition had a careful review of fractions. 

Table 6 contains the results of thi.s investigation. 
The table contains an analysis of the sldlls involved in 
each of the examples in the four teste. It also gives 
the per cent of the pupils who solved each example in¬ 
correctly; and the rank of difficulty of each example, 
based on these per cents of error. 

TABLE 6 

AUAIYSIS OP THE EXAMPLES IN THE DIAGNOSTIC TESTS IN 

Fractions as to Skills and Dippiculty 
A. ADDITION (40 Types) 

Group I. AonmoN op Pkopeu Fkactuins having Common 
Denominators 


lira 

Exiupui 

j 

1 

UtRl'KlFTlU;! 

1‘lUl 

CltNT 

Liuiiia 

itr 

him* 

trifLtT 

1 

i + i = ? 

Similar denominators. Sum is less 
than 1. No reduction. 

«.() 

1 

2 


Similar denominators. Sum is less 
than 1. Reduction. 

i'i.ll 

u 

S 


Similar denominators. Sum is 1. 

H.O 

4 

4 


Similar denominators. Numerators 
more than 1. Sum is more than 1. No 
reduction. 1 

10.1) 

fl 

s 

i+i = J = iJ 

Similar denominators. Numerator.s 
more than 1. Sum is more than 1. 
Reduction. 

ID.I 

1» 


‘P. Kelly, "An Analysis ol the Relative Diflicully of Types of Ex¬ 
amples in Fractions,*'^ Master’s Thesis, Unpuhlisncd (Mmneapulis, 
Minnesota: University of Minnesota, 1929), 
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TABLE 6 {Continued) 


Group II. Addition op Whole Numbers with Proper Practions 
AND with Mixed Numbers 


Ttph 

ExuifiiB 

Dubciui-tion 

Pan 

OlllIT 

or 

Eanon 


6 

5 ’4" 4 = 

Fraction added to a whole number. 


9 

7 

l + 7 = 7§. 

Whole number added to a fraction. 

IQI 

e' 

8 

4 + If = 

Mixed number added to a whole num¬ 
ber. 


10 

9 

SJ + 8 = Hi 

Whole number added to a mixed num¬ 
ber. No reduction. 


3 

10 

2i- + 4 = 0} = 6i 

Whole number added to a mixed num¬ 
ber. Reduction. 




Group III. Addition op Mixed Numbers with Fractions 
HAVING Common Denominators 


11 

3j -h i — 3j 

Similar denominators. Sum of frac¬ 
tions is less than 1. No reduction. 

10.3 

7 

la 

i + 8i = 2i = 21 

Similar denominators. Sum, of frac¬ 
tions is leas than 1. Reduction. 

1C.7 

16 

13 

2i-t-7i = 9S = 
10 

35 -t-at = 95 = 
0? 

Sum ot fractions is 1. Carrying. 

21.2 

24.5 

14 

Sum of fractions is more than 1. Car¬ 
rying. No reduction. 

26.5 

28 

Ifi 

6J -1- 2| = T-L,"- = 
8J 

Sum of fractions is more than 1. Car¬ 
rying. Reduction in fraction remain¬ 
ing. 

28.8 

33.5 


Group IV. Addition op Proper Fractions with Related 
Denominators 


16 

J + i = t 

One given denominator is common de¬ 
nominator. Sum is less than 1. No 
reduction. 

10.8 

8 

17 

i + i = t = ! 

One given denominator is common 
denominator. Sum is less than 1. 
Reduction. 

17.8 


18 

i + 4 + i = 
t = i 

One given denominator is common 
denominator. Reduction. Sum is 1. 

14.4 

15 

19 

5+i+A= 

M = 2 

One given denominator is common 
denominator. Answer is whole num¬ 
ber greater than 1. 

18.2 

21 


















TABLE 6, GROUP IV iConlinued ) 



W N + 2J^ 


5 179 

Peh 

IUne 

Cknt 

1 OP 

«ir 

IlirFi- 

lOllIIOIL 

nJiiTY 


1.3 

20.0 

.3.5 


*0 t -f t - T denominator. Sum is more than I. 

No reduction in fraction remiuninK. 

« Sum ia more than 1. Reduction in ao. 

" ” * U fraction remaining. __ 

Addition op Mixed Numbbus having Relatbu Fiiac- 
AND One Given Denominatou as Common Denototob 

„gi + 2J = 5'! Sum of fractions is less than 1. No IG.O 11 
** ® “ reduction. 

M 11 + 3/-^= Sum of fractions is le.S9 than 1. Re- av.M il'.l 

= is 

oA It 4-1 + 21 = Sum of fractions is 1. Carrying. 21.2 21 .!i 


M iiJ-g/rsa sum 01 iraccioiis w cuwai j-vi,- a.,. 

= is 

24 li + i + = Sum of fractions is 1. Carrying. 21.2 21. li 

34 =c 4 

OB 71 + 3 i = lOf = Sum of fractions is more than 1. 21.0 2!$ 

in ‘ Carrying. No reduction m fraction 

remaining. 

9 n *S 4 - 7 '!= 9 it= Sum of froetlons is more than 1. 27.0 Otl.f) 

105 = 101 Carrying. Reduction. 

97 Sit 4 - 4 « + 35 = Sum of fractions is more than 2. r>»,4 .'ID 

-"ill = Carrying. Reduction in fraction 
wl* remaining. 

Group VI. Addition op Pkopbb Fractions with UNUi''ii.ATEn 
Dbnominatohs 


Common denominator is product of 
given denominators. Sum less than 
1. No reduction. 

Common denominator is product of 
two of the given denominators. Sum 
is less than 1. Reduction. 

Common denominator is product of 
two of the given denominators. Sum 
of fractions more than 1. No reduc¬ 
tion in fraction remaining. 

Common denominator i.s product of 
two of the given denominators. Sum 
more than 1. No reduction in frac¬ 
tion remaining. Remaining fraction 
has numerator greater than 1. 






180 DIAGNOSTIC TEACHING 


TABLE 6, GROUP VI {Continued) 


Ttpi 

ExiiiFi.a 

Debciiiption 

Pun 

Cant 

OS' 

Errob 

Rank 

or 

Dim- 

ODl/n 

32 

i + ^ + . 

IS = 2sV = 2i 

Common denominator is product of 
two of the given denominators. Sum 
more than 2. Reduction in fraction 
remaining. 

42.0 

87 


Group VII. Addition op Mixed Numbers with Unrelated Frac¬ 
tions. Common Denominator is Product op Unukb De¬ 
nominators 


33 

4S + li =■ Ba'tf 

Sum of fractions is less than 1. No 
reduction. 

1 

13.2 

12 

34 

li + 7J + 3i = 

iiiS- = nu 

Common denominator is product of 
two of given denominators. Sum of 
fractions is less than 1. Reduction. 

55.0 

40 

35 

flS + 4i = 
lOl-I ■= llA 

Common denominator is product of 
given denominators. Sum of frac¬ 
tions is greater than 1. Carrying. 

27.9 

32 

SB 

6| + 7| = 

WH = ISi’ir 

Common denominator is product of 
given denominators. Sum of frac¬ 
tions is greater than 1. Carrying. 
Reduction. 

42.7 

38 


Group VIII. —Addition op Mixed Numbers and Fractions 


37 

+1 = StJ- 

One given denominator is common 
denominator. Sum of fractions is 
less than 1. No reduction. 

17.4 

10 

SB 

A + 4 =* lA 

One given denominator is common 
denominator. Sum of fractions is 
less than 1. Reduction. 

28.8 

33.6 

39 

l + i + 4A = fi 

One given denominator is common 
denominator. Reduction. Sum of 
fractions is 1. Carrying. 

19.1 

22 

40 

f += 1}* = 
®A 

Common denominator is moduct of 
given denominators. Reduction. 
Sum of fractions is more than 1. 
Carrying. 

24.2 

26 
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TABLE 6 (Pontinued) 

B. SUBTRACTIONS (63 Types) 
r,Rom> I Proper Fractions Subtracted prom rnopBu and 
improper Fractions with Similar Denominatokh_ 


Exauflii 

D]UK.1II(*TI0N 

Oust 

nr 

TiiHrm 

HAfrx; 

fir 

Djrrf 

f.I'Ltt 


Similar denominators. 

Reduction. 

s.u 

3 

|-i=r i 

Similar denominators. 

No reductiem. 

it.l 


i-i = 4 

Similar denominators. 

No reduction. 


1 

1 - 4 = 4 = i 

Similar denominators. 

Reduction. 

ci a 


4-4 = 0 

Fraction subtracted 
Similar denominators, 
zero. 

from fraetiim. 
Remainder is 


SM 


Group II. Proper Fractions Subtracted from Mixed Numders. 
Fractions with Similar Denominatuks 


0 

44 — 4 = 44 

Similar denominators. Remainder is 
mixed number. No reduction. 

«) 

17 

7 

44 - f = 4 

Similar denominators. Fruclion.s 

equal. Remainder is wliole number. 
Zero difficulty. 


.'/M 

8 

7t - 4 = 7} = 7? 

Similar denominators. Remainder is 
mixed number. Reduction. 

lia.B 


8 

14 - 4 = 4 

Fraction subtracted from mixed num¬ 
ber. Similar denominators. Ibir- 
rowing. Remainder is fraction. No 
reduction. Zero difficulty. 

20.2 

!?.l. 


Group III. Whole Numbers Subtracted pro.m Mi.\ed Numbeuk 


10 

6i - 8 = 24 

Remainder is mixed number. 

H.x! 

7 

11 

104 -10 = 4 

Whole numbers similar. Remainder is 

1.7.‘f| 

13 



fraction. Zero difficulty. 



Group IV. Mixed Number.s Subtracted from Mixed Numbers 
with Similar Denominators. No Borkowinu 


12 



Mixed number subtracted from tnixed^ 
number. Similar denominators. No 
reduction. 
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TABLE 6, GROUP IV {Continued) 










Per 

Run 

Trpi 

Ex/lhfle 

Derchipiidh 

CmT 

0? 

Ennon 


13 

Si - 23 = 1 

Similar denominators. Fractions 

equal. Remainder is whole number. 

20.0 

30 

14 

- 2J = 6S = 
Hi 

Similar denominators. Remainder is 
mixed number. Reduction. 


16 

Ifi 

If - li = t = i 

Similar denominators. Remainder is 
fraction. Reduction. Zero difficulty. 

14.8 

11 

10 

24 - 2J = 0 

Similar mixed numbers. Remainder is 
zero. Zero difficulty. 

32.6 

46 


Group V. Mixed Numbers Subtracted prom Whole Numbers, 
AND Fractions Subtracted prom Whole Numbers 


17 

X - i 

Fraction subtracted from 1. Remain¬ 
der is proper fraction. Borrowing. 
No reduction. 

26.4 

24 

IS 

0 -1 = Si 

Fraction subtracted from whole num¬ 
ber. Borrowing. Remainder is 
mixed number. No reduction. 


27 

10 

1 

6 - U = .85 

Mixed number subtracted from whole 
number. Borrowing. Remainder is 
mixed number. No reduction. 

28.0 

32 

20 

3 — 2i\ = ^ 

Mixed number subtracted from whole 
number. Borrowing. Remainder is 
fraction. No reduction. Zero diffi¬ 
culty. 

38.0 

62 


Group VI. Proper Fractions and Mixed Numbers Subtracted 
FROM Mixed Numbers with Similar Denominators. Borrowing 


21 

- S = 65 

Fraction subtracted from mixed num- 

23.4 

20 


ber. Similar denominators. Bor¬ 
rowing. Remainder is mixed num¬ 
ber. No reduction. 





22 

If - f = i = i 

Fraction subtracted from mixed num- 

31.8 

44 


ber. Similar denominators. Bor- 





rowing. Remainder is proper frac¬ 
tion. Reduction. Zero difficulty. 



23 

7i - f = Of = CJ 

Fraction subtracted from mixed num- 

31.8 

44 


ber. Similar denominators. Bor¬ 
rowing Remainder is mixed num¬ 
ber. Reduction. 
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TABLE 6, GROUP VI [Coniinued) 


lira 

mm 

l}KIICniI.TI(>.N 



a 

lOj- - 45 = fii 

Mixed number subtracted from mixed 
number. Similar dcnominator.s. Bor¬ 
rowing. Remainder is mixed number. 
No reduction. 


S!l 

SB 

9J - = t 

Mixed number subtracted from mixed 
number. Similar dent)mmator.s. Bor¬ 
rowing. Remainder is fraction. No 
reduction. Zero difficulty. 


47 

SB 

4i - li = SJ = 
Si 

Mixed number subtracted from mixed 
number. Similar denominatons. Bor¬ 
rowing. Remainder is mixed number. 
Reduction. 


4S.5 

1 

S 7 

U 

1 

Mixed number subtracted from mixed 
number. Similar denominators. Bor¬ 
rowing. Remainder is fruiition. Re¬ 
duction. Zero dillioulty. 

g7.!l 


Group VII. Fractions Subtracted from FuACTroNKi Fractionh 
from Mixed Numbers; Mixed Numueus from Mixi;i) Numbkhs, 
BeiiAtbd Fractions. No Borbowino 

*8 

mmm 

Related fractions. One given denom¬ 
inator i.s common donominiUor. No 
reduction. 

n 

(1 

29 


Related fractions. One given denom¬ 
inator is common denominator. Re¬ 
mainder is fraction. Reductiun. 

IS « 

10 

1 

j 

80 

Si - 4 = Si 

Fraction subtracted tram mixed num¬ 
ber. Related fractions. One given 
denominator is common denominator. 
Remainder is mixed number. No 
reduction. 

M !) 


81 

1 

4* - i = 4J - 
4i 

Fraction subtracted from mixed num¬ 
ber. Related fract!on.s. One given 
denominator is common denominator. 
Remainder is mixed number. Re¬ 
duction. ! 

Sli.A 

SB. 6 

32 

Si - li = 2i 

Mixed number subtracted from mixed 
number. Related fractions. Re¬ 
mainder is mixed number. No reduc¬ 
tion. One ^iven denominator is com¬ 
mon denominator. 

10.7 

1) 


u 
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TABLE 6, GROUP VII {Continued) 



hn Eu¥pii 


84 7* - 1* = 

6A = oi 


SB li - Xi 


30 14j - 14i ■= I 



JPsB Hash 

vlINT Of 

w Dim. 
Eiuum cui/n 


i Mixed number subtracted from mixed 
number. Related fraction. One 
given denominator is common denom¬ 
inator. Reminder is fraction. Re¬ 
duction. Zero difficulty. 

Mixed number subtracted from mixed 
number. Related fractions. One 
pven denominator is common denom. 
mator. Remainder is mixed number. 
Reduction. 

Mixed number subtracted from mixed 
number. Related fractions. One 
, given denominator is common denom. 
mator. Remainder is proper fraction 
No reduction. Zero difficulty. 

; Mixed number subtracted from mixed 
number. Related fractions. Com¬ 
mon denominator is denominator of 
fraction in minuend. Remainder is 
unit fraction. No reduction. Zero 
difficulty. 



Group VIII. Fractions and Mixed Numbers Subtracted from 
Mixed Numbers. Borrowing. Related Fractions 


87 ifs — 4 TO Fraction subtracted from mixed num¬ 
ber. Related fractions. Borrowing. 
Remainder is fraction. No reduction. 

38 li — 1 ^ Fraction subtracted from mixed num 

ber. Borrowing. Remainder is frac¬ 
tion. Reduction. 

30 aj — I => IJ = li Fraction subtracted from mixed num 
ber. Related fractions. One given 
denominator is common denominator. 
Remainder is mixed number. Re¬ 
duction. 

40 4i — i = Si Fraction subtracted from mixed num¬ 
ber. Related fractions. Common 
denominator is given denominator. 
Borrowing. Remainder is mixed num¬ 
ber. No reduction. 






specific abilities in fractions ISi» 
table 6, GBOtyP vni {CmUmed) 



41 


42 


7i - ®i “ 


|si - 1} = l i ’ 

li 


48 8i - 2f =■ f 


44 


|9* - Si ■ 


j IJri 


Mixed number nublfaeted fr<»m nuxedi ^ 
number. Uelated Jriii'n>in«. Ont-. 

given denominntttr iu rnmnion dennni'; 
inator. BormwinR. Kvinniu'l' r •"S ■ 

mixed number. Nu redurtum. i 

iMixed number uuhtraeted frnm mixrdi ;C r vh 
number. Related fraetionx. t»ne, 

given denominator ia coramnn ii»'n<>iT)"j 
inator. HorrowiiiR. Utmiiimbr m 

mixed number. Hwlurtiiin, ; 

Iwixed number subtraeierl frum mtxnl, 
number. Reialod fractiniji, t»«», 

given denominator is romnum rlrnom ' 
inator. Borrowiiuj. ReiimimSt r iv 

fraction. No reduction, /.t rtt diiib 
oulty. ’ 

Iwixed number Kulitracti-d fri^m witeil' 
number. Urluted fnirlions, iim' 

given denominator is (Nimmori ; 

inator. BotrowinK. Kimaiutbr ii 

fraction. Reduction. Zero ditlicuHj,'.; 






GROUP IX. PUACTIONS .SifUTRACTBI* WtOM : Kj;4'7;» 

FBOM Mixed Ntjmiikiw. Unhki.ati;i» l-'KActno.:. 


48 


4S 


47 


48 


II 

1 

Fraction Bublraebol from fruriir-n *< 
Unrelated. Ciimmnn ilcnominalor it J 

product of given dcnomiimbini. No, 
reduction. 

A — i ” jV - A 

Fraction aubtracted from fradiiua., 51 
Unrelated. Common dcnomiiiHior it' 
product of given dunomiiiutur*. Ui- 
duction. 

- i = 2a’* 

Fraction aubtracted from mixwl num-; Ro 
her. Unrelated. Common r|t-iiom> 
inator is product of given di'ioiiiis"; 
natora. Remainder is mixed numSn-r ; 

No reduction. No horniwing. i 


Fraction subtracted from mixed num-1 'Vt »*' 
bor. Unrelated. Common di'mimii-a-- 
tor is product of given di nominniom,! 
Remainder is fraction. No redurtion.': 
Borrowing. Zero ditlieulty. | ; 


tt 
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TABLE 6, GROUP IX [Contimed) 


Exaufus 

UeaciiiPTioH 

Pub I 
Cant 

OF E 

Eriior c 

84 - ! =■ 73 


2D.8 

43-ii = ai3 

Mixed number subtracted from mixed 
number. Unrelated. Common de¬ 
nominator is product of given denom¬ 
inators. No borrowing. Remainder 
is mixed number. No reduction. 

23,7 

84 ~ Os = ie 

Mixed number subtracted from mixed 
number. Unrelated. Common de¬ 
nominator is product of given denom- 
mator& No borrowing. Remainder 
is fraction. No reduction. 

£2.5 

31 - 1? = 1,?^ 

Mixed number subtracted from mixed 
number. Unrelated. Common de¬ 
nominator is product of given denom¬ 
inators. Remainder is mixed number. 
Borrowing. No reduction. 

28.6 

Ci - 5} =■ x’a 

Mixed number subtracted from mixed 
number. Unrelated. Common de¬ 
nominator is product of given denom¬ 
inators., .lEemainder is fraction. Bor¬ 
rowing." No reduction. Zero diffi¬ 
culty. 

33.0 


C. MULTIPLICATION (45 Types) 

Gboup I. PaoPBR Fractions Multiplied by Whole Ndmbebs 
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TABLE 6, GROUP I (Continued) 


Tru 

Bi 

DEKnimo.s 

IY.B 

Ttrrr 

fIF 

Eluiiiii 

1 

4 

J X 16 =■ WI 

1 

Whole number multiplied by frnotion. 
No cancellation. Product is mixed 
number. 

21. H 

21 

6 

f X M = 11? 

Whole number multiplied by fraction. 
Cancellation. Product la mixed num¬ 
ber. 

2(1.1 

20 


Gaotp II. Wholb Numbers Multipukd by Proper Fkac^oss, 


« 

2 X Jj = 5- 

Whole number multiplied by proper 
fraction. 

17. !l 

14 

7 

sxi = l 

Whole number multiplied by fraction. 
Cancellation. Product Is 1. 

11.s 


8 

4 X i = 2 

Whole number multiplied by fraction. 
Cancellation. Product is whole num¬ 
ber. 

10.!l 

4 

9 

12 X i = n 

Whole number multiplied by fraclioii. 
No cancellation. Product is mixed 
number. No reduction. 

l(;,.'( 

P 

10 

CD 

X 

u 

Whole number multiplied by fraction. 
Cancellation. Product is mixed num¬ 
ber. 

IH.2 

14 

Group III. Proper Fractions Mui,tu>ukd by Phoveii 
Involving Also Unit Fraction.s 

Fhactios.'; 

11 

i X i = s'? 

1 

1 

Unit fraction multiplied by unit frac¬ 
tion. No cancellation. Product Ls 
unit fraction. No reduction. 

14.2- 

7 

12 

iX^ = 9 

Proper fraction multiplied by unit 
fraction. Cancellation. Product is 
proper fraction. 

1.1,.4 

K 

13 

3 

X 

Proper fraction multiplied by unit frac¬ 
tion. No caneullation. Product is 
proper fraction. No reduction. 

C,7 

1 

14 


Proper fraction multiplied by proper 
fraction. Ganccllution. Product is 
proper fraction. 

10.7 

17.4 
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TABLE 6 (CotUinv£d) 


Group IV. Wnota Numbers Multiplied by Mixed Numbers 


Ttp* 

Ex^kpli 

Debciuptioh 

PlK 

Cbnt 

or 

Eiffion 

lUn 

OF 

Dim- 

ODUFT 

IS 

a X ej » u 

Whole number multiplied by mixed 
number. Cancellation. Product is 
whole number. 

19.7 

17.fi 

16 

7X4i -31i 

Whole number multiplied Iw mixed 
number. No cancellation. Carrying. 
Product is mixed number. No reduc¬ 
tion. 

28.1 

27 

17 

0 X Si = 

Whole number multiplied by mixed 
number. Cancellation. Product is 
mixed number. No reduction. 

20.3 

SI 

18 

2 X =• aj 

Whole number multiplied by mixed 
number. No cancellation. No re¬ 
duction. Product is mixed number. 

26.0 

24 


Group V. Mixed Nombere Multiplied by Whole Numbers 




Mixed number multiplied by whole 
number. No cancellation. Product 
is mixed number. No reduction. 

38.S 

28.fi 



Mixed number multiplied by whole 
number. Cancellation. Product is 
mixed number. No reduction. 

S3.0 

38 

/ 



Mixed number multiplied by whole 
number. Cancellation. Product is 
whole number. 

16.4 

16 


Group VI. Proper Fractions Multiplied by Mixed Numbers 



Unit fraction multiplied by mixed 
number. No canceflation. Froducf 


is proper fraction. No reduction. 

Unit fraction multiplied by mixed 
her. Cancellation. Product is p 


anum-' 

proper 


fraction. No reduction. 

Proper fraction multiplied by mixed 
number. Cancellation. Product is 
whole number. 

Proper fraction multiplied by mixed 
number. No cancellation. Product 
is mixed number. No reduction. 
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TABLE 6 iContinue^ 

GBonp VII. Mixed Numbbes Mtiltipubd by Pbqpeb FitAgrioNa 


TtW 

RxAum 

26 

8i X 4 = 

27 

3i X J = A 

28 

7i X1 = 3 

29 

64Xf = m 

30 

ei X i = tV 


DxSCKtPTION 


! Pin Rank 
Cbnt or 
or Dirn- 
Giuiat cnurr 


Mixed number maltiplicd by proper «1.S 19 
fraction. No cancellation. Product 
is proper fraction. No reduction. 

Mixed number multiplied by unit free- 28.0 30 
tion. Cancellation. Product is 
proper fraction. No reduction. 

Mixed number multiplied by propw 17.7 12.6 
fraction. Cancellation. Product is 
whole number. 

Mixed number multiplied by proper 42.0 37 
fraction. No cancellation. Product 
is mixed number. No reduction. 

Mixed number multiplied by unit 31,6 32 
fraction. No cancellation. Product 
is proper fraction. No reduction. 


Group V III. Mixed Numbbibs Multiplied by Mixed Numbbbb 

81 2i X 2i = 6i Mixed number multiplied by mixed 28.3 28.6 
A s number. No cancellation. Product 
ie mixed number. 

32 6i X 6| = 40 Mixed number multiplied by mixed 22.3 20 

* ^ ’ number. CanceUation. Product is 

whole number. 

33 34X8i=12i Mixed number multiplied by mixed 83.7 34 

^ ^ ® ^ number. Cancellation. Product is 

mixed number. No reduction. 

84 36 X 8l = 12A" Mixed number multiplied by mixed 46.7 88 

84 f X f No cancellation. Product 

ie mixed number. No reduction. 

Group IX !anT.mr«wan COMBINATION TYPES INVOLVING M uB T^lCA- 
TioN OP Whole Numbb bs, Mdcsd Numbers, and Fractions 

as = 4 Multiplication of three proper frao- 24.6 22.6 

sc X Cancellation. 

a V i V 44 = 84 Multinlication of two proper fractions 68.4 30 


U X I X 44 =• 24 I 


and a mixed 


lyo JUiAtjWUBTKJ TJDACHING 


TABLE 6, GROUP IX {Continued) 


Ttw 

Exahpui 

IlcHnurTioH 

Pin 

CstlT 

07 

Euror 

IUnk 

07 

Dirri- 

coi/rr 

37 

4 X 10 X 3 

Multiplication of two proper fractions 
and H whole number. Complete 
cancellation. 

24.5 

22.6 

3S 

i X 0 X 2i “ Si 

Multiplication of a proper fraction, a 
whole number, and a mixed number. 
Cancellation. 

3S.1 

36 

39 

4 X 3^ X 7 = 
lOOi 

Multiplication of two whole numbers 
and a mixed number. No cancella¬ 
tion. 

56.5 

43 

40 

4i X 2^X1* = 
22i 

Multiplication of three mixed numbers. 
Cancellation. 

£5.! 

41 


Group X. Combination op Dippicult Types op Multipucation 
Invouving Lamb Numbers 


41 

24 1 

iVhole number multiplied by mixed 


35 


Hi 

number. Whole number multiplied 





by unit fraction. Product is whole 




7ft 

number. Carryine whole number. 





Final product is whole number. 



42 


Mixed number multiplied by whole 


40 


12 

number. Proper fraction multiplied 




10 

by whole number. Product is whole 




72 

number. Carryinit whole number. 




30 

Final product is whole number. 




442 




43 

18 

Whole number multiplied by mixed 

EIe 

45 


16i 

number. Whole number multiplied 




isi 

by proper fraction. Product is mixed 




00 

number. Carrying mixed number. 




18 

Final product is mixed number. 




288^ 




44 


Mixed number multiplied by whole 

WM 

42 


1 27 

1 number. Unit fraction multiplied by 





whole number. Product is mixed 





1 number. Carryine mixed number, 





1 Fma\ product jb mixed number* 



- 

1 688} 

1 
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TABLE 6. GROUP X {Continued) 


EXiUPLB 

DrsosiPTiON 

PjBS 

Cajff 

09 

Brrob 

Ulnx 

or 

Dim- 

aVLTT 

S3 


m 

44 

I8i 

number. Whole number multiplied 



ISf 

by propei fraction. Product is mixed 

■ 


184 

number. Carrying mixed number. 



es 

Final product is mixed number. 



isni 


■ 



D. DIVISION (40 Types) 


Group I. Whole Numbers Divided by Proper Fractions 


|i 

S -r i = 10 

Whole number divided by unit frac¬ 
tion. Quotient is whole number. 

16.1 

1 

7 


S + } = 7i 

Whole number divided by proper frac¬ 
tion. No cancellation. 

B 

4 

3 

13 4- f = 10 

Whole number divided by proper frac¬ 
tion. Cancellation. Quotient is 
whole number. 

SI.8 

14 

4 

W 4- ^ = 17J 

Whole number divided by proper frac¬ 
tion. Cancellation. Quotient is 
mixed number. 

S3.0 

SS 

6 

* 4 4 >= gj 

Whole number divided by proper frac¬ 
tion. Cancellation. Quotient ie 
mixed number. 

10.5 

9 


Group II. Fraciion Divided by Fraction 



Unit fraction divided by unit fraction. 
No cancellation. Quotient is proper 
fraction. 

9.4 

1 

J4i = i 

Unit fraction divided by unit fraction. 
Cancellation. Quotient is unit frac¬ 
tion. 

14.3 

3 

i4i = B 

Unit fraction divided by unit fraction. 
Cancellation. Quotient is whole num¬ 
ber more than 1. 

16.1 

6 

1 4 1 = 1 

Proper fraction divided by proper 
fraction. Cancellation. Quotient is 1. 

13.4 

S 
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TABLE 6| GBOTJP II (Continued) 


TtT» 

Kuvnx 

1 

Discntmcm 

1 

Pkr 

Obht 

Off 

Srbor 

iUiii 

01 

Bifiu 

cijurr 

10 

1 


Proper fraction divided by unit frac¬ 
tion. No cancollution. Quotient is 
mixed number. No reduction. 

sa.e 

1 

11 

BB 

Proper fraction divided by proper frac¬ 
tion. Cancellation. Quotient is 
mixed number. No reduction. 

41.8 

38.5 


Group III. Mixed Number Divided by a Proper Fractiob 


12 

li + i - Si 

Mixed number divided by unit frac¬ 
tion. No cancellation. Quotient is 
mixed number. No reduction. 

IS.4 

a 

IS 

li + 4 =n 3 

Mixed number divided by unit frac¬ 
tion. Cancellation. Quotient is 
whole number. 

15.8 

6 

14 

li + A = 4^1 

Mixed number divided by proper frac¬ 
tion. Cancellation. Quotient is 
mixed number. 

86.8 

87 


Group IV. Proper Fraction Divided by Whole Number 


15 

i + 5 = ifr 

1 

Unit fraction divided by whole num¬ 
ber. Quotient is unit fraction. 

M 

40 

16 



Proper fraction divided by whole num¬ 
ber. No cancellation. Quotient is 
proper fraction. 



17 



Proper fraction divided by whole num¬ 
ber. Cancellation. Product is unit 
fraction. 

■ 


18 

* + 6 = * 


Proper fraction divided by whole num¬ 
ber. Cancellation. Product is proper 
fraction. 

PTSjR 



Group V. 

Mixed Number Divided by Whole Number 


19 

14 -5- 6 = 


Mixed number divided by whole num¬ 
ber. No cancellation. Quotient is 
proper fraction. 

21.4 

16 

20 

14-5-4=* 


Mixed number divided by whole num¬ 
ber. Cancellation. Quotient is 
proper fraction. 

29.3 

29 
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TABLE 6, GROUP V {Conlirmd) 


Tim 

liXiMIW 

DsscmraDN 

rsB 

C*«T 

or 

Eiuioii 

Rakk 

09 

Dim- 

cvmr 

Z1 

6§ -5- 5 = lA 

Mixed number divided by whole num¬ 
ber. No cancellation. Quotient ib 
mixed number. 

SO .7 

26.5 

it 

5f + 2 = 2i 

Mixed number divided by whole num¬ 
ber. Cancellation. Quotient is 
mixed number. 

Sl.l 

31 


Gsoup VI. Proper Fraction Divided by Mixed Number 

ts 

i li = 5 

Unit fraction divided by 7nixed_ num¬ 
ber. No cancellation. Quotient is 
proper fraction. 

82.7 

S6.6 

21 

i + li = A 

Proper fraction divided by mixed num¬ 
ber. No cancellation. Quotient is 
proper fraction. 

25.8 

20 

25 

A 15 = A 

Proper fraction divided by mixed nurn- 
ber. Cancellation, Quotient is 
proper fraction. 

S2.3 

34 

26 

* -5- li = 4 

Unit fraction divided by tnixed num¬ 
ber. Cancellation. Quotient is unit 
fraction. 

27.0 

27 


Gbouf VIL WhoiiB Number Divided bv Mixed Number 


27 


Whole number divided by mixed num¬ 
ber. No cancellation. Quotient Is 
proper fraction. 

10 

17 

28 

3 -s- » f- 

Whole number divided by mixed nuin- 
ber. Cancellation. Quotient is 
proper fraction. 

24.8 

18 

2» 

5 -r 2J => 1* 

Whole number divided by mixed num¬ 
ber. No cancellation. Quotient is 
mixed number. 

82.7 

85.6 

SO 

5 -I- 2i a 2 

Whole number divided by ifiixed num¬ 
ber. Cancellation. Quotient is 
whole number. 

26.6 

24 

81 

12 -r 6| = lA 

Whole number divided by mixed nurn- 
ber. Cancellation. Quotient is 
mixed number. 

25.8 

20 
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Group VIII. Mixed Number Divided by Mixed Number 


Troi! 

iKXAWI^LIt 

IteHcmnioN 

Pee 

Csifs 

or 

Sehor 

or 

)i>n< 

CULTl 

St 

U 


26,7 

2fi.5 

3H 

li + 3i -i 

Mixed number divided by mixed num¬ 
ber. Cancellation. Quotient is 
proper fraction. 

31.7 

82 

S4 

iii + 21 »1 

Mixed number divided by mixed num¬ 
ber. Cancellation. Quotient is 1. 


11,5 

33 

31 -MJ 

Mixed number divided by mixed num¬ 
ber. No cancellation. Quotient is 
mixed number. 

41.8 

88.6 

96 

3} + U “ 2l'« 

Mixed number divided by mixed num¬ 
ber. Cancellation. Quotient ie 
mixed number. 

30.7 

SO 

sr 

44 + 24 » 8 


■ 32. 

i 

33 


Group IX. Whole Number Divided by Whole Number 


SS 

0-4-8-14 

Whole number divided by whole num¬ 
ber. No cancellation. Quotient is 
mixed number. 

16.8 

10 

30 

10 + 0 = u 

Whole number divided by whole num¬ 
ber. Cancellation. Quotient is 
mixed number. 

25.8 

20 

40 

2 -5- 14 = 4 

Whole number divided by whole num¬ 
ber. Cancellation. Quotient is 
proper fraction. 

26.3 

28 


E. SUMMARY 


Pbocibs 

Raksz 

Mbsiait 

Mban 

Addition. 

6.0-66.0 

18.0 

20.2 

Subtraction. 

2.8-40.2 

26.8 

26.6 

Multiplication. 

6.7-60.0 

26.3 

28.2 

Division.. 

9.4-42.2 

26.3 

26.3 
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There was a large variation in the per cents of error 
on the examples in each of the four processes in fractions. 
This shows that there is a wide range in the difficulty of 
the various types of examples in each process. Accord¬ 
ing to Part E of Table 6 the range of difficulty is greatest 
in multiplication and least in division. There is not 
much difference m the median and mean per cents of 
error. 

The means vary from 20.2 per cent for addition to 
28.2 per cent for multiplication. 

The medians vary from 18.0 per cent for addition to 
26.8 per cent for subtraction. 

There is every reason to believe that efficient practice 
in fractions must be characterized by a careful distribu¬ 
tion of practice and instruction on the various types of 
examples in each process. The above lists of types 
should not be considered as final or complete. The data 
do not show what the per cents of error might be on 
other examples similar in type to those given in the table. 
No data are available to show what the difficulty of these 
types would be if the instructional material had been 
efficiently organized. It seems reasonable to assume 
that the high per cents of error on certain apparently 
simple types involving spedal difficulties, such as zeros 
in subtraction, may be due to the fact that such examples 
have not occurred in the practice provided by current 
instructional materials. Careful consideration must be 
given by the teacher to the development of the skills and 
abilities for each process listed on the preceding pages. 

No data are available for measuring the amount of 
transfer from simple types to more complex types. 
Undoubtedly there is considerable. However, until such 
data are available, teachers must make certain that 
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pupils receive well distributed practice on all important 
types of examples, rather than on only a few selected at 
random. The assumption that the transfer from type ^ 
to type is complete is unsafe. 

8, A Special Study op Faults in Work in Fractions. 

The diagnostic tests in fractions which have just been 
described were ©ven to two hundred pupils in each of ' 
Grades BA, 6B, and 6A in six elementary schools in Min¬ 
neapolis. A careful study was next made of the examples 
they worked incorrectly to discover, if possible, the causes 
of errors. Table 7 shows the total number of errors that 
were analyzed.' 

TABLE 7 


Number op Errors Analyzed in Examples in Addition, 
Subtraction, Multiplication, and Division op Fractions 


Gdadi 

Aoditioh 

HtfiiTnAC- 

MtlLTIWrl- 

UATJON 

Dmaioir 

Toru, , 

BA. 

2,695 

3,613 


.... 

6,308 

6B. 

1,477 

1,978 

1,237 

2,348 

7,040 

6A. 

2,030 

1,920 

1,240 

2,627 


Total... 

6,202 

7,611 

2,477 

4,876 

21,066 


The total number of errora analyzed was 21,065.® The 
largest number of errors in a single process was in sub¬ 
traction; then follow in order addition, division, and 
multiplication. The pupils in grade 5A were not tested 
in multiplication and division because they had not had 
enough wo rk in these processes. It is interesting to note 

The tables that follow have previously appeared in an article by 
the author, “An AnalysiB of Errors in factions,’’ Elemenhirv School 
Journal, Vol, 28, pp, 760-70. 

*Abbie Chestek, graduate student“at the University of Minnesota, 
assisted in this investigation. 
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that the errors in subtraction decrease grade by grade, 
while the total for addition is much larger in grade 6A 
than in grade 6B, although somewhat smaller in grade 
6A than in grade 6A. The results of tests given in 
grades 7 and 8 show that the pupils in these grades make 
many errors and clearly need additional practice in solv¬ 
ing fractions. 

The detailed analsmis of the errors made in working 
24,000 examples in the addition of fractions, 27,000 ex¬ 
amples in subtraction, 18,000 examples in multiplication, 
and 14,800 examples in division is the basis of the data in 
the tables on errors in fractions. The total number of 
trials of each type of example in addition was 600; in sub¬ 
traction, 600; in multiplication, 400; and in division, 400. 
The total number of examples analyzed was 83,800. 

Morton'- reports a similar analysis of 1029 errors in the 
four processes in proper fractions, not including mixed 
numbers, by only 36 eighth-grade pupils. While his 
study supplies vduable data, it gives no information on 
many of the important difficulties in working with mixed 
numbers and it does not reveal the major causes or types 
of difficulty in grades where these processes are first being 
taught. His classification of errors is also quite general. 

4. How TO Deteemine the Types op Eebors in Frac¬ 
tions. 

The technique that was used to determine the nature 

of the difficulty which caused the pupil to work a given 

example incorrectly was to examine his written work 

carefully and by analysis to locate the cause of error. 

This meth od can be readily explained by means of the 

^ R. L. Morton, “An Analysis of Pupas’ Errors in Fractions/'. ./oicrftaZ 
mucatiionQi Beaeareht Vol. 9 pp. 117-25. 
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followng examples, which illustrate some of the most 
common types of eiTors in each of the processes: 

Types op Addition Errors 

(a) ? + •§■ = 5- 

Here the pupil added the numerators (2 and 8) and added 
the denominators (3 and 6) to find the terms 5 and 9, 
respectively, in the answer. 

(b) I +1 = 

Here the pupil added the numerators without changing the 
form of the first fraction and used the common denomina¬ 
tor (6) as the denominator of the answer. 

(c) 5§-f7§=13ii 

All of the work was correct except for the failure to reduce 
the fraction in the sum. 

(d) + 3^- = lOf 

Here the pupil failed to reduce the mixed number in the 
sum to the simplest form. 

Typical Subtraction Errors 

(o) = | 

The pupil used the wrong process. 

(6) lOi - 3f = 7J 

The pupil disregarded having borrowed from 10. 

(c) f = 2V- - ^ = 

The pupil prefixed the number borrowed to the 1 in the 
fraction, changing 3 Ho 2-*^. 

(d) 3 - If - 21 

The pupil subtracted the two integers, and placed the 
same fraction in the answer. 

Typical Multiplication Errors 

6 

3 2 

Here there is an error in division of 6 by 3. 
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(6) # X 14 = •¥■ = 9| 

Here there is an error in raultiphcation. 

(e) 6X2^ = 6Xf='V- = 2^ 

Here the pupil inverted ^e multiplicand, evidently con¬ 
fusing multiplication vnth diviaon. 

(d) 3 X A = , 

Failure to cancel or reduce to low'est terms. 


Typical Division Errors 

(a) 

Used the wrong process. 

(b) 3^ = ^ X ^- = . = 2iV 

Inverted the dividend instead of the divisor. 

(c) If -f- If = ¥- X I = M = lA 
Divided denominator of fraction by the numerator. 

(d) 3f 4- If = Y X 18 “ 

6 

Difficulty in reducing mixed number to improper fraction. 

The tables in tMs chapter contain many other typical 
errors in fractions, which can be discovered by an analysis 
of the work on the pupil's paper. In many cases there 
are pecuUar errors, the reasons for which cannot be deter¬ 
mined by this method. For instance, the cause of,the 
error in the example, which was worked 2| + 2f - 
is not apparent. It can be determined, however, by 
ni».lring the pupil to &ve the steps in the soMion or^ly, 
the same technique that has been described for whole 
numbers. As can be seen from the tables that follow, the 
proportion of errors for which the causes cannot be 
located by an examination of the work on the papw js 
relatively s mall for subtraction, multiplication, and divi- 

U 
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sion. The proportion for addition is quite substantial, 
namely, 20.4 per cent of all eiTors. Clearly a diagnoMs 
of the causes of difficulty in addition of fractions must 
embody the results of an analysis of the work on the paper 
and also the cheeking up by the oral method on many 
of the less obvious difficulties. 

6. The Most Common Faults in Fkactions. 

A knowledge of the most common faults in fractions 
serves a number of purposes. The teacher can con¬ 
sciously try to prevent the occurrence of these typical 
errors by a more careful teaching of the particular ele¬ 
ments which appear to cause the most difficulty in each 
process. Drill materials can be prepared which provide 
special types of drill and practice in the difficult steps. 
Sometimes, in spite of careful teaching and the use of 
well organized practice exercises, there are pupils who 
have difficulty. A knowledge of the known chirf sources 
of error in each process will facilitate diagnosis of the 
cause of the difficulty and aid in the assignment of the 
proper remedial exercises. 

(a) Addition of fractions. The most common faults 
or sources of error in addition of fractions in grades 5 
and 6 are given in Table 8 together with illustrations of, 
each kind of error. 

TABLE 8 


Analysis of Errors in ths Addition of Fractions 



Gn»i 

VA 

GnADB 

VIB 

Qraob 

VIA 

Totui 

Fm 

CmT 

1. Lack of comprehensioa of proceaa 
involved. 

298 

S76 

681 

1,264 

476 

20.2 

(a) Added denominatois and mim- 
eratois: J + f = 4 . 

64 

131 

281 


(6) Added numerators ' and multi¬ 
plied denominators: i -(- i - A 

26 

69 

68 

148 

f 1 1 » 
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TABLE 8 (Continued) 


(c) 


Added numerators without 
changing fractions to common 
denominator; used one of the 
two denominators for denom¬ 
inator in sum: §-!- ?, = 5. 

(d) Added numerators for denom¬ 
inator and added denomina¬ 
tors for numerator: i t = 

(e) i^ultipfied numerator and de- 
Wminator for numerator: f -|- 

= 6 . 

-jlultiplied numerators and add¬ 
ed denominators: ^ -1- -J f= I. • 

2. DiflSculty in reducing fractions to 
lowest terms.. 


(/) 


(&) 


ifivided^^enominator byi 


ator: J 1 = 4 “ 14 


3. Difficulty with improper fractions 
(o) Did not change improper frai 
tion to mixed number: 7i - 

34 = 104.. 

(6) Changed improper fractio 


her: 24 + 75 = 9f = 1... 

4. Computation errors. 

(а) Addition: SJ -t- 8 = 134.. 
lb) Subtraction: 4 4-1“ 

jj « - Ijj. 

(c) Division: 4 + 4 = 4 “ 14 

(d) Unknown: 4 -)- !§ => I44.. 

6 . Omitted example (no attempt) 

6 . Used wrong process. 

(o) Subtraction: 4 4- 4 = ♦ = 

(б) Multiplication: 4 +1 “ ~' 

(c) Subtracted fractions and add 

whole numbers: 3| 4- 24 

... 6.f.T54 . 


4... 


(e) 


whole numbers: 
■7. 


4- 2| 


whole numbers: 

24J - 3A. 


6f 4- 44 


Gr/ldb 

VA 

xBADB 

VIB 

^BADB 

VIA 

loTAt 

Psn 

Cbnt 

192 

1 

1 

680 

• • • • 

0 

0 

16 

16 

.... 

3 

2 

6 

11 

.... 

13 

6 

6 

24 

.... 

658 


230 

1,088 

17.6 

693 


169 

912 

.... 

42 

14 

39 

96 

.... 

f 23 

36 

22 

81 


. 489 


322 


i-r.i 

. 313 

i 

162 

243 


.... 

. 176 

98 

79 

363 



266 

288 

868 

is.a 

68 

81 

131 


.... 

38 

22 

S 

68 

.... 

38 

i. 

li 


.... 

. 168 

168 

138 

451 

. . . . 

88 

28 

58 

16'' 

2.7 

8S 

6' 

21 

161 

; 2.6 

6S 

1! 

12 

81 

1 .... 

IJ 

d 




) . . . . 

f 

< 

id 

3. 

■ 


5 .... 

4 

d 

4 

3 

3 1 

a .... 

.. 1 

1 

0 

2 1 

8 ... 
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TABLE 8 (Continued) 


Giudr « 

VIA Tor^lCmr 


7. Partial operation. 

(a) Added fractions but disre¬ 

garded whole numbers: 11 -4- 
3}= J1 = J.. . .. . 

(b) Added whole numbers but dis¬ 
regarded fractions: 3’ +2^=5 .. 

8 . Difficulty in changing fractions to 

common denominator. 

(а) Changed to wrong denomina- 

top f + J = A , ... 

(б) Did not multiply numerator in 
reduction: ?■ -h 4 = # -|-1 = * .. 

(c) Did not express denominator: 

i4'i = 7. 

(d) Added common denominator to 

numerator of fraction changed: 
4 +f “V + l- = li. 

9. Difficulty in borrowing. 

(o) In adding whole number and 

mixed number, borrowed from 
whole number, added fractions, 
and left improper fraction in 
sum: 2J -f 4 = 2i + = 6| 

(6) In adding whole number anti 
mixed number, borrowed from 
whole number, subtracted frac¬ 
tions, and added whole num¬ 
bers: 4 -H 13 = -H 13 = 4i 

10 . Difficulty with proper fractions: 

j 4-1 = j = 1 j _ ' . 

11. Errors in copying: 7 + S = 75....!! 

12. Difficulty unknown: 28-1-21 = 

24 -1-28 = 61.. . 



The faults in Table 8 are grouped under twelve head¬ 
ings. The largest group of errors, 20.2 per cent of the 
total, is due to lack of comprehension of the process 
involved. The most common fault in this group, 580 
errors in all, is found in such solutions as, f + f = in 
which the pupil neglected to change the form of the 
fraction, f, added the numerators, 2 and 3, and wrote 
the common denominator as the denominator of the sum. 
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There were almost as many errors, 476 in all, of the type, 
1^1 = 4, in which the pupil added both numerators 
and denominators to get the answer. Both of these errors 
were common to all three of the grades that were studied. 

Difficulty in reduction of fractions constituted the next 
largest source of error in addition. Failure to reduce 
proper fractions in mixed numbers, such as 13-i^, or 
improper fractions in answers, such as IOt, were the chief 
faults. There is also considerable difficulty in changing 
such numbers as 9fi to 10, the most common fault being 
that t is changed to 1, and the answer is written 9-j = 1. 
While many of these errors may be due to carelessness, 
nevertheless, the results suggest the advisability of con¬ 
siderable practice in reduction. 

Many errors in addition—13.8 per cent of the total— 
are directly due to faulty computations. Others are due 
to incomplete work, difficulty in changing fractions to a 
common denominator, use of the wrong process in whole 
or in part, and peculiar errors found less frequently, It 
is probable that reducing fractions to a common denomi¬ 
nator may be a greater source of difficulty than is apparent 
from the results of this study, since the denominators in the 
examples in the diagnostic test are simple, and in almost 
all of the examples only two fractions were involved. 

(b) Subtraction of fractions. The most common faults 
in subtraction of fractions are given in Table 9. 

TABLE 9 


' Analysis op Errors in the Subtraction op Fractions 



QnASB 

VA 

VIB 

Gbadb 

VIA 

Totai 

Fob 

Cwn 

1. Difficulty in borrowing. 

769 

414 

646 

1,828 

24.3 

(a) Disregarded having borrowed 
from whole number: lOJ — ^ 
= . 

833 

196 

239 

1 

m 
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TABLE 9 {Continued) 


1. Dffioulty in borrowing (.Coniimwd) 
( 0 } Prefixed number borrowed to 

numerator: Si — if 2-V- — 

(c) iSei' number borrowed to 
numerator without chnfigin g it 
to a fraction: 92 — 8} = B;f — 

(d) Borrowed unnecessarily and left 

improper fraction in remainder: 
4j - i = af - } = 3j. 

(e) Borrowed but disregarded' frac-' 

tion in minuend: 7i — S- = 
6 J - j = 6i. . 

(/) Borrowed but did 'not change 
fraction in minuend to same 
denominator: 81 — 4 = 2S - 

(O) Considered 1 borrowed’wlieVe' 
no borrowing was involved 

3J - i .= 2i... 

(h) Borrowed as much as was 
needed to make numerator in 
minuend larger than numerator 
in subtrahend: 7i — J « 6| — 
^ 6i... 

2. Used wrong process. !!!'"' 

Addition: f — j = S 
Multiplication: J — * = a' LJ V 
Subtracted whole numbers and 
added fractions: lOi — Si == 7 J 

W Subtracted fractions and added 
whole numbers: 7J — <= 

8 A = 8i. 

(ej Addedfraotionsanddisregarded 

whole numbers: 94 — 81 = 

4 = 1*. . 

if) Added whole numbers and 
o fractions: 34—1,^=4 

3. Difficulty in reducing fractions to 

lowest terms. 

(а) Did not reduce fraction: 7i — 

84 B ail * 

(б) 


numerator and denom- 
by diCerent numbers: 

/ \ i = 3^ ■= 8f. 

Divided denominator by num¬ 
erator: i - I = f « 4 .,__ 


inator 

fedei! 


OlUDE 

VA. 

Qn&sii 
VIB 

OnAsi 

VIA 

TotaIi 

Fbb 

Onrv 

lie 

S" 

260 

473 


177 

E 

9 

191 

• • •» 

63 

68 

47 

168 

> • • t 

62 

28 

S3 

133 

.... 

12 

10 

17 

39 

• • • • 

16 

21 

2 

39 

.... 

10 

774 

603 

0 

414 

267 

2 

18 

333 

224 

28 

1,621 

994 

2 

26!3 

163 

87 

46 

286 

.... 

106 

48 

66 


.... 

6 

6 

4 

16 


6 

6 

4 

16 

• • • . 

626 

311 

168 


14.6 

681 

248 

118 

947 

.... 

28 

44 

11 

83 


16 

19 

29 

64 

• ■if 
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TABLE 9 (Continued) 



0XAD» 

VA 

OiiAia 

VIB 

Oaisi 

VIA 

Total 

Pm 

Cam 

4. Lack of comprehension of process 

497 




i 14.6 

(o) Subtracted numerators and 
multiplied denominators: i — 
1 - ... 

26 

43 


(5) Addedf numerators and sub¬ 
tracted denominators: ^ — i = 
4 = Ij. 

2 

4 


■ 


(c) Subtracted numerators and 
added denominators: J J = i 

(d) Multiplied numerators and sub¬ 
tracted denominators: % — 4 = 

a - 6. 

10 

12 

4 

1 

I 

.... 

(a) Idultiplied numerators and 
added denominators: i — J = 

J. 

28 

6 

11 

44 


(/) Subtracted numerators and 

denominators: } — 4 = J. 

(g) Called common denominator 
answer where remainder was 

* * *1 

1 

1 

2 

30 

2 

1 

1 

.... 

(h) In subtracting two equal frac¬ 
tions, expressed remainder by 
same fraction: 4 J — J = 44 — 

■J = 41 - 4H. 

16 

j 

8 

12 

36 


(f) In subtracting two equal frac¬ 
tions, cidled the remainder 1: 

= = l. 

12 

16 

14 

1 

41 


O') fn subtracting mixed numbers 
with equal fractions, placed 
common denominator under 
difference between whole num¬ 
bers: 7J ~ 4J — i.. 

6 

6 

ii 


(Ic) Subtracted fraction in minuend 
from fraction in subtrahend: 
2i - a = 2J. 

62 

29 

23 

114 


(2) Added the two numerators and 
from that sum subtracted num¬ 
erator in subtrahend: TJ — 1 = 

74 _ 4 - . 

6 

6 

26 

36 


(m) Added denominators and num¬ 
erators and used the sum as 
numerator in minuend: lOi — 
3j = lo-v- ~ 3| = 

(n) In subtracting mixed number 
from whole number, subtracted 
whole numbers and placed same 
fraction in result: 3 - If = 2| 

8 

1 

1 

270 


2 

116 

10 

649 

» • w' - 
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TabIiE 9 (poniimied) 


Ghadb 

Chads 

Cradb 

V A 

VID 

VIA 


4. Lack of comprehension of process 
involved —Co nlinued 

(o) When numerator in minuend 

was smaller than numerator in 
subtrahend, called remainder 
zero: SJ - Sif = IJ. 

(p) Did not express denominator: 

. f - i = 4. 

6. Difficulty in ehang^ng fractions to 
common denominator. 

(o) Subtracted without chan^ng 
fractions to common denomi¬ 
nator and used one of the given 
denominators for denominator 

. in result: 4f — J = . 

(5) Changed tractions to wrong de¬ 
nominator; 33 - 2:1 = 31® — 

t \ r . 

(c) Disregarded numerator being 

morethanl: 7t-3j = 7,1, — 
to = 4,V..... 

(d) Changed fraction in minuend 
only to common denominator: 

6. Computation errors. 

(а) Unknown: 4g - Ig = ih — 

2^12 __ g,|j '* 

(6) Subtraction: 6j ’-'cj. ’=’6/j —’ 

6 A = lA. 

(fi) Addition: 9i} — 8^ = 8J — 

= g.... 

7. Omitted example (no attempt). 

8. Partial operation. 

(o) Subtracted fractions but disre¬ 
garded whole numbers: 42 — 
f = g = 4. 

(б) Subtracted whole numbers but 

disregarded fractions: 38 — 
li =2. 

9. Errors in copying: ai —ijC'= 

3i* - to = 2* -2f...!!... 


66 1 8 66 .... 

1226 .... 
288 147 191 626 8.3 

229 no 180 499 

33 27 8 68 .... 

13 3 17 33 .... 

13 7 6 26 . 

230 216 168 614 8.2 

129 100 63 282 .... 

87 102 106 294 .... 

14 14 10 38 

291 81 47 419 6.6 

138 63 no 301 4.0 

66 46 47 149 .... 

82 7 63 162 .... 

1 12 1 14 0.2 

3,613 1,978 1,920 7,611100.1 


There nine groups of faults in subtraction of frac¬ 
tions, which contain a much greater variety of errors 
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than was found in addition of fractions. The tot^ 
number of errors is also somewhat greater than for addi¬ 
tion. The faults are common to all grades tested. 

The group containing the largest number of errors is 
that concerned with difficulty in borrowing, 24.3 per 
cent of the total. In this group the three chief faults 
are illustrated by the following examples; 

(a) lOi - = 7-2 

The pupil disregarded having borrowed. 

(5) 8i--i =2V'-t = 22 

The pupil prefixed the borrowed number to the numer¬ 
ator of the fraction. 

(c) 92 - 82 = 82 - 82 = 0 

The pupil added the borrowed number (1) to the 8, making 
the numerator 4. This is a variation of type (6). 

An examination of the data concerning the errors in 
this group shows other important types of faults. Clearly, 
special attention must be given to the steps involved in 
examples in fractions in which there is borrowing. A 
specie set of exercises such as the following will help to 
locate the specific nature of the difficulty and the step 
in the development where it becomes evident. 

Special Exercise in Borrowing 
Write the missing numerators in sets (a) to (/). 
(a)l=-sr 1=T l=-ir 1 =t 

(&) 2 = It 3 = 2t 4 = 3t 6 = 4^ 

(c) li = T li = TT IS- = x 111 = V 
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(d) 2i = It 

Si = 2t 7f = 6 ir 

9f “ 8 ff 

(e) U = T 

If = TT = B- 

= TV 

(/) ^ 

7i = Gir 45 - = Stt 

5f = 4rv 

(ff) Which of the following are incorrect? 


1 . ^ 

5. 2 .= 

9. 8j = 7^1^ 

CO 

tl 

6 . 52- = 4^ 

10 . 81 = 71 

3. 7 = 

7. 6| = 

11 . If = ij/i 

4. U = 

8 . 7i = 

12 . 6f = 5U 

(h) Work these examples: 


1 . 1 

3. 3 

5. 3i 

zii 

-u 

-If 

2 . 2 

4. 

6 . 7i 

_ 1 

4 


-2-1 


^ The next largest ^oup of faults in subtraction of frac¬ 
tions was due to using the wrong process in whole or in 
part. In this group there are en’ors such as f - | = 
f = T. The errors are probably due to lapses in atten¬ 
tion. On the other hand there are faulty procedures 
which clearly indicate lack of control over the subtrac¬ 
tion process. This is probably due to interference of 
some sort with work in the other processes. Confusion 
seems to be most marked due to interference of sldlla 
previously learned in addition. 

.pother large gi’oup of faults consists of procedures 
which clearly indicate complete lack of comprehension 
of the subtraction process. In this group the most 
common faults are illustrated by the following types: 
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(a) 3 - It = 23 
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\y,j o — J.3 — 

rm,e Dupil subtracted the integers and merely wrote Iho 
fraSon ?^the subtrahend in the answer, thereby showing 
inability to borrow. 

(b) 2 J t = 2t 

The pupil subtracted the smaller fraction in the mmueml 

frnm the larger fraction in the subtrahcnfl, instead of bor- 
Si^a fault similar to one frequently found m subtrac¬ 
tion of’whole numbers. 

(c) t - J = A =-■ A 

Subtracted numerators and multiplied denominators. 

id) 9 ? - St - 

When the numerator in the minuend was smaller than in 
thrsuhtrahend, the pupil called the dillercnce «. and did not 
borrow. 


Numerous other miscellaneous pro(*f dui’c.s showing lack 
of comprehension of the process involved are included in 
the table. As can bo se'on from the above illustrations, 
one of the chief sources of difficulty in this group i.s inabil¬ 
ity to work examples in which borrowing i.s involved. 
When this source is added to the faulty procedures in¬ 
cluded in the first group, the m'ce^sily for .special stres-s 
on the borrowing process involved in subtraction of frac¬ 
tions is obvious. 

A special study was made to determine the relative? 
difficulty of the various types of examples in subtraction 
of fractions. The per cents of error by a group of 107 
sixth-grade pupils on some of the important types in¬ 
cluded in the test are given in Table 10. T hi.s ^ kible 
contains data on the sixteen most difficult and the sixteen 
easiest types of examples for this gi’oup of pupils. 
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TABLE 10 

Rblativb Difpiculty op Impoutant Types op Examples m 
Subtraction op Fractions ^ 


The Sixteen Most Dippicult Types 


No. 

Tim 


No. 

Type 

Fbs Cbnt 

09 Eabob 

1 

3J - §. 

40 


- 2|-. . 

QQ 

2 

4i ~ 1. 

38 


44 -1|. . 

00 

99 

3 

4 I - If. 

34 

11 

6i - 6|.. 

99 

4 

7i - 2|. 

34 

12 

■ f 

99 

5 

- f?. 

34 

13 

8f- If. 

91 

6 

li - 4. 

34 

14 

- 4 .... 

91 

7 

vf-l. 

34 

15 

9| - 8f. 

91 

8 

gX - 84. 

33 

16 

f. . 

31 







The Sixteen Least Dippicult Types 


No. 

Tira 

Pbb Cent 
or Eiiiion 

No. 

Tira 

pBnCsBv 
OF Sbbor 

1 

Jg. _ ^ 

7 

g 

44 — 24. 

■s 

2 


7 

10 

9 '— 4.r. 


3 

4-1. 

7 

11 

2J - 2f. 


4 

6i - 3. 

8 

12 



5 

f-i . 

10 

13 

. 

3-J - If. 


6 

if - If. 

10 

14 

V-i.'. . 


7 

lOf - 10. 

13 

15 

7f — 2f. 


8 

f - i. 

14 

16 

41 - -1". 









An. analysis of the data in Table 10 shows that 15 of 
the 16 most difficult types of examples involve borrowing. 
The only exception is the difficult type, 4|— If. Only one 
of the 16 easiest types of examples involves any borrow¬ 
ing difficulty. These data substantiate the results of the 
diagnostic study ^ven in Table 9, which show that 
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Jawing presets ” “'=■ 

addiHon of fractions, it was found 
tkst weakness in reduction of fractions and m changing 
Sns to a common denominator were the causes of 
S errors in subtmction of fractions.^ There wot 
^ errors due to faulty computation in subtraction 

i**^)'lMttpBcation of fractions. The chief faults in 
miltiplication of fractions are m Table 11. 

TABLE 11 

ANALYSIS OF Errors in the MuIiTiplioatiom op FRACTiowa 


1. Computation wrora...... 

(o) Diviaion:;3^Xs^ = i . 

(M Muttiplioaiion; -J X W = V =9?. 

2. lic??f^mprehension of PrVc^^ jjivoived. 
(o) Inverted inulUpUcand: 6 X <£» ■' « X 


I 


M fnveAedmultiplier: J X 8 “ 1 
*c) Inverted product; 8 4 — | ^ T v 

[) Didnotexpressdonommatormprouuct. 


34X3i >=^X-i!#^!^= 26 ... 

(e) Added numerators and multiplied de¬ 
nominators: i X ? = A- • • • v --;^ 
(H Multipied numerators and added de¬ 
nominators: J X 2i = 4 X } ii ;-” 
(fl) In multiplying whole number by irao 
lion, multiplied whole number by de- 
nominator and addod numeratorto prod¬ 
uct: i X S = = SJw.... • Y 

3. Difficulty in reducing fractions to lowest 
terms • o «• • • ,»*• •*»••*»•►»••••»• •• 
(b) Did not reduce fraction: 3 X -fV = ii • 
(6) Divided denominator by numerator; 

Jx•^^=,sV='4......... 

(e) Divided numerator and denominator by 
different.nuinbor8::f-X;j;f *= ^ “ 1 


(inans 

VI li 

ilRAPlt 

VIA 

Tom 

TRIt 

Cunt 

’Too 

303 

712 

^8^ 

106 

IIB 

314 


172 

164 

326 

1 . * • 

41 

31 

72 

. a 1 > 

166 

204 

420 

17.8 

6;i 

83 

136 

.... 

4 

17 

21 

, , , , 

2 

9 

11 

.... 

24 

21 

45 

1 » « 4 

26 

21 

47 


10 

63 

69 


40 

60 

100 

...» 

210 

209 

423 

17.3 

142 

14C 

239 

.... 

6( 

4S 

10' 

.... 

IS 

ij 2 

1 8 

l| .... 
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table 11 (Continued) 



Qrape 

VXB 

Grade 

VIA 

ToTiL 

Pm 

4. Omitted example (no attempt) 

6. Failure to change improper fractions to' 
mixed numbers: 4 X > 

161 

QQ 

129 

280 

11.8 

6. Errors in copying: j X Gf = J. x Ji<' - 
_ _Si,= 2Ji .* 


119 

218 

8.8 

/. Uifliculty m changing mixed numbers to im’-' 
^oper fractions: 6x2i=6xir = 

oB 

48 

87 

3.6 

8. Difficulty m eaneellation—canceicd within 
numerators: 3J x 3i « x •4' = 

o9 

31 

! 

70 

2.8 

». Difficulty unknown: i y i = . 

17 

DO 

22 

39 

214 

1.6 




8.6 


1.237 

1,240 


99.9 


inultiplication of frac- 
T>.f« total-was faulty computa- 

tion. This occuired chiefly in multiplication or division 
of the terms of the fractions. Many errom were due to 
lack of comprehension of the process involved, often 

procedure, which 

resulted in the inversion of one of the factors; for 

exainpie, 

6x2^ = 6Xf==^ = 2^ 

Sometimes the multiplier was inverted; as, 
iX8»4x8 = 32 

Other sources of error due to this fault were the combinflr 
way of addition and multiplication. 

tft 7 proper and improper fractions 

to lowest terms and reducing mixed numbers to improper 
fractions caused many errors. Little difficulty in cancel¬ 
lation was discovered. 

Relatively speaking, the process of multiplication pre- 
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gents fewer serious difficulties than any of the other 
processes, the three chief faults being inaccuracy in 
computation, confusion with the division procedure, and 
reduction of fractions and mixed numbers. 

(d) Division of fractions. The work in division of 
fractions resulted in a larger number of eiTore by sixth- 
grade pupils than were found for any of the other proc¬ 
esses. The number was practically double the total in 
multiplication. This may be due to the fact that division 
is the last of the processes in fractions that is taught and 
that, therefore, the amount of practice had been less than 
on the other processes. The analysis of errors in division 
is given in Table 12. 

TABLE 12 


Analysis op Erbors in the Division op Fractions 



Giuds 

VI n 

Gn\DB 

VIA 

Total 

P*B 

CltNT 

1. Used wrong process—^multiplication: 1! 

= M = 2,\. 

723 

795 

1,618 

31.1 

2, Computation errors. 

(o) Division: 3® -i-11=^^ X-f “ itj = 

3G5 

309 

674 

13.8 

265 

223 

478 


(5) Multiplication: IJ + 3i = {■ X i = 
(c) tfnknown: 3J -s- IJ =» ■*•!’ X f = Sj’r- ■ 

98 

78 

170 


12 

8 


i2;i 

3. Lack of comprehension of process involved, 
(o) Inverted dividend: IJ- -s- 3J = J X 

i = fE- = 211-. 

(6) Inverted both dividend and divisor: 
If+ 1 S-AX! = . 

219 

371 

Be 

43 


244 



38 

88 


(c) Added denominators and multiplied 

numerators: 1} 4- = V X 5 * 

^ .... 

(d) Added numerators and multiplied de¬ 
nominators: li-r3i = fX?=fr... 

43 

62 

96 


27 

18 

46 

• a «•» 

(e) Disregarded denominator in quotient: 
Si-Mi --3? Xt-6. 

47 

46 

92 

• a t ^ 

Cf) Disregarded numerator in quotient: 
f-5-i=i>Xf = 3. 

B 

9 

17 

26 

■ » •<* 
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TABLE 12 (Continued) 


4. Difficulty in reducing fractions to lowest 

terms. 

(o) Did not reduce fraction: 

(6) ■feivi^d dwominator by numerator: 

y ".V X I “ !J ■= 1/r. 

6. Difficulty in changing mixed numbers to 

improper fractions: 3i + IJ =J^X 

JJ. aa . 

6. Omitted example (no attempt). 

7. Failure to change improper fractions Vo 

mixed numbers; 3J! -s- =-^XS= ^ 

8. Errora^ in copying: li -f- i =°j x !• = 

9. Difficulty in canceilation....!."!!!!!!. 

(a) Canceled within denominators: i -r 

4S. 

(b) Canceled within numerators: li + 

, , 3i =f'Xf = A. 

W in complete cancellation called quo- 
_ tient zero: 44 -i- Ah = «:x-r = 0 

10. Difficulty unknown; Ij 

Total. 


Qradb 
VIB 

Gsadb 

VIA 

roTu 

Pis 

OlHT 

269 

177 

436 

8.9 

223 

160 

378 

■ « 1 

36 

27 

68 


220 

201 

421 

8.6 

192 

214 

406 

8.8 

223 

126 

349 

7.2 

61 

52 

118 

2.3 

11 

63 

74 

1.6 

2 

9 

11 

.... 

6 

14 

19 

.... 

4 

40 

44 


76 

219 

294 

6.0 

2,348 

2,627 

4,876 

99.8 


Almost one-third of the errors in division of fractions, 
31.1 per cent of the total, were due to the use of the mul¬ 
tiplication instead of the division procedure; for PYampip^ 

If ^ If = ¥ X I = 

The pupils failed to invert the divisor. Faulty com¬ 
putations caused 13.8 per cent of the errors. Almost 
as many ^ors were due to lack of knowledge of basic 
processes involved in division. Some pupils inverted the 
dmdend; others inverted both dividend and divisor, 
a though this fault was found less frequently hTinn the 
inversion of the dividend. Other types of errors com- 
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*ned addition of the terms or multiplication of terms 
in faulty ways. 

As was found in the other processes, failure to reduce 
proper and improper fractions in answers to lowest terms 
constituted a major source of error. Likewise, many 
errors were due to difficulty in changing mixed numbers 
to improper fractions. A small amount of oiror was 
found due to difficulty in cancellation. Sometimes pupils 
canceled within the numerators; sometimes within the 
denominators. For the type of example involving com¬ 
plete cancellation, 

4J- =,f:x:g:= 1, 

the answer was often given as zero. 

(e) Summary of the investigation of faults in fractions, 
1. An error in computation is one of the major difficulties 
in work with fractions. The percentage of errors due to 
computation being 13.8 in addition, 8.2 in subtraction, 
28.7 in multiplication, and 13.8 in division. 

2. The major causes of errors in each process are as 
follows: 


Addition: ri;tiCr.NT 

(o) Lack of comprehension of process involved.... 20.2 
(6) Difficulty in reducing fractions to lowest terms 17.5 

(c) Difficulty with improper fractions. 17.1 

(d) Computation errors. 13.8 

Total. 

Subtraction: 

(а) Difficulty in borrowing. 24.3 

(б) Used wrong process. 20.3 


(cj Difficulty in reducing fractions to lowest terms. 14.6 
(d) Lack of comprehension of process involved.... 14.6 


‘ Percentage of difficulties unknown, 20.4. 
U 
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(e) Difficulty in changing fractions to 

nominator. 

(/) Computation errors. 


PmCEin 

common de- 


8.3 

8.2 


, .. 

Multiplication: 

(o) Computation errors. 28 7 

K comprehension of process involved. '" 171 
reducing fractions to lowest terns 17's 

(d) Onutted example (probably lack of comSel 

hension). ^ 

(e) Failure to change improper fractions’to mixed ‘ 

numbers. „ „ 

(/) Difficulty in changing mixed numbers to im¬ 
proper fractions. 2 8 

. 

Division: 


(a) Used wrong process. 31 1 

(b) Computation errors. .!!!!!.!. 13 8 

Tv^ ^1 comP^®*^®’}sion of process involved.... 12.1 

/ \ 1 ^ reducing fractions to lowest terms. 8 9 

(ej Difficulty in changing mixed numbers to im¬ 
proper fractions. 80 

(/) Omitted example (lack of comprehension of 
process) . g g 

(g) Failure to change improper fractions to rnirpH 

nuinbors,... f? o 


Total 


90.0 


3. The major difficulties in all processes are (a) lack 
ot comprehension of process involved, (6) difficulty in 
re ucmg fractions to lowest terms, and (c) difficulty in 
fractions to whole or mixed numbers. 
• ^ ifficidty in changing fractions to a common de- 
no^nator is a caime of relatively few errors in addition 
o fractions but a significant cause of errors in subtraction. 
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5. Changing mixed numbers to improper fi-aetions is 
a major cause of difficulty in both multipIi(!;ilion and 
division of fractions. 

6. There is clear evidence that the? kinds of i-rrors that 
have been analyzed exist in each of the Kradrs studic-d. 
Supplementary investigations show that they are also 
found in large numbers in the upper gradc-s.^ 

7. The analysis of eri’ore here reported is h:ifU;d on .a 
detailed study of the written work of pupils. It shtsild 
be supplemented by an individual study of the wrrrk of 
pupils who have special difficultie.s. »Su<-h u study shoukl 
be siTwilar to the studies of Bu-swell and John, and the 
writer, in analyzing the work of pupils in the fundamental 
processes. The many peculiar types of errons lisL fl in 
the tables clearly show the neefl of .special attt'ntioij tf» 
individual difficulties. This Ls especially true in 1 ire addi¬ 
tion of fractions. It wius not poiesihle (.o analyze thc' catjw .s 
of the errors in 20.4 per cent of th<r i-a-sr .s by ;m ♦ xumina- 
tion of the written woi’k ulcrnc. 

Problems for Study, Rbportk, and l^hscrrssrrrN 

1. Make an analysis of the unit sldlls in l.h<* <;xample.s in 
one of the diagnostic teste in fractions incl»idf<l in this 
chapter. 

2. Prepare a set of examples that duplicatc.s <jjui of the 
diagnostic tests included in this chapter. 

3. Arrange the types of e.xamples in one of the diagnostic; 
tests in the order of their difficulty. Use lire fas-te prescrnttHl 
in the tables in this chapter. 

4. How should the facts regarding difficulty erf typt^ of 
examples help the teacher? 

6. Wrat are the five most common types of faults in 
addition of fractions? in subtraction? iir multiplication? in 
division? 

6. Give a diagnostic test in a process in fractions to a 
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sixth-grade class. Analyze the work to discover how fre. 
qnently each type of example was worked incorrectly and 
determine the causes of each error. 

7. What types of difficulties could be overcome by 

of specific learning units designed to eliminate or to prevent 
them? Examine textbooks to see if special provision is mad e 
for such learning units. 

8. How do you account for the extreme difficulty of 
types, involving zero difficulties in subtraction of fractions? 

9. Explain the cause of difficulty in solving this multi¬ 
plication example: -J- x ^ 

10. Would you teach pupils to manipulate such fractions 
as sevenths, elevenths, and thirty-firsts? Why? 

11. What are the arguments against the teaching of can¬ 
cellation? 

12. Which are being used more widely at the present time, 
common or decimal fractions? Which do you thinV is likdy 
to be used more extensively in the future? 

13. Apply Dr. Osbum's technique in the analysis of the 
steps involved in solving the example: 7J- -f 8*. 

14. Why would it be desirable to individualize instruction 
in fractions? 

15. Prepare a list of ten problems illustrating the use of 
fractions in every day life. 
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Chapter VI 


diagnosis op difficulties in decimals 

AND PER CENT 

This chapter contains the results of a study of the 
errors made by pupils in Grades VI, VII, and VIII in 
analytical diagnostic tests^ on the four processes in ded- 
mals. The basis of the analysis was a study of the writ¬ 
ten work of more than three hundred pupils in these 
grades in four different schools in Minneapolis. The 
investigation sought to ascertain the types of examples 
in each process in decimals found most difficult, and to 
discover the causes of the errors made. 


1. Diagnostic Tests in Decimals. 

the tests used were as follows: Part 1 consists of 
examples in reading, writing, and conv^ng dedranls, 
and in comprehending the value of decimals. Part L 
consists of diagnostic tests in each of the four processes. 
Each test contains a wide variety of types of ex^ples 
involving different skills, or presenting special kmds of 
difficulties. The results of these teste made it possible 
to sample the entire series of skills in each process m 
dedmals. This is a much more satisfactory procedure 
than to use teste consisting of only a few types. Such 
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examples may contain only a small number of the specific 
elements and consequently may omit the very types that 
are the sources of the largest numbers of errors. Pupib 
were given as mucth time as they needed to work the 
examples in the tests. 

BauECKNEE Diagnostic Test in Decimals* 

Name. Grade. Age_ 

School. Date. 

I. Below are numbers written ns words. Write each in Hopimy i 

form. 

a. Five tenths... 

b. Four hundredths...... 

e. Sixteen hundredths... 

d. Three thousandths. 

€. Forty six thousandths.. 

£. One hundred seven thousandths.. 

g. Forty nine and eighty four hundredths. 

II. Write the numbers below as words. 


a. 

.65 

b. 

1.4 

c. 

8.76 

d.- 

.146 

e. 

1.09 

f. 

20.056 


III. Arrange the following numbers in order of their size. 
Write the number of greatest value first. 

Write here 

a. 23.3 1. __... 

h. 2.33 2__ 

c. 233.0 3__ 

d. 2.303 4. _ 

e. 200.38 6.. 

IV. Express as decimals: (a) f_ (b) l-J_ 

___ (e) - (d) 7i- 

* Published byilEducational Test Bureau, Minneapolis, Minnesota, 
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V. Express as common fractions; (a) .5^- 


(b) .76 __ 

(d) .149_ 


Addition 


Can you find the following sums correctly? 

1 4 2. .8 3. .16 4. 

1 .6 .25 

is .8 ^ 


.28 

.43 

.96 


6. .02 
.03 
.04 


6. .06 

7. 1.06 

.09 

2.08 

.08 

8.04 


8. 1.76 9. 2.75 

2.126 4. 

8.8 16.376 


Work No. Work No. 
10 here 11 here 

10. Find the sum of 9.66 + 8.375 + 6.4 

11. Find the sum of .8 + 8 + .126 

12. i + .26 =. . . 


Subtraction 

Can you do these subtraction examples correctly? 


1. .8 
.3 

2. .6 
.5 

3. .16 
.04 

4. .38 
.16 

5. 

.43 

.41 

6. .376 
.269 

7. .7 

.35 

8. .9 
.276 

9. .4 

.376 

10. 

.6 

.004 

11. 9.6 

8.4 

12. 18.6 
4.6 

13. 27.08 
16.17 

14. 9.3 
6.26 

16. 

18.2 

1.626 


Work No. Work No. 
16 here 17 here 


16. Subtract 8.826 from 20 

17. Subtract .6 from .76 
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Multiplication 

Can you do tlieae multipliootlon o^omploo oorrooUy? 

. 2-4X.I)2=...- 3. 4X,0I)2. 

. 5-6X,04 -. 6. 7X.008 = , 

„ a- b X ,0d -. 9. 4 X .005 = , 

lOo 2,6 
4 

14. 86 
.4 


21. 7.8 
6.4 


28. 100 X 8.5 = 
31. f of 6.4 =s 


11. 3.5 
8 

12. 3.28 

4 

18. 

4.G47 

5 

16, 20 
.6 

16. 32 

1.4 

17. 

2.6 

48 

- 19. , 

■ 5 X .03 =_ 20, 

.8 X .26 = 


22. 6.5 
4.8 

23. 18.4 
.26 

24. 

8.04 

.08 

= .... 26. 

10 X .96 = .... 27. 

100 X .14 

ss 

= .... 29. 100 X 8.65 = .... 30. 

200 X 9.4 

BS 


32. .08 X 25 X 

i = - 



Diviaiou 

Can you work all these division e.xample 3 ? 


1. 

4r8:4~ 

2. 3) 7.47 

3. 

8) 16.896 

4. 

2T:8~' 





5- 4)^76 

6. 

6) .972 

7. 

4y .12 ~ 

8. 6) .042 

9. 

24jTr~ 

10. 

sTi 

11. sTe— 

12. 

26y2 

13. 

26764 

14. 835~87 

15. 

26) 8.726 
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16. 

.8) 3.6 

17. 

.3) 18.03 

18. 

.4) 1.2 

19. 

.syr' 

20. 

.2) 10 

21. 

.4)1 

22. 

.tTT 

« 

CO 

.iiynT" 

24. 

.11)1.342 

26. 

.11) 3.3 

26. 

.i2yT 

27. 

.12) 9 

28. 

1.26) 6.76 

29. 

6.48) 7.128 

30. 

.834) 91.74 


To illustrate the differences between the examples in 
addition note the following typical points; 

(1) .4 In example 1 the sum is less than 10. The decimal 
.1 point in the sum is placed directly below the 
.3 decimal points in the addends. 

.8 

(2) .3 In example 2 the sum of the addends is greater 
.5 than 10. The chief element of difficulty involved 
.8 is placing the decimal point properly. 

1.6 

(5) .02 In example 5 the sum of the hundredths column 
.03 is less than 10. The element that causes difficulty 
.04 here is the handling of the zeros and the placing 
.09 of the decimal point. 

(11) Find the sum of .8 + 3 + .125. In this example the 
pupil must copy the numbers, place them correctly, 
know how to add decimals involving blank spaces, and 
to place the decimal point correctly. 

A similar analysis can be made for the examples in the 
test in subtraction. 

The major problem in the construction of a diagnostic 
test in multiplication of decimals is to make certain that 
the pupil encounters the types of situations which may 
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prfflent difficulty m the placement of the decimal nni„f 
m the product. Note the following types 
talten from the test in multiplication* ^ ^ 

(1) 4 X .2 = .8 
(4) 5 X .3 = 1.5 

off'^onlyT™ pdnt 

(19) .5 X .03 = .015 

(29) 100 X 8.65 = 865 

+ T^® involved is the shifting of the decimal noint 

to the right the proper number of places. ^ 

The analysis of the elements involved in these fom* 
examples m multiplication can be extended to the other 
e^mples in the test. In all there are 32 types of multi¬ 
plication examples in the test. 

^ has been pointed out by Monroe,* the question of 
ermining the major difficulties in division of decimals 

^ of fhe pupil to 

work the many different possible types of examples in 

process. Each example should contain a particular 
combination of the elements which cause difficulty. 
These elements are those involving the placement of the 

quotient, the procedure to follow 
When there are remainders, and the method of working 

S included in both the divi- 

.-^ divisor. The diagnostic test in division 

ElJ^rfsXoi jroii,*vSr ll^p?®2§7-9^f ^ Division," 
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contained 30 different types of examples, each of which 
involves a different element or combination of skills. 
The following will illustrate the method of determining 
the differences between the examples; 


( 1 ) 

(4) 

( 8 ) 

(19) 


2.1 This is a simple example. There are no 
difficulties, other than the placing of the 
' ' decimal point in the quotient. 

.4 The division is simple. The quotient 
is a decimal. 

,007 The new element here is the inseition of 
0 -^ 042 zeros to fill in empty places in the 
quotient. 

6 4 - .3 = Here it is necessary to annex a zero to 
2 0 the dividend because the divisor is a 
.SlelO decimal, tenths, and the dividend is a 
^ ' whole number, 6 . 


1.1 This example involves the division of a 
6 48 '17.12 8 decimal containing thousandths by a 
' ' decimal containing hundredths, resulting 
in a special difficulty in placing the deci¬ 
mal point in the quotient. 


2. Relative Difficulty of Examples in Decimals. 

The diagnostic tests in decimals were given to pupils 
in grades 6, 7, and 8 in order to secure a measure of the 
difficulty of the various types of examples in the tests. 
Table 13 contains the per cents of error made by a group 
of 168 Minn eapolis seventh-grade students on the ex¬ 
amples contained in each of the four processes in the 
diagnostic tests on pages 220 to 222. The numbers of 
the examples in the table correspond to the numbers of 
the examples in the tests. 
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TABLE 13 


Per Cents of Error by 168 Seventh-Grade Pupils 


A. Addition 


Eeauflu 

1. 

Pfin Ceot 
or EnnuB 

ElCAMPt.19 

7. 

PoB Cdnt 

OF EfiRon 

2. ...... 

. 60 

8. 


3. 


9. 


4. 


10... 


6. 

. 2 

11. 


6. 


12. 

__ .10 


B. Subtraction 


1 . 


9 . 

IfT 

2 . 

. 1 

10 . 

. H 

17 

3 . 

. 2 

11. 

1 

4 . 

. 1 

12. . 

K 

6 . 

. 1 

13 . 

• • • 4 . 0 

A 

6. 


14. 

rj 

7. 

. 7 

16 . 

18 

8 . 

. 15 

16 . 

91 



17 . 

. 26 


C. 

Multiplication 


1 . 

. 2 

17 . 

Q 

2 . 

. 4 

18 

1A 

3 . 

. 4 

19 . 

. 20 

4 . 

. 17 

20 . 

. 12 

6 . 

. 8 

21 

11 

6 . 

. 9 

22. . . 

19. 

7 . 

. 17 

23 . 

1R 

8 . 

. 9 

24. . 

A 

9 . 

. 12 

25 

ia 

10. 

. 8 

26 . 

90 

11. 

. 12 

27 

10 

12. 

. 16 

28 

17 

13. 

. 18 

29. 

1R 

14. 

. 15 

30 

91 

16. 

. 8 

31 

AR 

16. 

. 16 

32. 

. 66 
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D. Division 



Pub Cunt 


Psn Cesit 

ExAAinia ^ 

OT Ebbob 


OF Erb'oh 

1. 

. 3 

16. 

. 32 

2. 

. 16 

17. 

. 30 

3 . 

. B 

18. 

. 28 

4. 

. 2 

19. 

. 65 

5. 

. 7 

20. 

. 69 

6. 

. 11 

21. 

. 59 

7. 

. 16 

22. 

. 71 

8. 

. 12 

23. 

.33 

9. 

. 26 

24. 

.36 

10. 

. 29 

25. 

.37 

11. 

. 36 

26. 

. 60 

12. 

. 34 

27. 

. 66 

13. 

. 48 

28. 

. 61 

14. 

. 69 

29. 

.34 

IB. 

. 28 

30. 

.39 


E. Summary 


PnocBaa 



Aanoe Median 

Addition. 



2-49 8.0 

Subtraction. 



1-26 6.0 

Multiplication.... 



2-56 14.6 

Division. 



2-71 34.0 


The data in Table 13 show that there is a large varia¬ 
tion in the difficulty of the various types of examples in 
each process. This is shown by the per cents of all pupils 
who made errors on the examples. Part E of Table 13 
diows that the variation in per cents of error on the addi¬ 
tion test was from 2 to 49 per cent, on the subtraction 
test, from 1 to 25 per cent, on the multiplication test, 
from 2 to 56 per cent, and on the division test, from 2 to 
71 per cent. This variation is practically as great as 
was found for types of examples in fractions. It should 
be pointed out that the computations involved in the 
examples on the tests are very ample. The cause of diffi¬ 
culty in solving the examples is therefore chiefly that of 
manipulating the dedmal points. 
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The data that have been described show that systematic 
practice must be given on a wide variety of types of 
examples in each process in decimals. An analysis of 
the facts in Table 13 will aid the teacher to discover the 
most difficult types in each process. Similar tests should 
be given to every class working on the decimal processes 
to discover the types of examples that are causing difiS- 
culty. Carefully constructed practice exercises can be 
prepared in the light of the known facts regarding diffi¬ 
culty of types. Special practice should of course be given 
on the difficult types. 

3. Analysis of Faults in Decimals. 

After the tests had been given to the pupils, the first 
step was to check the examples that were incorrect and 
to determine the causes of the errors by an examination 
of the written work of the pupils. In most cases this 
was a relatively easy matter. It should be pointed out 
that the computations in the tests -were kept as simple 
as possible so that errors due to faulty handling of decimals 
would be revealed rather than errors due to difficult com¬ 
putation, The reasons for the errors were then classified 
according to type. 

The total number of different kinds of errors isolated 
was 114, the largest variety occumng in grade VIII. 
The kinds of errors were more numerous in multiplica-, 
tion and division than in addition and subtraction. They 
were distributed as follows: general difficulties in reading, 
vmtmg, and conversion, 33; difficulties in addition, 15; 
difficulties in subtraction, 14; difficulties in multiplica¬ 
tion, 26; and difficulties in division, 26. 

There was no evidence that errors are at all typical by 
grades. Therefore, in the tables, the errors for all grades 
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are combined. The tables contain the classification of a 
total of 8,785 errors. The analysis of the errors is obvious 
from the statements of the errors given in the tables.' 

(a) Difficulties in Reading, Writing, and Converting 
Decimals. What seemed to the investigator to be an 
astonishingly large number of difficulties was revealed by 
Part 1 of the test. Table 14 contains the summary of 
errors in this part of the test. 

TABLE 14 

Difficulties in Reading, Wsiting, and Convbbting 
Decoials 

IlRBQilENCT 


1. Lack of comprehension of numerical values of decimals 519 

2. Difficulties in expressing decimal numbers in words: 

(а) Errors in spdling. 451 

(б) Omission of essential words.16 

(o) Inability to write decimal fractions in words. 15 

3. Difficulties in reading and writing decimals: 

(а) Inability to write fractions as decimals. 96 

(5) Misplacing of decimal point. 88 

(c) Inability to express mixed numbers in decimals.. 56 

(d) Zero difficulties: 

(1) Racing of extra zero in answer. 26 

(2) Misplacing of zero. 22 

(s) Writing decimals as part common fractions and 

part decimal fractions.:. 38 

4. Difficulties in writing decimals as common fractions: 

{a) Inability to reduce fractions to lowest terms. 58 

(б) Inability to write decimals as common fractions . 44 

6. Lack of fundamental knowledge. 261 

6. Other difficulties: 

(a) Mathematical. 0 

lb) Non-mathematical: 

(1) No attempt. 128 

(2) Carelessness in reading. 120 


I The data in the following tables have previously appeared in the 
artide by the author, “Analysia of Difficulties in Deamals," Elementani 
School Jourrid, Vol. 29, pp. 32-44, 
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(3) Failure to write out completely 

(4) Failure to, follow directions. 

(5) Work incomplete. 

7. Miscellaneous. 

Total. 

The largest number of errors, 519 in all, was made in 
example 3 on the test in which the pupils were asked to 
arrange the numbers in the order of their value. The 
many errors suggest that the pupils did not have a clear 
notion of the value of place in the decimal system. It 
may be that we assume that the pupil learns the value of 
place from work in the four processes in decimals. The 
results of this study show that considerably more stress 
needs to be given to this phase of work with decimals 
before we can be certain that pupils understand the place 
value of numbers in the decimal system. 

Many errors were due to misspelling when pupils were 
asked to express decimals in words, the chief errors being 
the use of hundreds for hundreddis, and thousands for 
thousandths. Considerable difficulty was found in reduc¬ 
ing fractions to decimals, or decimals to fractions. In 
many cases these examples on the test were not even 
attempted, showing probably complete lack of knowledge 
of how to proceed. Evidently the reduction of fractions 
to decimals and vice veraa had not been sufficiently 
stressed in these classes. 

(b) Difficulties in Addition and Subtraction of Deci¬ 
mals. As can be seen from the data in Table 15, the two 
chief sources of error in addition of decimals are errors in 
addition and incorrect placement of the decimal point in 
the sum. The latter type of error occurred especially 
in examples 2, 4, 5, and 6 in the test. In 34 cases the 


rsiqimtot 

77 

64 

22 

77 

2,175 
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numbers were not placed correctly in examples 11 or 12. 
In only a few cases was the decimal point omitted. 


TABLE 15 

Dippicultibs in the Addition op Decimals 

XrnxQtTBMaT 

1. Difficulties basic to any addition: 

(a) Errors in number combinations. 128 

(b) Difficulties in carrying. 31 169 

2. Difficulties peculiar to decimal situations: 

(a) Misplacing of decimal point.. 276 

(b) Difficulties in adding common fractions and 
decimals: 

(1) Inability to add.— • 23 

(2) Fractions added to dedmals (.4 + f = .41) 20 

(c) Misplacing of whole number. 34 

Id) Omission of decimal point. .^ 

8. Other difficulties: 

(a) Mathematical (miscellaneous). 6 

(b) Non-mathematical: 

(1) No attempt. 

(2) Failure to follow directions. 14^ 

(3) Work incomplete. J 

(4) Carelessness. ._ 

Total. 


TABLE 16 

Dippicultibs in the Subtraction op Decimals 

Fbbqubnot 

1. Difficulties basic to any subtraction: 

(o) Difficulties in borrowing. 221 

lb) Errors in subtraction.- . 

(c) Subtraction confused with addition. A6 

Id) Zero difficulties... 

(e) Subtrahend and minuend reversed. a™ 

2. Difficulties peculiar to decimal situations: 

(a) Misplacing of decimal number in subtrahend 74 

(b) Omission of decimal point. 

(c) Misplacing of decimal point. — 

u 
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TABI*E 16 iConiinued) 


8. Other difficulties: 

(«} Mathematical fmiaeelJaneousl 
( 0 ) Non-mBthematical: 

(1) No attempt... 

r^inxo, 

{£) Work Incomplete , 

^orelensneea . 


Total. 


465 


* 1 '^^*^*^*'*°*^ source of error was lack of 

coub-ol over the procedure to use when bo^o^fw^ 

needed, especially in examples 7, 8, 9, 10, 14, and 15 
^ appeared in the minuend, 

rim ^ subtraction test were due 

to this difficulty, A considerable number of errors was 

traction^n? confusion of the sub- 

Snt of The incorrect place- 

ment of the subtrahend m such examples as: 

Subtract .5 from .76, 

sSi; ^^amely, probable lack of unde^ 

few casM decimal system. In a 

MultipHcation of Decimals. The 

of deoimnia ^ difficulties in the multiplication 

01 decimals are given in Table 17: 

TABLE 17 

isficultieb in the Multiplication op DEciMArs 
fa^E^Awf ^multiplication: t?^quhitct 

(S “i'»l«Phcation.. ... 366 

6) Difficulties in carrying.. 

W) M^Wni^ addition of partial produrts ’34 

(«) il „( 
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TABLE 17 {Continued) 

2. Difficulties peculiar to decimal situations: 

(o) Placement of decimal point: 

(1) Misplacing of decimal point. 

(2) Omission of decimal point. 

(5) Zero difficulties: 

(1) Failure to prefix zero. 

(2) Prefixing of unnecessary zero. 

(3) Annexi n g of unnecessary zero. 

(4) Failure to annex zero.. 

(c) Inability to express common fractions as 

decimals: 

(1) Inability to multiply decimals and frac¬ 
tions ... 

(2) Answers written in fraction form. . 

(d) Multiplied whole numbers and added deoi- 

(e) Multiplied whole numbers and decimals sep¬ 
arately . 


FaBQUBircr 


631 

119 

87 

38 

19 

10 


62 

52 

13 

2 1,033 


3. Other difficulties: 


(o) Mathematical: 

10 


(1) JVLispia-cing ui .. 

(2) Miscellaneous. . . 

(3) Added instead of multiplied. 

(b) Non-mathematical: 

20 

.... 36 

.... 168 

66 


52 



24 



6 

260 



1,814 


The data show that there were three chief sources of 
error in multiplication of decimals, namely. 

1. Difficulties basic to any multiplication, such as errors 

in combinations or in carrying. _ 

2. The placing of the dedmal point m products. . 

3. The omission of the decimal point. . , 

The use of zeros caused many errors, either through 
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failure to prefix or annex zeros when necessary, or through 
the prefixing or annexing of unnecessaiy zeros. The 
following illustrate typical errors: 

(а) 4 X .02 = .8 Omi^ion of a necessary zero. 

(б) 5 X .03 = .015 Insertion of an unnecessary zero. 

(c) 6 X .36 = 216 Omission of decimal point. 

(d) 5 X .3 = .15 Misplacement of decimal point. 

Many pupils failed in the example, § of 6.4, or omitted 
it entirely, again displaying weakness in converting frac¬ 
tions to decimals, or being unable to work examples of 
this type because the type never had been presented in 
the development. 

(d) Difficulties in Division of Decimals. More errors 
were found in division of decimals than in any of the 
other processes. 


TABLE 18 

Dippiculties in the Division op Decimals 


1. Diinculties basic to any division: 

(o) Errors in division. 376 

(6) Difficulties with trial divisor. 99 

(c) Misplacing of remainder. 83 

(d) Errors in multiplication. 47 

, (e) Errors in subtraction. 11 61G 

2. Difficulties peculiar to decimal situations: 

(а) Placement of decimal point: 

(1) Misplacing of decimal point. 1,436 

(2) Omission of decimal point. 366 

(3) Decimal point used when unnecessary,. 83 

(б) Zero difficulties: 

(1) Failure to prefix zero in quotient. 163 

(2) Failure to annex zero to dividend. 143 

(8) Failure to annex zero to quotient. 106 

(4) Placing of extra zeros in quotient. 86 
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TABLE 18 {Continued) 

(5) Prefixing of unnecessary zeros with re¬ 
sulting wrong placement of decimal point 

(6) Misplacing of zero in quotient.....- 

(c) Failure to reduce remainder to decimal. 

8. Other difficulties: 

(o) Mathematical; 

(1) Failure to know correct procedure. 

(2) Miscellaneous. 

(6) Non-mathematical; 

(1) Work incomplete. 

(2) No attempt. 

(3) Carelessness. 

Total. 


Fbequbnot 

34 

19 

172 2,697 


89 

39 

202 

198 

10 638 

.. . 3,761 


As was expected, a considerable proportion of the totel 
number of errors was due to faulty combinations in the 
division process, approximately one-sixth of the total. 

The largest single cause of errors was due to 
ment of the decimal point or its omission. This difficulty 
arose chiefly in examples in which the dmsor was a 
decimal and the dividend a whole number, such as 


AW* 

The use of zeros also was a source of considerable diffi¬ 
culty. The most common errors in this group were; 


(а) failure to prefix necessary zeros in 
the quotient; as 

(б) failure to annex zero to dividend; as 


.6 ■ 
3 
3 


(c) failure to annex zero to quotient; as 


(d) placing of extra zeros in quotient; as 


. 23 ^ 

.03 

4312 
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Many pupils neglected to reduce the remainder to a 
decimal in such examples as, 33"^ 

Whether this was due to lack of knowledge of how to 
proceed or because the directions were not definite enough 
is not known. This point shows the desirability of in¬ 
terviewing pupils whose work contains certain types of 
errors or shortcomings, to detemine the specific causes. 
This procedure might have cleared up the reasons why in 
many eases the work was incomplete or the example not 
attempted. A very worth-while study of this type could 
be made by someone interested in making a study for 
decimals similar to that made by Buswell and John for 
the fundamental processes. 

(e) Summary of the Investigation. 1. Many pupils do 
not have adequate concepts of the numerical values of 
decimals. This can be seen in Table 14 from the 519 
eri’ors due to this difficulty. Only two other types of 
errors occun-ed as frequently, namely, misplacing the 
decimal point in division, and misplacing the decimal 
point in multiplication. 

2. Many errors were due to the misspelling of the deci¬ 
mal written in word form; for example, “hundreds" for 
“hundredths.” 

3. Failure to place the decimal point correctly was the 
greatest cause of errors in addition, .3 + .6 + .8 = .16 
being the most common type. 

4. The number of errors in addition due to inaccuracy 
was about half as great as the number of errors due to 
the misplacement of the dedmal point. 

5. The greatest difficulties in subtraction were in bor¬ 
rowing and in the placement of the decimal number in 
the subkahend. There were few errors due to inaccuracy. 

6. The major difficulty in multiplication of decimals 
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was the misplacing of the decimal point or its complete 
omission. 

7. There were many errors due to inaccuracy in mul¬ 
tiplication. 

8. The major causes of errors in division were the mis¬ 
placing of the decimal point, faulty placement of zeros, 
omission of the decimal point, and inaccuracy. 


9. The types of examples in each of the four processes 
in decimals worked incorrectly most frequently are as 

follows: 

AnorrioN 


1. 2.75 

2. Find the sum of .8 + 3 + .125 

4 

16.375 



3. .28 

4. .25+ i = 

6. .3 

.43 


.6 

.95 

SUBTEACTION 

.8 

1. 18.2 

2. .4 

3. .6 

1.626 

,376 

.004 


4. Subtract 3.826 from 20 

5. Subtract .6 from .76 

Multiplication 

1. 4.647 2. .5 X .03 = 3. 200 X 9.4 = 

5 


4. t of 6.4 = 


6. .08 X 25 X i = 
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j 

Division 

1. 33^ 2. 3. ,12^ 

4. .3^ 6. .2^10 6. .73r 

4. Diagnosis of Difficulties in Per Cent. 

Percentage is an application of decimals used com¬ 
monly in business transactions and elsewhere. This 
process is commonly taught in gi’ades 6, 7, and 8. 

(a) The skills involved in per cent. The chief ^lls 
involved in working with per cents are the following: 

1. Changing decimals to hundredths and to per cents 

2. Changing per cents to decimals 

3. Changing fractions to decimals 

4. Changing fractions to per cent 

5. Finding a per cent of a number (Case 1) 

6. Finding what per cent one number is of another (Case 2) 

7. Finding a number with a per cent of it given (Case 3) 

In each of the above sldlls there is included a large 
variety of applications involving the ability to manipu¬ 
late decimals of different forms. For example, the 
changing of decimals to hundredths may be involved in 
such forms as changing .3, .125, or .12 to hundredths, 
each form presenting a special application of decimals 
which must be taught spedfically. Finding a per cent 
of a number involves the multiplication of decimals. 
Finding what per cent one number is of another involves 
a knowledge of ratio and the method of reducing a ratio 
to a dedmal. finding a number when a per cent of it is 
given involves the division of decimals. Deficiencies in 
each of these processes may be discovered by means of 
the diagnostic tests in decimals previously described, 
rb) Types of examples in per cents. The diagnostic 
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teati on this page makes it possible for the teach^ to 
determine the ability of the pupils to manipulate a large 
variety of types of examples in percentage. The test is 
divided into seven parts corresponding to the list of skills 

above. 


Name. 


Bruecknbr Diagnostic Test in Percentage 

School...-.-. Grade.— 


.125. 
3...... 


J. 

k. 

l. 


8 

4 • 

I- 


1 Express the foUowing as per cent: 

■ 05 d. 1.375 - g- 1-2 

1 116:;;;;::. .2 ^. 

c. .25_ /. -12,- 

2 Express the following as decimals: 

'a. 6% — d.ne% — 

3. Express the following as per cent: 

6. I-. e- §- ^ -- 

c. ^_ /• 4- A- 

4 . Express the following as hundredths and as per cent: 

a. A =.=-% a tz .i 

b. is = .=- ^ 

6 Find the answers to the following; 

a. 6% of 80= d. 20 % of 65 = 

h 7% of 174 = e. 28% of 72 — 

c. lZi% of 80 = /• 1331% of 60 = 

6. Find the missing per cents: 
o. 8 =. %of32 

b. 3 =_% of 10 

c. 4 = ._% of 100 

d. 15 =-% of 75 

e. 2 =_% of 40 


87i%-- 

200 %- 


n. s ■ 

7 

0. i 


_ % 

_ % 


g. 130% of 800 = 

h. 136% of 854 = 

i. 37.6% of 720 = 


/. 40 =-% of 40 

g. 30 =-% of 90 

h. 120 =-% of 96 

i. 144 =- %of48 


1 Similar diagnostic trats and |®^^^^|”Grader6r7f ^d IT pub^hed 
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7. Find the missing numbers: 

o. 7 = 20% of. d. 60 = 100% of ... 

&. 12 = 5% of. e. 180 = 120% of.... 

c. 20 = 20% of. /. 266 = 126% of. 

Part 1 is a t^st of the ability of the pupil to express 
a variety of types of decimals as per cents. Each example 
presents a special t 3 TDe of difficulty. The difficulty is 
obvious in each ease. In Table 19 are given the per 
cents of error on each example made by a group of 405 
7A pupils in Minneapolis schools who were given the 
diagnostic test at the end of the semester. In part 1 
of the test, example a was worked incorrectly by 8.4 per 
cent of 405 pupils. These pupils had completed the work 
in per cent. 

An examination of the table will reveal a large variation 
in the difficulty of the different examples in . each part of 
the test. In part 1 the most difficult types involved the 
chan^ng of such numbers as 1.2, .125, and 3 to per cents. 
The introduction of decimals of per cents in part 2 was 
the cause of many errors in the changing of per cents to 
decimals: more than half of the pupils made errors in 
changing 16.5% and 118.5% to decimals. Relatively 
few errors were made in expressing simple fractions as 
per cents. 

The difficulties present in parts 1 to 3 undoubtedly 
caused much difficulty in certain types of examples in 
parts 5, 6, and 7. The per cents of error on each example 
ranged smaller in exercises involving finding a per cent 
of a number than in the other two cases. The per cents 
of error on the whole were greatest in exercises in finding 
a number when a per cent of it was given, as many as 
96.5% of the pupils failing on the example, 255 = 125% 
of-. The per cents of error in the other examples 
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in this part of the test were all very large. It is obvious 
that practice exercises in percentage must be constructed 
on the basis of the known difficulty of various types of 
examples in each of the basic skills involved in per cent. 

A preliminary examination of some of the drill mate¬ 
rials found in practice exercises and textbooks shows that 
little consideration has been given to the careful analysis of 
the types of difficulties that a pupil may encounter in 
working with per cents. Obviously remedial work, to 
overcome difficulties revealed by such a diagnostic test 
as the one on page 239, cannot be adequate unless the 
teacher has exercises which give practice on the varied 
types contained in the test and weight the practice accord¬ 
ing to the difficulty of the processes involved. 

TABLE 19 

Relative Doticulty op Types op Examples in Per Cent 
(Based on Results of 406 7A Pupils) 


1. Expressing Decimals as Per Cents:. 


Examvlid 

Psn Cunt 

OF Ebuos 

ISXAAiPLB 

TanCsssr 

OFEimOR 

(o) '.06. 

. 8.4 

(/) 1.33i. 

.... 69.1 

(b) .26. 

. 8.8 

ia) 1.376. 

.61.6 

(cj .m. 

. 20.6 

.(ft) .126. 

.... 63.8 

id) 1.16. 

.29.0 

'i^i 1.2. 

. 

.... 64.2 

W .2. 

. 57.5 

.... 65:9 

2. Expressing Per Gents as Decimals; 


(a) 16%. 

. 4.2 

if) 116%. 

.26.7 

(6) 40%. 

. 5.0 

(9) 120%. 

.26.7 

(c) 6%..;... 

. 12.9 

(ft) 1661%,.... 

. 28.4 

id) 87J%. 

. 16.0 

ii) 16,6%. 

. 63.8 

(e) 200%. 

. 26.7 

U) 118.6%. 

. 66.7 

3. Expressing Fractions as Per Cents: 


(a) ^. 

. 4.2 

mi . 

. 7.4 

(6) 1. 

. 6.7 

(e) i. 

. 7.9 

(c) i. 

. 6,4 

(/) I. 

. 8.9 
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(0) i' 

(A) tV- 
(i) §•• 
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TABLE 19 (Continued) 


9.2 

9.2 

9,4 

9,6 

9.8 


(l) i 

(m) -J 
(») » 
( 0 ) 




0‘) I 

(fc) i 

4 Expressing Fractions aa Hundredths: 

(c) f?? 

(d) 1 


14.1 

14.5 

16.6 
24.4 


(o) 

C&) -h- 


30.9 

36.0 


r 


48.1 

61.1 


C Finding Per Cents of Numbers: 

(a)12Wrf80.25.4 (/)m5%ot_60. iU 

(&) 20% Of 65. 26.2 

(c) 6% of 80. 28.2 

(d) 7% of 174. 30.8 

(e) 28% of 72. 34.1 


(0) 130% of 800. 49.2 

(h) 136% of 854. 67.6 

(i) 37.B% of 720 . 73.6 


(e) 28%' 

6. Ftadtos the P» Osnt On. Number is .1 

(o) 8 - “■ *5 ■ (2 4 = ol MO 1U 

(8) 3 =....% of 10 ... 68.9 

7. Hnding . N.mb» uith a Pr. Cut Givoni ^ ^ 

(o) The most common difflcnWes in pet cent In 
ord® to determine the most common dificultie. 
cent, the test papers' of the 405 7-A pup* were stndid 
and the causes of the errors on each of the exampto 
were deterniined. The errors were m ffl, 

those involving percentage as such, and ( ) . 

such aa errors in computation, miscopymg gures, 
similar mistakes. The total number of errors analyzed 
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was 11,735* The number of errors in each part of the 


diagnostic test was as follows. 


Pabt 

PanCSHTAGB 

SlBItOBB 

All Oxbbbb 

. 1,770 

100 

tt . 

. 1,034 

111 

ttt . 

. 441 

266 

TV . 

. 798 

478 

V . 

. 340 

1,660 

ttt . 

.2,049 

684 

tttt . 

. 1,061 

1,063 

Total. 

. 7,493 

4,242 


In Table 20 all of the difficulties in each part of the 
test are analyzed and illustrated, and the number of 
times each difficulty was found is indicated. The items 
under each type of difficulty are grouped and have been 
arranged in the order of their frequency. 

TABLE 20 

SUMMABY OP DiPPICULTIES IN PEE CBNT 
I. Difficulties in Changing Decimals to Pee Cent 


TndSB 

PODHD 


Dbbciuition 

1 Drops decimal point and adds % symbol: 

.2 = 2% or .126 = 126%... 

2. Copies numbers and writes per cent after it: 

3 = 3%... ;■•••; 

3. Changes the decimal number to its equivalent 

fraction and adds per cent symbol: 

.5 = ^%; .121 = i%..... 

4. Omits integers in a mised_ decimal and 

(а) Changes only the decimal: 

1.331 = 33^%. VV’IV . 

(б) Moves decimal point one place to rignt. 

1.2 = .. 

5. Multiplies the whole number by 10: 

3 = 30%. 

6. Merely copies numbers: ., 

. . .. 


660 


628 


184 


108 


46 
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TABLE 20 {Continued) 

Dcrciiietidk 

7. Moves decimal point to Ufi: 

(a) One place: .12j = .012^%. 

(l>) Two places: .12| = .00126%. 

(c) Three places: .12^ = .000126%... 

8. Moves decimal point to right: 


(а) One place: .125 = 1.26%. 41 

(б) Three places: .2 = 200%. 28 

{). Changes to equivalent fraction and uses denom¬ 
inator as %; 

.05 = 20%. 14 

10. Divides the whole number: 

(a) by 10: 3 = .3%. 11 

(b) by 100: 3 = .03%. 13 

11. Inserts zero and retains decimal point: 

1.2 = 1.02%. 12 

12. Changes part of the decimal to a fraction: 

1.876 = 1.37|%. 11 

13. Inserts zero and omits decimal point: 

1.2 = 102%. 7 

14. Writes a mixed decimal as a common fraction, 

using the whole number as the numerator and 
the decimal as the denominator: 

1-16 = *%. 6 

15. Changes to nearest per cent: 

137.6 = 138%. 1 

16. Number of all others including computation errors 

and omissions. 100 

Total. 1,870 

II. Difficulties in Changing Per Cent to Decimals 

1. Merely drops % sign in answer without changing 

to hundredths: 

16.6% = 16,5. 820 

2. Moves decimal point to the left: 

(o) one place: 16.6% = 1.65. 139 

(b) three places: 116% = .116. 296 
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TABLE 20 (Continued) 

TiuEe 

DasaniPTioN FotrND 

fc) three places and contracts to a two-place 

decimal: 166f% = .161. 

3. Inserts zeros: 16.5 = 16.06%; 16.5 = 16.005%.. 108 

4 Drops the % sign and annexes a zero: 

16.6% = 16.50. 63 

6. Drops the whole number, inserts a zero, and writes 
as per cent: 

16.6% = .06%. 28 


6. Changes per,cent to fractional equivalents: 

871 % = 1 . 

7 Changes number to nearest hundredths: 

871% = .88. 

8 Copies number and changes fraction to decimal: 

871% = 87.5. 

9. Moves decimal point to the right: 

(a) one place: 118.6% = 1185. 

(b) two places: 118.6% = 11860. 

10. Copies number and changes decimal to a fraction: 

118.6% = 1181. 

11. Retains % sjrmbol after changing to a decimal: 

6% = .06%.. 

12. Drops fraction when per cent contains a mixed 

number: 

871% = .. ■••• 

13. Disregards the whole number in the answer: 

166|% = .661... 

14. Changes answer to nearest hundredths: 

166§% = 1.67... 

16. Drops the whole number and changes fractions: 

(а) to its fraction equivalent and used denomina¬ 
tor as per cent: 166f % = 3%... 

(б) retains decimal: 16.6% = .6%. 

16. Number of all other errors including computation 

and omissions.. 

Total. 


11 

10 

8 

7 

8 

7 

6 

4 

3 

3 

2 

1 

111 

1,145 
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TABLE 20 {Continued) 

IIL Difficulties in Changing Common Fractions to 
pEm Cent 


DrwniiTioM 

1, Lacks knowledge of fraction equivalents. 

2. Adds the syrnhol % to fraction: 


J =s .1 1 / 

» 8 /tf- 


3. Divides numerator by denominator but carries it 

out only one decimal place: 

i ’^^% . fiO 

4. Multiplies numerator by denominator: 

S = 10%. 36 

6. Copies the denominator of the given fraction: 

= 20%. 32 

6. Copies numerator of fraction: 


■I = 7%. 


7, Expresses the correct answer as the denominator 


of a unit fraction: 

■aV ~ J %. 4 

8. Multiplies denominator of fraction by 10 and ex¬ 

presses answer as per cent: 

A = 100%. 2 

9. Number of all other errors including computation 

and omissions. 266 

Total. 707 


IV. Difficulties in Changing Fractions to Hun¬ 
dredths AND Per Cent 

A. Changing fractions to hundredths: 

1. Copies numerator and; 


(a) moves decimal point two places to left: 

* = .07. 104 

(h) moves decimal point one place to left: 

>9. 20 

(c) moves decimal point three places to left: 

A = .007. 19 
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TABLE 20 {Coniinued) 


Debcbiption Jo™ 

2. Copies entire fraction or mixed number and: 

(а) moves decimal point two places to left: 

A = 'OOifiy. 50 

(б) moves decimal point one place to left: 

I3 = 6 

(c) moves decimal point one place to left and 
changes fraction to decimal: 

H = -133^. 10 

8. Multiplies numerator by denominator and: 

(a) points off two places: 

I = .12. 46 

(b) points off three places: 

= .176 . 1 

(c) places product over 100 as answer: 

■ 5 V = 6 

4. Writes numerator as a whole number and the 

denominator as a decimal: 

* = 9.10. 34 

5. Copies denominator and: 

(а) moves decimal point one place to left; 

A = 2.6. 1 

(б) moves decimal point two places to left: 

A = .25. 16 

6. Multiplies numerator by 100 and: 

(a) retains denominator: 

A = A X 100 = 2 

(b) omits denominator: 

A = 9 X 100 = 900. 18 


7. Changes mixed number to improper fraction 

and: 

(а) divides denominator by numerator: 

1| = i = 45r = .76. 11 

(б) copies numerator: 

If = ^ = 4. 10 

8. Divides numerator by denominator but fails 

to carry out answer two places: 

A = 2ff 

A ~ >9 .. 


u 


12 

















248 DIAGNOSTIC TEACHING 

TABLE 20 (Continued) 

Tniiu 

DESCBimoH FauKi) 

9. Drops whole number and changes only frac¬ 
tion to a decimal: 

l^ = .33i.10 

10. Multiplies both terms of fraction by 10: ’ 

.'• • • • 0 

11. Multiplies numerator by denominator: 

2- = 12. 7 

12. Divides denominator by numerator: 

. ® 

13. Changes denominator to hundredths: 

■is — tStt. 

14. Multiplies denominator by 10 and: 

(o) retains numerator: = xlnr.^ 

(6) drops numerator: - 2 ^ = 250. 4 

16. Places denominator over 100: 

•^=‘-^5 . ^ 

16. Simply changes mixed number to improper 

fraction: 

1^ = i. 3 

17. Simply copies numerator: 

* = 9...; 2 

18. Copies denominator and expresses it as a unit 

fraction: 

A == fff. ^ 

19. Inaccuracy in equivalents: 

L} = 1.66J. 1 

20. All other errors including computation and 

omissions. ^ 

Total—A. 639 

B. Changing fractions to hundredths and to per cent: 

1. Error due to first step of process being wrong 

—error in c.bangi ng fraction to decimal: 

^ = .09 = 9%. 268 

2. Copies original fraction: 

ife “ sHr%. 


48 
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TABLE 20 (Continued) 


Tmss 

Found 


3 


DEBcnimoN 

8. Copies numerator of first answer: 

= TVifir = 175%. 24 

4 Copies denominator of original fraction: 

^=BQ% . 10 

5. Adds numerator and denominator: 

A = W=910 . 9 

6 Changes original fraction to decimal: 

If = L83i = 1.38-1%.■.. 8 

7. First multiplies numerator and denominator 

of original fraction; expresses result as 
hundredths and multiplies by original nu¬ 
merator: 

= 1.76 = 7 X 1.75 = 12.25. 

8. Multiplies hundredths (dedmal_ or fraction) 

by numerator of original fraction: 

^ = .28 = .28 X 7 = 1.96 or 
■jk — X 7 = .. 

9. All other errors including computation and 

omissions. 

Total—B. 

Grand Total of A and B. 1,276 

V. DiFFicuiiTiBS IN Finding a Per Cent of a Number 

1. Adda per cent symbol to answer: 

20% of 65 =-- Solution: 20% of 65 = 

13%. 

2. Divides the numbers: 

(o) Base by the rate: 

6% of 80 =- 

16 i 

Solution: 6)80 . 

(6) The rate by the base: 

6% of 80 =- 

.75 

Solution: 8)6.00T. 

56 


266 

637 


40 

40 
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TABLE 20 {Continued) 

Tiues 

DEBcmiTtoi; 7 odiiii 

3 . SiiK-ply expresses per cent as an eQuivalent frac¬ 
tion: 

37.B% of 720 = .. 

Solution: 37.5%of720 = g. 5B 

4 Uses only fractional part of per cent: 

133^ % of 60 =. 

Solution: J X 60 = 20. 19 

5, Lacks knowledge of equivalents: 

37.5% of 720 = — 

Solution: 37.5% = a 
oo 

J.X-726 = 630. 21 

6 . Subtracts correct answer from the original 

number; 

6 % of 80 =- 

Solution: 6% of 80 = 4.80 

80 - 4.80 = 75.20. 6 


7. Drops decimal point in answer: 

0 % of 80 =. 

Solution: 6% of 80 = 

.06 X 80 = 48.. 


8 . Merely chunges fraction to ii dociintu. 

133 j % of 60 =. 

Solution: 133j% of 00 = 133.33a. 

9. Multiplies only by decimal fraction: 

37.5% of 720 =. 

Solution: .5 X 720 = 36.00. .... 

10. Copies number and points off two places, disre¬ 

garding per cent entirely: 

130% of 800 =-■' 

Solution; 130% of 800 = 8.00. 

11. Divides each number by same divisor and then 


multiplies: 

6 % of 80 =- 

Solution: 6% -5- 2 = 3% 

80 2 = 40 

3 X 40 = 120.. 

12. All other errors including decimal and computar 
tion difficulties and omiasions. 


Total 


3 

2 

2 

1 


1 

1,560 

1,890 
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VI. 


TABLE 20 (Continued) 

DIFFICULTIES IN FINDING WHAT PER CENT ONE 

Number is of Another 


DBsanimoN 

Tihbb 

FoDin> 

Divides base by percKitage: 

8 =.% of 32 

Solution: 32 -i- 8 =4 

8 - 4% of 32. 

. 1,341 

Fails to express quotient as per cent: 

(o) 3 =-% of 10 

Solution: 3 -f- 10 = .3 

3 - 3% of 10. 

. 162 

(b) 8 =_% of 32 

Solution: 8 ^ 32 = .26. 

. 22 


3. Multiplies base and percentage: 

8 =_% of 32 

Solution: 8 X 82 = 266 

8 = 256% of 32. 

4. Divides percentage by base but fails to carry 

work out to hundredths when quotient is a 
whole number: 

144 =-% of 48 

Solution: 144 48 = 3 

144 = 3% of 48. 

5. Divides base by percentage and: 


(a) multiplies by 10: 8 = -.% of 32 

Solution: 32 -f- 8 = 4 

4 X 10 = 40 

8 = 40% of 32. 

(b) multiplies by 100: 8 = —.% of 32 

Solution: 32 -i- 8 = 4 

4 X 100 = 400 
8 = 400% of 32. 


(c) and states result as a fraction: 

8 =._.-%of32 

Solution: 32 -5- 8 = 4 

8 = i%of32. 


6 . 


Divides base by percentage and then: 

(o) divides quotient by 10: 8 =-% oi 3^5 

Solution: 82 -f- 8 = 4 

4 ^ 10 = .4. 


112 


76 


41 


29 


26 


1 
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TABLE 20 iCoidinued) 


(6) Divides quotient by 100: 8 =. %of32 

Solution; 32 -r 8 = 4 

4 4- 100 = ,04. 40 

(e) Points off 4 places; 8 = ..% of 32 

Solution: 32 -f 8 = .0004. u 


7. Expre-saes percentage as a unit fraction and 

changes to a fraction equivalent: 

2 =-.% of 40 

Solution: 2 = -^ = 60%. gg 

8. Copies percentage and expresses it as a unit 

fraction; 

8 = ..._. %of32 

Solution: 8 = J% of 32. gg 

9. Attempts to change percentage to a fractional 

equivalent: 

16 =-% of 76 

Solution: 16% = ,1^. 31 

10. Divides percentage by 10: 

4 =_% of 100 

Solution: 4 10 = .4 

4 = .4% of 100. 23 

11. Changes percentage to a unit fraction and then 

to its equivalent fraction and subtracts from 
100: 

4 =-% of 100 

Solution: 4 = i 

J = 26% 

100% - 26% = 76% 

4 = 76% of 100. 17 

12. Changes percentage to equivalent per cent and 

multiplies base; 

120 =.% of 96 

Solution: 120% = 1^ 

IJX 96 = 116.2.9 

13. Multiplies percentage: 

(a) by 10: 8 =.. %of32 

Solution: 8 X 10 = 80 
8 = 80% of 82 


3 
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TABLE 20 (Continued) 


TnasB 

Fotind 


11 . 


DEscnmioN 

(b) by 100: 8 =- %of32 

Solution: 8 X 100 = 800 

8 = 800% of 32. 26 

14. Subtracts percentage from base and multiplies 
result by 10: 

3 =.% of 10 

Solution: 10 — 3 = 7 
7 X 10 = 70 

3 =70% of 10. 6 

16. All other errors including computation errors 

and omissions. 684 

Total. 2,733 

Difficulties in Finding Numbers When the 
Per Cent is Given 

1. Multiplies numbers disregarding decimal form: 

7 = 20% of. 

Solution: 7 X 20 = 140. 462 

2. Divides the numbers disregarding decimal forms: 

(a) Rate by percentage: 7 = 20% of —. 

Solution: 7)20. 182 

(b) Percentage by rate: 20 = 20% of. 

Solution: 20 4- 20 = 1 

20 = 20% of 1. 86 

3. Multiplies numbers and points off: 

(а) one place: 7 = 20% of- 

Solution: 7X20 = 14.0. 

(б) two places: 7 = 20% of.. 

Solution: 7 X 20 = 1.40. 

(c) three places: 7 = 20% of.— 

Solution: 7 X 20 = .140. 18 

4. Copies percentage and: __ 

(a) divides by 100: 7 = 20% of. 

Solution: 7 -i- 100 = .07. 

(b) multiplies by 10: 7 = 20% of. 

7 X 10 = .. 

6 . Subtracts numbers: 7 = 20% of. 

Solution: 20 — 7 = 13. 


39 

154 


22 


87 
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TABLE 20 {Continued) 

DeSCBIPMOM 

6. Changes per cent to an equivalent and uses de¬ 

nominator as answer: 

12 = 5% of ... 

Solution: 5% = ^ 

12 = 5% of 20. 14 

7. Expresses per cent as: 

(а) an equivalent fraction, but does not complete 

example: 7 = 20% of. 

Solution: 20% = J. 9 

(б) an equivalent and multiplies by percentage: 

7 = 20% of_ 

Solution: 20% = | 

i X 7 = 1|. 4 

8. Divides correct answer by 100: 

7 = 20% of. 

35 

Solution; .20)7.00 

35 4- 100 = .35. 9 

9. Doubled per cent, added sum to percentage, and 


then divided by 10: 

12 = 5% of. 

Solution; 2 X 5% = 10% 

10 -I- 12 = 22 

22 4-10 = 2.2. 6 

10. Adds numbers: 

7 = 20% of.. 

Solution: 20 -f 7 = 27 

7 = 20% of 27. 6 

11. Ados per cent symbol to answer: 

7 = 20% of_ 

Solution; 7 = 20% of 35%. 4 


12. Divides correctly and then multiplies by 100; 

7 = 20% of_ 

36 

Solution: .20)7.00 

100 X 36 = 8600 
7 = 20% of 3600. 


4 
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TABLE 20 (Continued) 

DnaommoN 

_ _ roTjuTj 

13. DivideB rate by percentage and multiplies Quo¬ 

tient by 100: 

7 = 20% of_ 

Solution: 7)20 Quotient 2# 

100 X 2^ = 285^. 3 

14. Adda numbers and divides by 10: 

7 = 20% of_ 

Solution: 7 + 20 = 27 

27-5-10 = 2.7. 2 

16. Copies per cent and changes it to mixed number: 

180 = 120% of_ 

Solution: 180 = 120% of 1^. 2 

16. All other errors including computations and also 

omissions. 1,053 

Total. 2114 

The preceding tables contain a detailed analysis of the 
various kinds of errors that were found in a careful study 
of the work of seventh-grade pupils. Some of the errors 
occurred infrequently and are not typical of the kinds of 
difficulties the teacher can seek to prevent in the teaching 
of the several processes. Certain errors occur so com¬ 
monly that the teacher should be thoroughly conscious 
of them and provide the proper kinds of exercises to reduce 
such errors to a minimum. Many errors were due to 
complete lack of comprehension of the processes involved. 

The most common errors for each part of the test 
other than in computation are as follows: 

1. In changing decimals to per cents: 

(a) Drops the decimal point and annexes the % symbol 

(b) Copies number and annexes % symbol 

(c) Changes decimal to equivalent fraction and annexes 

% symbol 

(d) Omits integers in mixed decimal and changes decimal 

to per cent 
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2. In changing per cents to decimals: 

(a) Merely drops % symbol in answer without p.hnwgiT'jr 
to hundredths 

(&) Moves the decimal point to the left incorrectly 

(c) Inserts unnecessary zeros 

(d) Drops % symbol and annexes zeros 

3. Changing common fractions to per cent: 

(a) Lacks knowledge of per cent equivalents 
(h) Adds % symbol to fraction without changing its form 
(c) Divides numerator of fraction by denominator but 
fails to carry work to hundredths 

4. Changing fractions to hundredths and to per cents: 

(a) Merely copies numerator and writes as a two-place 

decimal 

(b) Copies entire fraction and writes as hundredths 

(c) Multiplies numerator by denominator 

(d) Errors in changing fraction to hundredths 

5. In finding a per cent of a number: 

(a) Adds % symbol to answer 

(b) Divides the numbers 

(c) Errors in changing per cents to decimals 

6. In finding what per cent one number is of another: 

(o) Divides base by percentage 

(b) Fails to express quotient as per cent 

(c) Multiplies base and percentage 

(d) Errors due to faulty manipulation of decimals 

7. In finding a number with a per cent given: 

(a) Multiplies numbers representing rate and percentage 

(b) Divides rate by percentage 

(c) Divides percentage by rate, disregarding decimal form 

(d) Errors in manipulation of division of decimals 

(e) Subtracts numbers representing rate and percentage 
(/) Inability to manipulate fractions after changing rate 

to equivalent fraction 

An analysis of errors listed above shows that the two 
chief causes of the difficulties in the processes in per¬ 
centage are inability to manipulate decimals properly 
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and a lack of understanding of the process involved. The 
latter difficulty is clearly evident in the errors listed under 
fi nding what per cent one nunaber is of another and finding 
a number with a per cent given. Many absurd errors 
would be eliminated if pupils were taught to check the 
answer to each example. For instance, a solution for 
the example, 

3 =.% of 10, such as 3 = 3% of 10 

would not be accepted by a pupil who checked his result 
by finding 3% of 10, thus showing that his answer must 
be incorrect. 


Problems for Study, Reports, and Discussion 

1. What are the chief arithmetic skills, other than com¬ 

putation, involved in addition of decimals? in subtraction? 
in multiplication? in division? , , ^ . 

2. List the examples in one of the diagnostic tests in 

decimals in the order of their difficulty. 

3. Analyze the skills involved in the five most difficult 


examples in each type. , . .i. . 

4. Prepare a set of examples that duplicate the types 

found in one of the diagnostic tests. 

6 Analyze a textbook to discovCT the methods used to 
teach the pupils to place decimal points in quotients and m 


^ 6. Give a diagnostic test in one of the processes to pupils 
in a sixth- or seventh-grade class and analyze the work of 
the pupils to discover the types most frequently missed and 

the causes of the difficulties. , x 

7. Select a set of remedial exwcises to be used to over¬ 
come a specific type of difficulty in decimals. _ 

8. Which do you think are more complicated, processes 

in common or in decimal fractions? « , • i 

9. Some authorities believe that the teaching of decmal 
fracLns should precede the teaching of common fractions. 
What is your opinion on this point? 
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10. Prepare a set of examples that duplicates those in one 
of the parts of the diagnostic test in per cents. 

11. What are the ten most difficult types of examples in 
per cent? What skills are involved in each? 

12. What are the ten most common faults in per cents? 
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Chapter VII 

DIAGNOSIS IN PROBLEM SOLVING 

1. The Major Objectives of Problem Work m 
Arithmetic. 

The major function of the work in arithmetic is to 
give the individual the power to apply numbers to the 
situations in daily life in which the need for numbers 
arises. Arithmetic was developed by man as a means of 
giving "order, precision, and arrangement" to those 
quantitative aspects of environment which otherwise 
would be chaotic and unorganized. Whatever one reads 
contains refei’ences of a quantitative kind which must be 
understood before the material being read can be com¬ 
prehended. Literature abounds with references to vari¬ 
ous forms and systems of measurement, the meaning of 
which should be a part of the intellectual equipment of 
every individual. As a result of the work in arithmetic 
and in other school subjects, the pupil should acquire a 
broad background of quantitative information concerning 
economic, social, industrial, civic, and vocational matters. 

Making certain that the pupils acquire an adequate 
background of quantitative information and that they have 
practice in quantitative thinking necessary to make this 
information function effectively, is one of the main objec¬ 
tives of arithmetic. It is obvious that in many situations 
in life there are occasions when computations of various 
kinds must be performed. Therefore, the teaching of 
arithmetic must take into account both the informational 
as well as the computational applications of number. 

( 25 « 
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In the affairs of life, the need for computation usually 
arises in connection with some situation or activity. A 
person determining the amount of change to receive after 
a purchase has been made, the cost of a number of pounds 
of a certain kind of food, the cost of gasoline a mile, the 
score at a ball game, or the profit from the sale of 500 
chickens which he has raised, must in each case maVp one 
or more computations, depending on the complexity of 
the situation involved. Usually the data used in the 
computation must be assembled from various sources, 
possibly from detailed records of costs, expenses, amounts 
used, and similar data. Two important elements in 
arriving at a correct solution of the problem at hand are 
the care with which the records have been kept, and the 
ability of the individual to perform the various steps 
'and computations in the process of arriving at a conclu¬ 
sion. Some of the computations can be easily performed 
while others may be quite complicated and present many 
opportunities for error. 

According to present practice in arithmetic the text¬ 
book and certain supplementary drill materials form the 
basis of the work in the classroom. Textbooks contain 
the exercises which form the content of the lessons in¬ 
volved in the development of the processes. In addition 
to these practice exercises, “problems” are given which 
are intended to give the pupU the opportunity to apply 
the new processes and those that have been pre^usly 
presented, in situations approximating those in life. |^me- 
times these problems are grouped according to the new 
process being presented. In such cases the pupils often 
merely manipulate the numbers and pay no attention to 
the statements in the problem. As one intelligent second- 
grade pupil said when confronted with such a set of 
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problems, "These are easy. All that you do is to add 
the numbers," and then he proceeded to do as he said, 
disregarding the verbal statements entird^ 

Sometimes the problems are gi’oupecf^der a topic, 
such as fairni problems, problems about chickens, auto¬ 
mobiles, making change, and the like. In the newer 
textbooks, problems relating to a pai-ticular situation, 
such as finding the cost of an automobile trip, the profits 
from a small garden, or the expenses of the owner of a 
house, are given. These groups of problems relating to 
a single situation approximate more nearly life situations 
than problems grouped by process or by topic. T^e 
difference between these groups of problems and aoual 
life situations is that in the problems the complete data 
are given in an organized way, whereas in real life situa¬ 
tions the data would first need to be qgs^bled and 
organized before a solution could be reached. J) 

2 . Application of Processes in Life Situations. 

Since the applications of arithmetic as found in real 
life activities, and as given in most problems in textbooks, 
present entirely different situations, both types of work 
should be given in order that the pupil may learn effec¬ 
tively to use his knowledge of how to compute. The 
teacher must use the opportunities to apply arithmetic : 
in the numerous situations that arise naturally in the : 
every-day activities in the classroom, so that the pupils ^ 
can see how arithmetic functions in their lives. Th^;;j,; 
work in arithmetic is thereby vitalized and the needei^ 
practice on processes motivated and made purpose^i^| 
Some of the fruitful sources of occasions for applying.ji| 
arithmetic computations are: ' 

1. Games, counting, keeping score, etc. 
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2. Measurenient and comparison of objects, materials 

size, etc, ’ 

3. Comparing height and weight with standards. 

4. School bank. 

5. Paper sales, hobby shows, etc. 

6. School lunch, milk supply. 

7. Construction, drawing, design. 

8. Trips to banfe and otW places of business. 

9. Arithmetic needed in the home, the store, the farm. 

10. Problems arising out of geography work, reading, his¬ 
tory, and other subjects. 

11. Budgets and accounts. 

12. How to invest money. 

13. How savings banks help us. 

14. What it costs to own a home. 

15. Illustrations of how we use geometry. 

Some of the new textbooks in arithmetic contain many 
suggested ways in which local applications can be made 
of the processes or topics that are being presented. While 
these suggestions are very helpful, they are at best meager 
and must be supplemented by the skilful teacher as the 
occasion arises. 

Undoubtedly, the best way to teach the pupil how to 
apply arithmetic is to give him the opportunity to apply 
arithmetic in real life situations. But under present 
conditions a large part of the training that pupils are 
given in that aspect of the subject is by means of the 
verbal problems found in our textbooks. Practically aU 
of the investigations that have been made of the ability 
of pupils to apply arithmetic and of the difficulties they 
have in making such applications have been based oh 
the ability of the pupil to work the types of verbal prob¬ 
lems found in textbooks, not upon the ability of the 
pupil to apply numbers in real life situations. 
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Problem scales consisting of isolated, verbal problems, 
often of an inferior quality and arranged in the order of 
their difficulty, are used to measure the ability of the 
pupils to solve arithmetic problems. Not a single stand¬ 
ard test is available which measures the ability of the 
pupil to find solutions to situations in which he is not 
given all of the essential data in an organized way but 
he must put the needed facts in order himself, as he would 
in any life situations. 

3. Standaeds for Evaluating Problems. 

The following standards suggest the factors that must 
be considered in the preparation of problems for the sev¬ 
eral grades: 

Standards fob the Evaluation op Problems 
[ 1. Problems should arise, as far as possible, from the felt 

needs of pupils, since “felt needs" are the basis of real 
problematic situations. 

2. The situations on which problems are based should be 
within the experiences of pupils, especially in the lower 
grades. In the upper grades some of the important applica¬ 
tions must necessarily be on the adult level, although the 
situations presented must be within the comprehension of 
the pupils. The processes which the pupils have been 
taught will naturally affect, and in large measure, deter¬ 
mine the contents of the problems he can be given to solve. 

3. The vocabulary of the problem should be that to which 
the pupils are accustomed. The vocabulary of problems 
can easily be checked by the use of Thorndike’s word list. 

4. Problems in the lower grades should for the most part 
include small numbers, since large numbers tend to cause 
much confusion. 

6. Problems for a given grade should be withm the com¬ 
prehension of pupils of that grade. _ The difficulty of prob¬ 
lems will probably have to be determined by experimentation, 
j 6. Problems should be cumulative, that is, the problems 
I 18 
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in a group should contain application of both old and new 
processes and should not be limited to the new process being 
presented. 

7. Problems should do more to the child than merely give 
practice in computation; where possible they should give 
the child something to think about, some valuable infoma- 
tion, or ^ should illustrate some important application of 
aritWetic. 

8. Problems should be socially significant, that is, accord¬ 
ing to Thorndike, they: 

(a) Should not involve misleading facts and procedures. 

(&) Should not involve trivialities and absurdities. 

(c) Should not involve useless methods. 

(d) Should not involve questions, the answers to which 

would normally be known. 

(e) Should not involve ambiguities and falsities. 

(/) Should not involve fantastic situations. 

4. Undesirable Types op Problems.^ 

There are so many real problems that can be used in 
the class work that these undesirable t 3 rpes can easily 
be eliminated. Teachers should aim to state their prob¬ 
lems in arithmetic so that the mental reactions and 
activities of the pupil will be similar to those used in life 
itself. It is a questionable practice to give a child fan¬ 
tastic problems to work merely because they will give 
him practice in some process that can best be given in 
the regular drill period. Problems should be simple, 
direct, and real. The following illustrate various types 
of undesirable problems: 

Type I. Problems Involving Misleading Facts and Unusual 
Procedures: 

(a) A box held 144 doun oranges. How many oranges 
were in the box? The usual box of oranges does 

_not hold 144 dozen. 

, ^ The classiflcation. of of problems is similar to that presented 

by Thorndike in ‘‘Psychology of Arithmetic," pp. 01-96. 
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Type II. 
(o) 


(h) 


(b) If you know how much a bushel of potatoes costs, 
how will you find out how much a peek costs? 

The answer to this problem would be found by 
f^ glHng the grocer rather than by making an arith¬ 
metical calculation, because potatoes bought in 
large quantities are usually cheaper per bushel 
than when bought in small quantities. 

Problems Involving Trivialities and Absurdities. 
The Smith family took a trip of 203 miles. They 
were gone a week. What was their average speed 
per day? The question asked w absurd; the 
conditions stated are also absurd. 

If a boy works 16 examples a day, how long will it 
take him to work 112 examples? 

The conditions of this problem are also absurd. 

Type III. Problems Involving Useless Methods and Oper- 
dit/ions* 

(a) A newsboy earns $| on one day, and on an¬ 
other day. How much did he m all. 

This problem involves a use of fractions which nevar 
occurs in real life. 

Type IV. Problems Whose Answers Would, in Real Life, 

Already be Known. f „ q.fi no This was 

(a) Bertha bought a pair of ^oes for 

just \ of what she had in her purse. How much 
had she before she paid for Je shoes. 

Before one can state that $6.00 was | of the whole, 
the whole amount must be . 

(h) Jack paid $4.00 for a pair of sfetes. Tlus wm 
^ I of all that he had earned. How much had he 

Type V. Problems Involving Ambiguities 

(a) If the price of P^t of cream is 26 cents, how do 
vou find the cost of one gallon i _ 

The answer would not be rather 

fundamental operations. Cream would be 
expensive pa: gallon at the same rate we pay p 
J pint. 
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Type VI. Problems Involving Fantastic Situations. 

(a) A dairsrman owned 84 cows. He placed an equal 

number in each of 7 pastures. How many in 
each pasture? 

The answer would not only be known, but it would 
very rarely, if ever, occur that a dairyman would 
have 7 pastures and have just the right number 
of cattle to put an equal number in each pasture, 
if he ever would wish to do so. 

(b) In a certain building thpre were 400 windows. 

If there are 4 windows per room, how many rooms 
are there in the building? 

In this problem no allowance is made for halls, or 
differences in the sizes of rooms. 

6. The General Nature op Pupil "Dippiculties in 
Problem Solving. 

The steps in the process of solving arithmetic problems, 
according to Monroe,^ are: (1) reading the statement of 
the problem with understanding, (2) recalling of prin¬ 
ciples applicable to the problem, (3) formulating of a 
plan of procedure concerning the operations to be per¬ 
formed, this being based upon the elements of meaning 
and the recalled principles, (4) verifying of the procedure 
which generally does not constitute an explicit step, 
(5) performing of the operation which is also, strictly 
spealdng, not a step in the reasoning process. 

The first step is a complex process involving eye- 
movement, perception, association of meaning with sym¬ 
bols, and combining the several elements of meaning 
into an understanding of the problem. Prom this first 
step “should come a definition of the problem which is 
the first st ep in reflective thinking,” 

^W. S. Monroe, “Derivation of Reasoning Tests in Arithmetic,” 
School and Society, Vol. 8, pp. 296-89. 
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Monroe explains that there are two kinds of words in 
the statement of a problem. There are words which 
describe the setting of the problem and words which 
define quantitative relationships or, as Monroe calls them, 
“technical words.” 

In the problem, “What is, the value of sugar obtained 
at a Vermont sugar camp, if it is worth ten cents per 
pound and six pounds are obtained on the average from 
each of 1,275 maple trees?” the words “Vermont,” 
“sugaa-,” "maple,” and “camp” describe the setting and 
have nothing to do with the solution of the problem. 
The teclmical words such as “value,” "per pound,” “are 
obtained,” and “each” define quantitative relationships 
and are cues for fomulating the plan of solution. Monroe 
points out that unless the meaning associated with these 
words is exact, difficulties will arise. 

Mom'oe illustrates the second step in solving arith¬ 
metic problems with the example: 

“A man invests $893 in some property. He sells the 
property for $1,050. What is the rate of profit? 

In this problem it is necessary to recall the principle 
that the rate of profit is generally calculated upon the 
amount invested and not upon the selling price. 

Monroe’s analysis assumes that problems are solved 
by “reflective thinking.” He points out that the difii- 
culty is that pupils do not always reflect. If the problem 
is familiar, he automatically indentifies it as requiring 
certain operations. Monroe terms this as a^ short- 
circuiting” of reflective thinking. He also points out 
another weakness of pupils in arithmetical reasoning w en 
he states, “When the problem is unfamifi^ he may try 
random guessing as the plan of solution. 
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Stevenson* used the interview technique to discover 
the methods used in problem solving. The following 
conversation illustrates procedures he discovered: 

Problem: When John was 13 years old he received $60 
in equal monthly pasmients for spending money. How 
much did he receive each month? 

Pupil: "I am going to subtract.” He put down $60 and 
said, “No, I have that down the wrong way.” 

Observer: "Why is it wrong?" 

Pupil: “ Because I have no number but 13 to put under it.” 

Observer: "Why can’t you subtract 13 from 60?” 

Pupil: "It’s too little. You can’t do it. We never have 
had that.” (This boy never subtracted unless the numbers 
contained three or more digits.) 

Stevenson reports other random, useless procedures 
used by pupils to solve problems. He describes difficul¬ 
ties of various types and suggests remedial exercises. 

Thorndike® recognized real need for a diagnosis of 
pupil difficulties in arithmetic when he wrote: 

"In order to block wrong paths most effectively we 
need to know why the pupil inclines to take them. In 
order to help him when he is blundering or at a loss what 
to do, we need to laiow why he is misled, perplexed, and 
confused. That is, we need to diagnose his difficulty.” 

6. VOOABULAEY AS A FACfTOB IN PROBLEM SOLVING. 

The necessity of a careful checking of the vocabulary 
of arithmetic textbooks is made clear by recent investi¬ 
gations in which the Thorndike,® Pressey,* and other 
standard l ists were used as the basis for the analysis. 

1P. E. Stevenson, "Difficulties in Problem Solving,” Joumd of Edit- 
caiitynal Research, Vol. 11, pp. 96-103. 

* E. L. Thorndike, Psychology of Arilkmelie (New York: Macmillan, 
1922). 

• E. L. Thorndike, Teachers Ward Book (New York: Bureau of Publi¬ 
cations, Columbia University). 

*L. C. Pressey, The Technical Voeahulary of School Subjeda (Bloom¬ 
ington, Illinois: Public School Publishing Company, 1924), 
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An excellent example of the results of such a study is 
reported by Buswell.^ It is based on the analysis of 
the vocabularies of six third-grade arithmetic textbooks. 

The following quotation gives a summary of the facts 
discovered: 

1. The total vocabulary of six third-grade arithmetic 
textbooks examined is 2,993 different words. 

2. The average vocabulary of the six textbooks is 1,262 
different words. 

3. The common vocabulaiy of the six arithmetics is 
small, there being only 300 words, or 11.7 per cent of the 
total vocabulary, that occurs in all six textbooks. 

4. There are 1,345 words, or 44.9 per cent of the total 
vocabulary, that are used in only one textbook. 

5. The percentage of words which is used in only one 
textbook range.s in the six textboolcs from 11.2 per cent to 
21.03 per cent. 

6. An average of 32.3 per cent of the words occur only 
once in the textbooks in which they are used. 

7. Of the 1,345 words used in only one textbook, 1,214 
are used less than four times in the book in which they 
occur. 

8. Of the total^ vocabulary of 2,993 words, 328 rank in 
the first 1,000 for importance in the Teacher’s Word Book. 

9. There are 2,467 words, or 82.4 per cent of the vocab¬ 
ulary, that rank in the first 6,000 for importance; 284, or 
9.5 per cent, that rank in the second 5,000; and 242, or 8.1 
per cent, that are not found in the list. 

10. The technical vocabulary of the six arithmetic text¬ 
books consists of 306 words, or 10.2 per cent of the total 
arithmetic vocabulary. 

11. Only 34 of the words of the technical vocabulary are 
used in all of the textbooks, and 75 are used in only one book. 

12. Of the 306 words of the technical vocabifiary of the 
arithmetics, 261 rank in the first 6,000 for importance in 
the Teacher’s Word Book. 


' G. T. BuBwell, “Curriculum Problems in Arithmetic,” Seeoni Year- 
hook of ihe Natiorm Council of Teackeraof Malhcmalics, 1927), pp. 78-93. 
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13. There are 614 words, or 17.2 per cent of the arith'. 
metic vocabulary, that are found in the common vocabulary 
of ten third-grade readers. 

14. There are 980 words, or 32.7 per cent of the arithmetic 
vocabulary, which do not occur in any of the ten readers. 

15. There are 1,043 words, or 34.9 per cent of the arith¬ 
metic vocabulary, which are used in half or less than half 
of the readers. 

16. There are 616 words, or 20.6 per cent of the arith¬ 
metic vocabulary, which occur in only one of the arithmetic 
textbooks and are not found in any of the readers. 

17. Of the 616 words occurring in only one arithmetic 
and in none of the readers, 292 rank in the first 5,000 for 
importance in the Teacher’s Word Book, 139 rank in the 
second 5,000, and 185 are not in the list. 

18., Of the 616 words mentioned above, 393 occur only 
once in the textbook, and only 57 occur more than three 
times. 

19. Of the 306 technical words, 164 do not occur in any 
of the readers, and only 12 occur in all ten of the readers 
(Chapter V). 

Buswell comments on these data as follows: 

The facts presented in the preceding summary indicate 
that an arithmetic textbook would present considerable 
difficulty to children if the only requirement were that it 
be read and if the sole criterion of difficulty were the number 
of new words encountered. 

A third of the words of the six textbooks occur only once, 
no provision being made for sufficient repetition to make 
them familiar to the child. 

A third of the words in the arithmetics do not occur in 
any of the ten readers. The teacher of arithmetic, therefore, 
becomes responsible for teaching these new words in the 
arithmetic class. Even in respect to the technical vocab¬ 
ulary used by textbooks in arithmetic, there has been little 
common practice, only 34 of the 306 technical words being 
common to all of the six boolss. 



PEOBLEM SOLVING 


271 


The situation disclosed in the preceding summary is still 
more striking when one observes the variation in practice 
for single sets of textbooks. Authors have simply drawn 
iraon their own private vocabulary without regard for the 
. difficulties which the limitations of their vocabulary may 
cause children. One of the first problems which must be 
Mlved before the reading difficulties encountered in anth- 
metic are removed is a standardization of the vocabulanes 
used in the different books and a correlation, grade by grade, 
between the vocabularies used in arithmetics and the vocab¬ 
ularies encountered in general reading in the elementary 
school. 


7. Causes op Difficulties in Problem Solving. 

Stoned states that "all arithmetical ideas, to exist, must 
have a background of mental images which are out¬ 
growths of experience. Hence, the school must provide 
broad, concrete, meaningful experiences, either in or out 
of school, in which quantitative thinldng is a major 
element. Failure to provide these clear mental images, 
which the statement of a problem should call up in the 
child’s mind, is perhaps the chief source of failure to 

solve a problem.” 

In other words, the problem is not concrete to the child 
unless he is able to form a clear mental picture of the 
situation described. It may be that he has not read the 
problem carefully or that he may have read it carefully 
and yet, through lack of experience in the situation 
described, he may not be able to form a picture of the 


situation. „ ■ , 

Stone reports a problem in which a girl found the cost 
of two pencils if one cost five cents,” but could not find 
the cost of two meters of silk if one meter cost five francs. 

IJ. C. stone. The Teaching <4 Arilhmelic (Chicago: Sanborn, 1922), 


pp. 170-89. 
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Upon being questioned the child said, “I don't know 
what a meter is and I don’t know what francs are, so of 
course, I can’t solve it.” 

Stone believes that other principal sources of failure 
in problem solving are: 

1. Problems are not concrete. 

. 2. There is inaccuracy in computation. 

3. Approximations were made before the computation was 
completed. 

4. There is lack of undeistanding of the fundamental 
processes. 

5. There is an assumption, by the author, of facts not 
known to the pupils- 

6. Difficulty of problem, that is, the relations eyiRting 
between data are too complex and as a result the pupils 
lack the mental power to reason out what process to use. 

"The failure on the part of pupils to solve arithmetic 
problems is due to poor reading and consequent inability 
to understand the problems” was reported by Estaline 
Wilson^ in 1922, 

Teachers have not called upon pupils to master the 
meaning of arithmetic problems, and as a result, pupils 
feel no responsibility for remembering any of the “reading 
facts of the problems.” This has come about because of 
the fact that most problems are stripped of details which 
make reading vivid. Miss Wilson points out that the 
color, style, and material of a dress are quite as important 
to the purchaser as the price but the authors of arith¬ 
metic textbooks do not take such associated ideas into 
consideration in the preparation of problems. 

Another view of the problem is given by Hunkins and 

.^Eataline Wilson, “Improving the Ability to Solve Problems,” 
Elemeniarv School Joumdl, vol. 22, pp. 380-86. 
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Breed.^ They feel that the ability to solve problems 
depends upon something more than reasoning ability if 
the vocabulary employed is difficult or if the comput^ 
tional processes are technical. They suggest that if 
vocabulary, understanding of problems (comprehension 
of sentences and paragraphs) and ability to use technical 
processes (computational skill) were measured by sepa¬ 
rate tests, the exact difficulty of a pupil could be found. 

The most comprehensive study of this problem was 
made by Superintendent Banting" in*the Waukesha 
Public Schools in 1922-23. The study which was carried 
on in the grades below the Junior High School was begun 
by &ving Monroe’s and Buckingham’s Reasoning Tests. 
The results of these tests were carefully weighed, the 
daily work of the pupils was observed, and each pupil 
was questioned as to his difficulties. In fact, Banting s 
report regarding the difficulties in ai'ithraetical reasoning 
seems wholly inclusive, but, as he states, furthei in- 
vestigations will extend and substantiate the evidence of 
causes of failure. Banting’s technique is quite similar to 
that employed by Buswell and John. This study seems 
so vitally important that a brief summaiy of the causes 
of failure will be reported. They are as follows: 


I Failure to comprehend the problem in whole or in 
part which might be due to lack of ability in silent reading, 
inability to read the language of arithmetic, carelessness m 
reading, or lack of the necessary experience to reproduce 
mentally the concrete situation of the problem. .i 

II. Lack of ability to perform accurately and readily tne 

fundamental operations. 


iB.V.Huiikin8 and F. S. Breed, "The Validity of Arithmetic Reaeon- 

MldtSin Reaeoning.” 
Swow'd Yearbook % the Department of Elmenlary School Pnmpala, 
(■Washington, D. C., 1923), pp. 411-21. 
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III. Lack of knowledge of facts essential to the solution 
of a problem. 

IV. Lack of ability to identify the proper process or 
processes with the situations indicated in the problem. 

V. Lack of sufficient interest in the problem to inspire 
the required mental effort. 

VI. Failure to form the habit of verifying the results. 

VIL The habit of focusing the attention upon numbers 

and being guided by them instead of by the condition of the 
problem. 

VIII. Pupils are sometimes completely nonplussed by 
large numbers. 

IX. The habit of being guided by some verbal sign 
instead of by making an analysis of the problem. 

X. Lack of ability or care to properly arrange the written 
work in orderly, logical form. 

XI. The failure to recognize the mathematical similarity 
to type problems which the pupils understand, because of 
some unusual situation in the problem in question. For 
example, the pupil who readily solved problems dealing 
with the purchase and sale of familiar things, failed when 
given a problem dealing with the purchase and sale of a 
farm. 

XII. Lade of ability to understand quantitative rela¬ 
tions such as: (o) cost, loss or gain, selling price, (6) income, 
expenditures, amount saved, etc. 

XIII. The pupil may fail because the problem requires 
exertion beyond his span of attention. 

XrV. The pupil nfay fail because of absolute inability 
to do reflective thinking. 

Osbumi reports a study made in 1922 to discover the 
weak spots in arithmetical reasoning. The Buckingham 
Problem Test was given to 6,000 children in eighteen 
counties and one large dty and the 30,000 errors made 
were classified as follows: 


yW. S'. Osburn, Corrective ArUhmetic, Vol. 1 (BoBton: Houghton 
Mifilin Company, 1924), p. 38. 
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1 Total failure to comprehend the problem... 30 

2 Procedure partly correct but with the omis¬ 

sion of one or two essential elements— 20 
3. Failure to respond to fundamental quan¬ 
titative relations. 10 60 

4 Errors in fundamental processes. 20 

5 ’. Miscellaneous errors.. 2 

6. Errors whose causes could not be discovered, 18_^ 

Grand Total. 100 

Osbum’s discussion regarding the weaknesses children 
have in arithmetic is very absorbing. He states, “ Indus¬ 
trial concerns find it profitable to study the situations in 
which their output falls short of the expected amount. 
Few salesmen talk about the weak points of what they 
sell, but it is safe to assume that all good salesmen have 
a pretty definite knowledge of what these weak points 
are. Teachers, however, are almost always destitute of 

such information.” t 

That Osbum believes much scientific information 01 
genuine value can be gleaned from individual investiga¬ 
tions of pupil difficulties can be infeiTed from the fol¬ 
lowing: “Now, a study of the errors made by a thousand 
or more children can be caiTied on only with the coopera¬ 
tion of many people. On the other hand, a study of the 
errors of fifty or a hundred children can easily be made 
by one person. The fact that such a study reveals 
typical errors gives much significance to the work of 
individual investigators who are dealing with small 
groups. Progress, therefore, should be easy in the futoe. 

Osbum states that there are two types of educational 
disabilities—one that must be outgrown if it is ever 
removed and the other that may be removed very easily 
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if its nature and causes can be discovered. The former 
is due to the lack of mental ability on the part of the 
child for which the teacher is not to blame. The latter 
is due to poor teaching, poor health, etc,, part of the 
responsibility for which can be laid at the door of the 
teacher and her predecesi?ors. 

According to Osbum, the most frequent trouble that 
a child has in problem-solving is his inability to identify 
the proper process to use, "He looks at his teacher and 
asks artlessly, ‘Do you subtract?' 

"On examination or test day the teacher, of course, 
does not answer. . . . There are four fundamental proc¬ 
esses, and the child has one chance in four in one-step 
problems of getting the correct answer by mere guess. He 
will guess wrong, however, about three times out of four. 

"Thus, in the problem, 'We learn to spell two new words 
a day in our school. How many new words do we learn 
in eight days?’ We find by far the largest number of 
wrong answers to be ten, six, and four. These represent 
wrong answers. The children add, subtract, or divide 
because they are unlucky. It follows, of course, that 
some of the children who get the right answer have 
guessed luckily. In problems of two or three steps the 
same thing occurs, but it is not so easily detected.” 

Osbum believes that another large source of error 
arises from the misreading or misunderstanding of a 
portion of the problem by the child. In the problem, 
“A coat cost ten times as much as a hat. Both together 
cost $66.00. How much did the coat cost?” the pupil 
obtained an answer of $6.60. He left the coat entirely 
out of consideration and attempted to find the cost of 
the hat. This is an excellent example of the above men¬ 
tioned source of error. 



PROBLEM SOLVING 277 

A third type of error arises from an ignorance of funda¬ 
mental relations such as those of income and outgo, 
profit and loss, etc. Osbum’s advice regarding the loca¬ 
tion of types of errors in a particular problem is pointed 
and specific. 

“It is recommended that the teacher attempt first to 
account for failure on the part of the child by the inspec¬ 
tion of his wrong answers. If doubt still remains, be 
sure to have him do the work aloud. Having thus gotten 
a correct notion of the true nature of the child's difficulty, 
it is usually easy to remove it." 

8. Specific Diagnostic Procedures .in Problem 
Solving. 

The diagnostic procedures which have been discussed 
for locating difficulties in computation can also be ap¬ 
plied to problem solving. These procedures are: 

1. Analysis of the pupil's written work. 

2. Observation of the pupil's work when the steps are 
given aloud. 

3. Exercises for the location of specific types of defi- 
dencies. The third procedure is as yet undeveloped. 

(a) Analysis of the pupil’s written work. In many 
cases it is possible to determine from an analysis of the 
pupil's written work the cause of difficulty in a particular 
problem. Mistakes in computation or failure to com¬ 
plete the whole problem are easily detected. Osbum sug¬ 
gests that it is easy to determine whether the pupil 
comprehends the problem by an analysis of the answer. 
If in forking the problem, “I have 8 cents. How many 
apples can I buy at 2 cents each?” the pupil gives 10,16, 
or 6 as the answer. In each case the wrong process was 
Used to get the answer to the problem, clearly indicating 
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inability to select the correct process. Answers such as 
2 or 3 indicate probable en’ors in computation. Two- 
step problems ai'e often not completed, resulting in 
an incorrect answer; for example, the answer given 
in the two-step problem, “I buy 2 apples at 4 cents 
apiece. What change should I receive from a quarter?” 
may be given as 8 cents, which is found by multiplying 
2x4, and failure to subtract the product from 25 cents. 

A typical analysis^ of the work of a 6A class of 37 pupils 
in the Buckingham Problem Scale is contained in Table 21. 


TABLE 21 

Distbibution of Dippigultibs fob Each Problem on the 
Buckingham Problem Scale by a Minneapolis 6A Class 

Grade 



Total. 362 43 64 29 0 70 648 

Per Cent ol Attempts 64 8 10 6 18 100 

Per Cent of Errors., .. 22 28 14 .. 36 


* Reported in J. C. Brown and L. D. Coffman, T/ie Teaching of Ariihmelie 
(Chicago; Row Peterson. 1924), p. 63. 






























PROBLEM SOLVING 


279 


There are 15 problems in the test Problem 1 was 
worked con'ectly by 32 of the 37 pupils; 3 pupils used the 
incorrect method of solution but made no errors in their 
computations; 1 pupil used an incorrect method and also 
made errom in the solution. There were 43 cases, 8 per 
cent of the attempts, in which the pupil used the correct 
method in solving one of the problems but made an 
error in computation; 54 cases, 10 per cent of the total, 
in which the wrong method was used but the computa¬ 
tions were correct; in 29 cases, or 5 per cent of the total, 
the method was incomplete, but the computation was 
correct as far as the work had proceeded; in 70 cases, 
13 per cent of the total, the method used was wrong and 
there were also errors in computation. 

An analysis such as this points out the fact that errors 
of certain kinds were made but gives no evidence as to 
why they were made in most cases. In 58 per cent of all 
problems worked incoiTcctly there was an error in com¬ 
putation; in 14 per cent of the cases, the method was 
incomplete; in 64 per cent of the cases the wrong method 
was used. The reasons for the errors must be deter¬ 
mined when not obvious by an individual examination. 

(b) An observation of the pupil’s work when the steps 
in the solution are given aloud and the difficulties are 
revealed by an interview. Almost all of the studies of 
pupil difficulties in problem solving have been based on 
an analysis of the written work of the pupil. The de¬ 
ficiency of this method was pointed out on page 277. 

The studies of Banting and Stevenson, previously dis¬ 
cussed, were based directly on the resulte of a careful 
observation of the pupil's work, and interviews to deter¬ 
mine special difficulties not otherwise diagnosed. Neither 
of these studies gave any information as to the relative 
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frequency of each kind of eiTor or difficulty, although 
their procedures have been used as the basis of subse¬ 
quent studies, one of the most significant of which is that 
of Martin.' 

Martin made an analysis of the problems in the Buck¬ 
ingham Scale for Problems in Arithmetic and Stanford 
Reasoning Tests worked incorrectly by a group of 56 
pupils markedly deficient in problem solving. This 
analysis revealed their common types of difficulties. 
These difficulties were ela^fied as they were discovered. 
The diagnostic process used by Martin consisted of mak¬ 
ing an analysis of the pupil’s work in a problem to dis¬ 
cover the cause of eiTor, if possible, and verifying the 
findings by having the pupil rework the problem and 
asking him questions concerning it. In all, 1,014 mis¬ 
takes in these two tests were analyzed in this manner. 
The difficulties which the pupils encountered are listed 
in Table 22. 

TABLE 22 


A Tabulated Summary op the Dippiculties in the Buck¬ 
ingham AND Stanford Reasoning Tests for the 
P iPTY-six Pupils in Martin’s Study ' 






DimuBS 




Otnn or DnriouviT 

4Ta Giudb 

&TD OkADB 

Otii Gaadb 

Totuji 


Ndm-| 
nan i 

Fell 

Cen 

Nuu- 

DKR 

PKil 

Cknt 

i 

Fib 

Cent 

Notf- 

m 

Feb 

Cent 

1. Failure to compre¬ 
hend in whole or in 
part. 


80.8 


30.1 

107 

20.0 

252 

24.8 

2. Carelessness in lead¬ 
ing. 

26 

9.6 

36 

17.0 

109 

20,4 

170 

16.8 


1C. E. Martin, "An Anolysia of the Difficulties in Arithmetical Bea- 
Bonine of Pourth, Pifth, and Sixth Grade Pupils,” Maatet's TMs, 
Unpublished (Minneapolis, Minnesota; University of Minnesota, 1927). 
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ICimoiiB 



Ini r.nADE 1 


iVni r.iuDS 

Toiau 

CaWB 0» niWICOLTT 










T^a 

Khm- 

rjin 

Nhh. 

I'lin 

Kdu- I 

Ihnn 



Okot 

h%\i 

Cist 

DKll 

(j'eST 

BMH 

Cun 

3. Inability in the UHC of 

;ir> 

ia .2 

31 

15.1 

98 

18.3 


16.3 

4 . Confusion of ijrnmaos 
6. LackofltnowledKfi of 

67 

24.4 

25 

12.1 

63 

11.8 


16.3 

facts eaaentiiil lo tlic 
solution of the prob- 

11 

4.0 

5 

2.4 

31 

5.81 

■ 

4.6 

6. inability in the use of 

0 

0.0 

G 

2.9 

39 

7.3 

45 

1 4.4 

7. Carelessness in ar- 
rangine problcnifl.;.. 

2 

0.7 

14 

6.8 

15 

2.8 

31 

3.1 

8. Lack of Butlicient in- 

:i 

1.1 

4 

1.9 

24 

4.5 

31 

3.1 

9. inability in the use of 

9 

3.7 

9 

4.4 

12 

2,2 

■ 

2.9 


(1 

!!(' 

0.(1 

7 

3.4 

1 18 

3,4 

i 2li 

2.6 

11. Could not analy.'ie... 

13.1 

f>. 

:i.E 

1 111 

3.E 

) Gii 

t 6.2 

Tnt'ik. 

27! 

!100.( 

) 20( 

!100.( 

) 531 

i 100.1 

) 1,014 

HOO.O 






1 





Of the total of 1,014 errors which were found in these 
two tests, 273 were made by the fourth-pade pupils, 
206 by the fifth-grade pupils, and the remainder, or 535, 
by sixth-gi’ade pupils. The percentages indicate that the 
fourth- and fifth-grade pupils did not comprehend as 
readily as the pupils in the sixth grade. The pupils of 
the two upper gi'ades read less carefully than those in 

the fourth grade. i • 4 . 1 , 

Inaccuracy in fundamentals increased the totals in tne 

sixth grade, making the largest percentage of errors. 
The fourth-gi’ade pupils confused their processes in solv¬ 
ing far more than the other pupils, 24.4 per cent of their 
errors being made in this way. An illustration of this 
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confusion is a selection of multiplication, addition, or 
subtraction to solve a problem when the correct process 
is division. 

The sixth-grade pupils showed lack of interest in 
problems a far greater proportion of times than the 
other pupils. 

Difficulties in thirty-six of the fourth-gi’ade problems 
could not be analyzed. Twenty-five of these were incor¬ 
rectly worked by two pupils, seventeen by one, and eight 
by the other. 

Perhaps the fourth-grade percentage would not have 
been so big if it had not been for this rather singular cir¬ 
cumstance. There was not a large enough frequency in 
the other causes of error to make conclusions sufficiently 
valid to be of definite value. 

9. Description and Symptoms of Faults. 

A discussion of the several causes of difficulty as described 
by Martin and the types of responses that indicate each 
follows: 

(a) Failure to comprehend in whole or in part. The 
most frequent cause of difficulty was failure on the part 
of the pupil to comprehend the problem in whole or in 
part. This might be due to a general inability in silent 
reading or to insufficient experience on the part of the 
pupil, either actual or otherwise, to be able to reproduce 
the situation of the problem in his own mind. Also, the 
pupil might comprehend the greater part of the problem 
but fail because he did not understand or have in his 
working vocabulary some of the arithmetical terms used 
in the problem proper. 

In the problem, "If you can get 3 ginger-bread dogs 
for 6 cents, how many can you get for 10 cents?” one lad 
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divided the 10 by 5 and stated that 2 could be secured 
for 10 cents. When asked why he did this he stated 
that the ginger-bread dogs were 5 cents apiece and there¬ 
fore 10 -T- 5 equaled 2. The writer thought, perhaps, 
he had read the problem carelessly a second time and 
called to his attention the words, "3 ginger-bread dogs 
for 5 cents.” The boy stated that couldn’t be and that 
he hadn’t had any problems like that. He either did not 
comprehend or could not visualize the problem because 
the situation was new to him. 

In the problem, "Henry gathered 6 quarts of nuts. 
He sold then at 8 cents a quart and spent the money for 
oranges at 4 cents apiece. How many did he huy?” 
one boy added the 5, 8, and 4 and gave 17 as the result. 
When asked why he did that he said he did not know 
what else to do, indicating that he did not comprehend 
what was wanted nor how to go about securing it. 

One of the problems of the Stanford Reasoning Test 
reads as follows: "If a train goes 60 miles in 3 hours, bow 
far does it go in one hour?” One girl added the 60 and 
the 1 to get 61 for an answer. She could not explain 
why she did it that way and further questioning revealed 
that she did not understand the problem; she added two 
convenient numbers and let it go at that. 

Many pupils use this hit-or-miss method of securing 
an answer when they do not know what to do. They 
seem to think that an answer of some kind, no matter 
how incon’ect it is, will help to shield them from further 
consequences. 

In the problem, “Henry was marked 87 in geography 
the first month, 91 the second, and 98 the third month. 
What was his average grade?” one girl added the 87, 
91 and 93 but did not know how to proceed from that 
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point. She did not understand the significance of the 
words "average grade.” In other words, she did not 
understand one of the technical words of arithmetic. 
Lack of an adequate arithmetic vocabulaiy and vague 
quantitative concept are two of the chief causes of lack 
of comprehension. 

(6) Carelessness in reading. The next most frequent 
cause of difficulty was caused by carelessness in reading. 

A child may be able to read and solve a problem and yet 
through careless reading solve the problem incorrectly. 
One pupil in working the problem, "A boy owned three 
kites, each of them having 150 feet of string. How many 
feet of string had he?” read the 150 as 1.5 and multiplied 
it by 3. Had she read the problem carefully, she would 
have been able to solve it correctly. 

Another problem I’eads, "Find the total of two one- ' 
dollar bills, three five-cent pieces, two dimes, and three 
quarters.” A girl added these units correctly with the 
exception of the dollar-bill item. In reading, she had 
slapped over the "two” or omitted it in some way and 
added one dollar rather than two dollars to secure the 
sum. Her result was, of course, too small by one dollar. 

One other illustration of this all too prevalent difficulty. 
In the problem, "A man pays the street-car fare for him¬ 
self and two friends. If the fare is 7 cents, how much 
should he receive from a half dollar?” one child sub¬ 
tracted the 7 from 60, to obtain a result of 43 cents. 
When her attention was called to the words “and two 
friends” she said she had not noticed these words. 

Under this heading might also be classified the failure 
to recognize the arithmetical similarity to other problems 
because of some new element in the problem. For 
example, one boy was able to work the problem, “How 
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many eggs are there in 7 nests if each nest has 3 eggs?” 
but said he did not understand a problem of similar type 
reading, “How many cents will 8 oranges cost at 3 cents 
each?” 

(c) Inability in tfic use of fundamentals. Inability to 
use the fundamental processes correctly proved the neme¬ 
sis of many. One hundred sixty-five errors were made 
in either addition, subtraction, multiplication, or division. 
The tables in the preceding chapter indicated that most 
pupils needed drill in one or more of the four fundamental 
processes, and it is only natural that this lack of ability 
would hamper these pupils in the solution of problems 
where the combinations they do not know are present. 

In the problem of the Idtes which has been quoted 
before, one child multiplied 150 by 3 and obtained 490, a 
clear case of inability in multiplication. 

One of the problems in the Buckingham Test reads, 
“If an electric car runs 9 miles an hour, how many hours 
will it take to travel from one city to another 117 miles 
away?” 

One girl selected the correct process, division, but 
when she divided 11 by 9 she obtained a remainder of 8 
rather than 2. Her problem was worked in this fashion: 

1 45- 
9liF7 

her result was 14ff. This incorrect result was caused, 
perhaps, by carelessness in division rather than inability. 

Another one of Buckingham’s problems reads, “23 chil¬ 
dren belong to our class, but only 19 are present. How 
many children are absent?” 

One 4B girl subtracted 19 from 23 and obtained S, a 
clear ease of correct process but inability in subtraction. 
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The three preceding problems have illustrated misfalfP R 
in multiplication, division, and subtraction. 

The following problem will illustrate difficulty with 
addition. This problem, one of those in the Stanford 
Reasoning Test, reads, “David earned $3.50 in June, 
$2.25 in July, and $1.50 in August. How much did he 
earn in all?” 

A boy in grade 5B added the three items to obtain 
$8.25 rather than $7.25, a clear case of correct process 
but incorrect addition. 

These difficulties in the fundamental proce!3ses can be 
largely eliminated by thorough remedial instruction and 
drill. 

(d) Confusion of processes. Confusion of processes 
caused many pupils to arrive at incorrect results. That 
is, while a pupil may understand the different processes, 
he may not know which process to use for a given problem, 
whether to add or subtract, or multiply or divide. 

One boy in grade 4B worked ten problems incorrectly 
because he did not know what process to use in the solution 
of his problems. He seemed to guess at the process to 
be used. If he guessed correctly, all was well and good; 
otherwise, the problem was wrong. It might be well to 
state a few of the problems this boy worked in this fashion. 

The third problem of the Stanford Reasoning Test 
reads like this, “A hen had 9 chicks and 3 of them died., 
How many were left?” 

The boy, instead of subtracting, added to get a result 
of 12. 

Another, “How many eggs are there in 7 nests if each 
nest has 3 eggs?” 

The proper process necessary to the solution of this 
problem is, of course, multiplication. This boy added 
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and secured ten. A correct use of the process but incor¬ 
rect selection of process. He worked the eighth prob¬ 
lem involving the finding of the cost of 8 oranges at 3 
cents each in exactly the same way; he added instead of 
multiplying. In the eleventh problem, in which he was 
to find the cost to each of five girls of a present purch^ed 
by all for 25 cents, h(; multiplied instead of dividing, 
securing $1.25 rather than the correct result, 5 cents. 

In the Buckingham Reasoning Test the same boy did 
precisely the same thing in four problems, adding in the 
first problem where he should have multiplied, adding in 
the second where he should have subtracted, adding in 
the fifth instead of multiplying, and multiplying in the 
sixth instead of dividing. This boy was normal in the 
Stanford Fundamentals Test and slightly below norma 
in the Woody-McCall Scale. Apparently, he had never 
learned to adapt himself to a given problem or situation 

or to select the proper process for solution. 

(e) Lack of knowledge of /acte. Several pupils were 
unable to work problems where it was necessary to be 
familiar with certain tables, arithmetical facts, etc., to 
be able to arrive at a solution. 

For example, in the problem, “How 
there in a dollar?" One pupil stated that she did not 
divide, but actually thought there were 9 dimes in a 

^°In another problem reading, “If a fence rail is 10 
feet long, how many rails will it take to reach a mile, 
her result was 120. She did not know the number of 

f66l^ S' mile* j, Tf 4-liQ 

In another problem of the same test reading, it tne 
butcher’s scales read one ounce too much on each weigh¬ 
ing, how much is a customer overcharged on a pound of 
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steak at 48 cents a pound?" several sixth-grade students 
could not find the correct solution because they did not 
know the number of ounces in a pound. 

A 5B-grade pupil in Buckingham’s problem, “An auto¬ 
mobile was run 30 miles every day for a week. How 
many miles did it go?” did not know the number of days 
in a week. He multiplied by 5 rather than by 7, the 
number of days in a week. 

More illustrations of this nature could be given had the 
tests contained more problems where a knowledge of 
tables was required for solution. The remedy here evi¬ 
dently lies in more thorough drilling on the essentials 
and important relationships. Frequently, a textbook con¬ 
tains a table of measures with several problems following 
it and bearing on the contents of the table. From then 
on the facts in the table may not be reviewed by the 
author throughout the remainder of the book, or nt best 
mentioned only rarely. This type of textbook should 
be purposely avoided if we are to eliminate the errors 
caused by this neglect. 

(/) ImbiUty in the use of decimals. Inability in han¬ 
dling dedmals correctly caused 45 errors, or 4.4 per cent 
of the total. The tenth problem in the Buckingham 
Test involves the addition of several addends, the items 
being expressed in dollars and cents. Many of the sixth 
grade pupils, and of course, some in the lower grades 
who could not be expected to be proficient in the use of 
decimals, confused the dollars and cents columns in the 
addition and naturally secured a variety of results. For 
the same reason a large number of students made the 
same type of error in the sixth problem of the Buckingham 
Test which has already been stated. This is also a prob¬ 
lem in the addition of a column involving cents and dol- 
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lars and many had not learned how to keep the decimal 
points, the cents and the dollars, lined up with each 
other. 

In the problem, "If 0.78 of the weight of potatoes is 
watei‘, how many pounds of water are there in a Imsln l of 
potatoes, if a bushel of pntatois weighs (Kl pounds?" 
many of the pupils multiplif-d properly hut eithr-r jK/inted 
off incoiTPCtly or <lid not point off at all. This type of 
difficulty can be eliminated in mast c*asi,s by Ihurtjugh, 
efficient instruction in the usi* of the di'cimal point. 

(g) Imbilky in the w.Sf 0 / frncthina. I/ack of knowletlgo 
of how to handle fractions corrfctly proved tlie downfall 
of many pupils. In the pi’iihlem, ‘Manu s has 2S mar¬ 
bles. H(? gives half of them to Ghurkss. How many luis 
he left?" many pupils gave 1(> as the aaswer. indicating 
that they did not know how to take oiU'-half of 
Several pupils mis-sed one of the Hui-kingham problems 
in which the pupil was givt n the wi ight of two tuits ni 
maple sugar as 42 poumls and aski d to find the weight 
of one of the tub.s if th<? other wiight d 18J ixmnds. 
The error occurred when the pupil attempt,(d to subtKU'L 
18} from 42. One pupil did not know what to tio with 
the 5, so he droppi d it and .sublrai-ted 18 from 42, 
Buckingham’s twi-lfth problem reatls. "How many 
weeks will it take Joseph to save? 21 dolUu's for a bicycle 
if he saves ll dollam a week?" 

One boy explained that he did not know how to divide 
21 by 11 so he divided 21 by 1, Igmorance is usually re¬ 
sponsible for freakish solutions. 

In the problem, "A boy had 210 marbles. He lost 
one-third of them. How many wtrre left?" Some pu¬ 
pils got rather inexplicable results when they multiplied 
210 by one-third. One pupil got 51, another 1331, and 
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when asked how they secured these results, these 
pupils did not seem able to explain how they were 
obtained. They simply did not understand the use of 
fractions. 

Results of this kind do not seem to be the fault of the 
children; they are rather, I should say, in many instances 
the results of inefficient instruction, and poorly written 
textbooks. 

Qi) Carelessness in arranging problems. A lack of neat¬ 
ness and orderly arrangement of figures caused some 
pupils to fail. A few insisted upon splashing figures all 
over the page and while, in some cases, they seemed to 
know what process to use and how to use it, they were 
confused, apparently, by the disorderly arrangement 
before them and often used the wrong figures after the 
correct result had been secured. 

(i) Ignorance of quantitatwe relations. Ignorance or 
lack of ability in quantitative relationships such as cost, 
gain, selling price, etc., caused some errors. Only two of 
the problems given, the tenth and eleventh in the Buck¬ 
ingham Test, involved relationships such as those des¬ 
cribed above. 

The tenth problem reads, “A store takes in the follow¬ 
ing sums: $1250, $300, $175, $16.25, $120.50, $32.75, 
$68.50. It pays out $600, $360, $166.67, $33.33, $240. 
How much remains after pa 3 n,'nents are made?” 

A few of those who attempted this problem did not 
know what to do after adding the two columns. Some 
added the entire set of figures as one column; others found 
the two sums and added them together instead of sub¬ 
tracting the one from the other. They evidently did not 
understand the relationship between selling price, cost, 
and profit, of which this is a type problem. 
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The eleventh problem is as follows: man bought a 

house for $7,250. After spending $321.50 for repairs, he 
sold it for $9,125. How much did he gain? ” 

A few pupils added the $7,250 and $321.50 as they 
should have done and then tried to subtract $9,126 from 
this sum. One pupil added $9,125, the selling price, and 
the cost. Still another subtracted the cost from the sell¬ 
ing price without considering the expense for repairs. 
Another subtracted the expense incurred from the cost 
and then attempted to subtract the selling price from 
this result. These illustrations show that the pupils 
did not understand the quantitative relationships 
involved. 

The pupils who made the mistakes mentioned were 6A 
pupils and should have received instruction along these 
lines. They may have received it and not absorbed it. 

(;) Lack of intmnt. There were thirty-one cases of 
lack of interest which were detected. Dawdling, lack of 
effort, and inattention were the chief symptoms. This 
proportion is a very large one for the small group con¬ 
cerned. Undoubtedly in a large, unselected group the 
lack of interest would not be such a prevalent char- 
acteiistic. 

(fc) Erton which could mi he analyzed. Several of the 
mistakes could not be analyzed even with the help of the 
pupils. They did not seem to know how or why they 
secured the results they did and did not work the prob¬ 
lems the same the second time. , 

One 4B pupil secured 2 as a result for the problem, 
“How many are 3 eggs and 2 eggs?” 

Another problem, “Mary is 7 years old. How old will 
she be in 3 years?” the same girl secured 8 for a result. 

To the problem, “If you can buy a pencil for 4 cents 
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and pay for it with a dime, how much change should 
you get?” her written response was ”21 each.” She 
could not explain it aftewards. She stated that there 
were 18 dimes in a dollar, and in answer to the eleventh 
Standard Reasoning Test Problem, "Five girls buy a 
present costing 25 cents. How many cents does each 
pay?” she gave 10 as a result. 

In the Stanford Fundamentals Test she seemed to be 
able to add in most cases, but when asked to subtract 
she usually added or secured the incorrect answer. 

When she subtracted 25 from 96 she secured 61 rather 
than 71; when she multiplied 2 by 3 she secured 5 as a 
result. She divided 6 by 2 correctly but when asked to 
divide 8 by 4 her result was 3. Her scores in the addition, 
subtraction, multiplication, and division sections of the 
Woody-McCall Scale were 18, 13, 8, and 1, respectively, 
as compared with medians of 17.8,15.7,11.0, and 10.5. 

She seemed to be able to do any of the processes 
excepting division, if she could work a number of suc¬ 
cessive problems in one process without switching to 
another, but if processes were switched rapidly her 
results were usually erratic. 

This ^rl had an I.Q. of 88. She was 4 months above 
standard in the Stanford Reading Test, and 46 and 14 
months, respectively, above standard in the rate and 
comprehension scores of the Monroe Silent Reading Test. 
The evidence would point to insufficient training in the 
fundamentals and inability to adapt herself to swift 
changes from one process to another. 

, In the other cases where the results could not be 
analyzed, with the exception of one which will not be 
recorded until later, it appeared that the pupils felt thej* 
had to give some response and guessed at the results. 
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There was utterly no connection between the correct 
results and those obtained, anri later quizzing of the 
pupils revealed that they did not understand the problems 
and did not get the same results a second time. 

10. Miscellaneous FACTOiis Causing Difficulties in 
P iiOBLEM Solving. 

As the result of a recent study of methods used by 
pupils in solving problems, Monroe* comes to the follow¬ 
ing conclusion: 

A large per cent of seventh-grade pupils do not reason in 
attempting to solve arithmetic prol)loms. Relatively few 
pupils follow the plan (Ie.scribtxl on page 7 (in the reiwrt). 
Instead, many of them appear to perform almost random 
calculations upon tiie Jiumijens given. When tliey do solve 
a problem eorreclly, the response secm.s to be deteimined 
largely by habit. If llie problem is .slated in the terminology 
with which they are familiar and if there are no irrelevant 
data, their re.spon.sc is likely to be conrect. On the other 
hand, if the proidcm Is e.'qjres.sed in unfamiliar terminology, 
or if it is a ‘'new" one,—relatively few pupils appear to 
attempt to reason. They either do not attempt to solve 
it or else give an incorrect solution, 

Bemis has shown that pupils solve problems stated in 
topical form, that is, gi'ouped about some topic, such as 
earning money, etc., .'is accurately as they solve the same 
problems when stated in isolated form with other unre¬ 
lated problems. The per cent of accuracy in solving 
topical problems was only ,1% higher than for isolated 
problems. (Unpublished report.) 

Baumgarten and Brueckner have shown that problems 

•Monroi!, \V. .S., “How I’upilfi Holvo ProblemH" in Arithmotif, Bulletin 
No. 44, Bureau of Bdumlmvtl Saeurrh (Urbunn, III, Univ. of HI., 1988), 

p. 10. 
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which contain much related material to “enrich” them 
which is unessential in solving the problem are solved 
with much less accuracy than problems which are stated 
condsely and clearly. Apparently the reading difficul¬ 
ties introduced by the greater length of the problem 
offset any gain there may be in comprehension of the 
problem because of the greater richness in detail. (Un¬ 
published report). Wheat' found vei-y little if i any differ¬ 
ence in the difficulty of simple and enriched two-step 
problems. 

Problems for Study, Reports, and Discussions 

1. Select standard reading tests that would aid in the 
diagnosis of causes of difficulty in problem solving, 

2. What are the functions of arithmetic as presented in 
this chapter? 

3. Why might it be said that a typical verbal problem 
as stated in a textbook is in fact not a “problem” in the 
strict psychological sense? 

4. In what way may practice in problem solving aid the 
pupil in the application of processes in life activities? 

5. How could you find out if your pupils were inferior 
in arithmetic vocabulary? 

6. Describe techniques that may be used to diagnose 
pupil difficulties in problem solving. 

7. What per cent of failure to solve problems correctly 
is due to faulty computations? 

8. What reasons can you give for the absurd answers 
pupils often give in solving problems? 

9. Suggest local school situations in which problematic 
situations arise requiring the use of number processes. 

10. Why is a rich background of number concepts essen¬ 
tial to the development of ability to “think while reading”? 

11. Test your class with a standard problem scale, graph 

_ ‘H. W. Wheat, "The Relative Merits of Conventional and Imagina¬ 
tive Types of Problems,” Teachers College Gontrilmiims to Edwation, 
No. 869 (New York: Columbia University, 1929), 



PROBLEM SOLVING 


295 


+110 test scores, and analyze the work to detemime the causes 
S the failure to solve the problems. Suggest a series of 
remedial cxereise.s to overcome the (lefieicncies. _ 

12 Make a careful oiuse study of some pupil who is con¬ 
siderably below the .standard in problem solving. ^ 

13 What faulty t.yi>e.s of problems are de.scribed m this 

‘^'’if^tLamine problcm-s in some new textbook to discover 
the extent to which the problems are pitched to the level 
of the pupils' experiences and are likely to appeal to them 

^iT^Do^voifthink that the discussion of such topics as the 
evolution of money ho-s a place in the arithmetic curriculum. 

^Ifi'Do you think that teachers are able to prepme 
vood original problems? To what extent should the 
problems\ised in the arithmetic period be taken from a basal 

textbook? 
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THE IMPROVEMENT OF AniLiTY TO BOLVE 
PIIOHLKMS 

1. Experimental Kvidkxck as to the KrFEcnvENt^ 
OP Remedial Work in Proijlkm Solving. 

Several important investijjations hav«‘ made to 
determine the ofTcdivc-nofis reimtlial instmction in 
problem solving. Lul«-s‘ showt-d that a marked inoreast* 
in scores on pi’obk-m scab's rc.sultid from practice on 
examples involving computations similar to thow* found 
in the problems on the scalis. The ria.son for thks in¬ 
crease in scores wjw probably incrcawd a<Turacy and 
efficiency in computation. 

Miss Wilson* n-port.s an l-•xpr■riml>^l in which the Buck¬ 
ingham Scale for Priihlimw in Arithnw-tic wjm idven to a 
group of pupils in gmdr a 4 to B, For a pcrkwi of weeks, 
the teacher devotf^d ten minutc.s each day, thrc^i' times a 
week, to the teaching of problems. The folhaving t.vpt« 
of exercises were used: 

1. Estimating answers and judidng absurdities. One 
exercise asked pupils to judge whether answen* were rwson- 
able or absurd. Th€s»e problems were all selected from the 
Buckingham scale and the absurd ansKwers were actually 
given by pupils taking the test. 

\0> S. Lutes, "An Kvaluatinn of Thfw'. Twltnittucs for Improving 
Ability to Solve Problems," UnitetitUy Monoynivhi in fJiJiwalm, Mo. S 
(lows City, Iowa, 192(i). 

*E. Wilson, "Improving tlio Ability to Solve Arithmetic Problem#," 
Elemsntory School jowraoi, Vol. 22, pp. bSO-SS. 

(297) 
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2, Another exercise asked pupils to restate sentences using 
other words then those which were underlined. For example, 
in the following statement, “I can buy pencils at the rate of 
two for five cents” the pupils were asked to substitute words 
for the three words "at the rate." This was done in order 
to find out how much of the difficulty is due to such arith- 
naetical phrases as "at the rate of,” "total,” and “average.” 
An attempt was made also to discover how many of the diffi¬ 
culties were due to incomplete comprehension or to the 
dapping of words which are crucial to the solution of the 
problem correctly. 

3. A third exercise asked pupils to read the problem and 
to indicate the processes necessary to its solution. 

At the end of the period, the results of another form of 
the Buckingham Test showed a decided improvement in 
ability to solve problems and indicated that the special 
work had raised the average of the classes, which used 
the exercises, considerably more than the increase made 
by a control group which had no remedial work. This 
would indicate that there is a real need for vital problems 
that will present vivid pictures to the children and leave 
little doubt as to the meanii^ of the problem and what is 
wanted. Miss Wilson’s experiment also shows the value 
of a systematic teaching program as a means of increasing 
the ability to solve problems. 

Newcomb* made an investigation of the value of teach¬ 
ing pupils effective methods of attack in problem solving. 
He states that psychological investigations have shown 
that many difficulties in problem solving are due to the 
use of faulty methods of attack. He describes the fol¬ 
lowing method as one that may be used effectively in the 
solution of problems: 

* R. S. Kewcomb, “Teaching Pupils How to Solve Problems in Arith¬ 
metic," EkmnUiry School Journal, Vol. 23, pp. 183-89. 
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1. Reading the problem over carefully and thought¬ 
fully before attempting a solution. 

2. Look up the meaning of any unfamiliar word. 

3. Analyze and arrange in an orderly manner the data 
given and determine tht? precis<r data reijuired. 

4. Select in the jiroper order the various processes nec¬ 
essary to effect a .solution, d<.ciding befortband a retison- 
able result to expect. 

5. Carefully cheek or evaluate the final result secured. 

In an experimt-nt very similar to the one reported by 
Miss Wilson, Nc-wcomb found that when pupils were 
taught to use the se methoils, the results of Stone’s Reason¬ 
ing Te.st given before the method was applied and after a 
twenty days' training program .showi d lliat great improve¬ 
ment had been made. 'This would indicate very clearly 
that if a pupil id,tacks a problem in a random manner or 
use.s faulty proci (lure,H, the diiliculty, misunderstandings, 
lack of int('r(,'.sL, and wrong .solution.s which ai-o the inevi¬ 
table result can be obviated to a c^onsiderable extent by 
teaching the pupils a definiti- method of attack. 

P. R. SUwenson' conducletl a .study to determine the 
difficultie-s which pupils bail in solving problem.s and to 
devise remedial instruction suited to individual cases. 
Tests wort* given to the* pupils at the beginning of the 
experiment to find the indivitluul disabilities and again 
at the conclu.sion of the experiment to find what was 
gained from the twelve weeks of remedial instruction. 
The teat used was the "Buckingham Scale for Problems 
in Arithmetic" already referred to in this chapter. The 
remedial instruction covered twelve weeks and was repre- 

1P. K. StevenBon, Report of a Nation-Wide Testing Sumy in Prahlem 
SoMno (Bloomin|itton» lllinoisi: Public Schcul Pubushing Company, 
1926). 
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sented by three periods of fifteen minutes each week. 
The pupils were taught to read and analyze problems, 
and to state clearly what facts were given. They were 
taught to write what questions were asked and to think 
what process or processes would be used and what the 
approximate answer would be. They were given prac¬ 
tice in solving problems without numbers such as, “If 
you knew the amount of cloth needed to make a dress how 
could you find the amount necessary for three dresses?” 

The pupils were also ^ven a large variety of problems 
from actual life situations and were given special exer¬ 
cises in the meaning of difficult words in the problems. 
The test ^ven at the end of the experimental period 
showed a growth of two yearn in some cases. Another 
impoi-tant conclusion was that the dull pupils and normal 
pupils showed gi'eater improvement than the bright pupils 
(those whose intelligence quotient was above 110) and 
that of the three groups, the dull pupils made the greatest 
gain. 

Two studies of vocabulary difficulties have been re¬ 
ported, one by Monmouthi and others, and the other by 
Turner,® The results of the fii’st study show that “vocab¬ 
ulary difficulties are real and not imaginary. Language 
of arithmetic books and problems should be clear, simple, 
and attractive. Terms and phrases too difficult and 
technical for pupils who are expected to solve them' 
should not be used.” 

Turner’s study resulted in some interesting conclusions 
regarding word difficulties. It indicates that authors 
use some words in lower grades but drop them in higher 

^ R. Monmouth, et al., in Educational Rosearch Bulletin, Vol. 8, No. 
18 (Columbus, Omo: Ohio State University, 1924), pp. 479-81. 

'J. M. Turner, in Educational Research Bulletin, Vol, 3, No. 13 
(Columbus, Ohio: Ohio State University, 1924), pp. 482-85. 
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grades; that when a new word appear«1 it was repeated 
many times on a few pa^es and thr n never ustd again; 
that many new words were added witli r aeh Ixmk, etc. 
This would tenti to shtiw that many of the fUfiirultie-s 
that pupils have in prcibh m wdving are due to t-aust s ff»r 
which textbook writrrs and aufhurs are rt .siKrtJsihh, 

An experiment dealing with lUf Ihofls to be used in • 
problem solving h.as been reiKult d by Washburiu; and 
Osborne.' After u iK-rioil of preliminajw investigation, 
the experimental wcjrk centi rHl aijout a comparison of 
three methods of leaching prfjfdem wdving: 

1. Simply giving tht- child many practical problems to 
solve. 

2. Training the child to analyze lach probhm accord¬ 
ing to a definite te chnique which vvaa pre>a’rib»^l. 

3. Training the child t«» s» e the analogy la tw<»n the 
more difficult writte n problems and simple oral i»rc»bl(;m.s 
of the same typt\ 

A detailed discriptitm »>f the three muthiHis is given in 
the report. While the work <»f the committee which 
cooperated in this experiment extend* <1 over a pi nod c»f 
two years, the three mi-thiKls of teaehing were eompanHl 
on the basis of a training periml of only .dx weeks in length. 
The outstanding conclu.sion and the ri-commendationH 
are stated as follows: 

Training in the seeing of analogies fippwirs to be equal or 
slightly superior to training in formal analysis for the supe¬ 
rior half of the children; analysis appmra to be dt?ciiiedly 
superior to analogy for the lower half; but merely giving 
many problems, without any sficcial tecbnuiuc of analysia, 
or the seeing of analogies, appears to be decidedly the moat 
effective method of all. 


‘C. W. Wwjhbornc and K. ()«bome, “fttilving Arithmelic Probtum." 
EmmUiry School Joumot, 25, pp. 21S SSH SOS. 
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The general recommendations growing out of the inves¬ 
tigation are as follows: Problems should be so constructed 
as to present real situations familiar to the child. Chil¬ 
dren should be given many such problems to solve with¬ 
out special training in any generalized^ formal technique 
of analyzing problems. Concentration on practice in solv^ 
ing practical problems will yield gratifying results. 

A second experiment reported by Washbume^ was 
concerned with the comparison of the efficiency of two 
methods of teaching pupils to apply the mechanics of 
arithmetic to the solution of problems. Each of two 
groups of children of approximately equal ability was 
taught by a different method, described by Washbume 
as follows: 

Group 1 was to be taught a number process through the 
use of verbal problems and with constant application to 
problems. 

Group 2 was to be taught the same number process with¬ 
out regard to problems or concrete situations until the 
mechanics were fairly well mastered, and then it was to 
concentrate on problem-solving. Both groups were to be 
taught by the same teacher. When one group was receiving 
oral instruction, the other group was to be out of the room. 

Washbume’s description of the method used in teaching 
Group 1 the "problem method" will make this method 
clear: 

The problem method as used in the experiment is based 
on the theory that pupils will learn a mathematical process 
more efficiently if they are faced with a problem which 
requires the use of the process. To have a stimulating 
effect on the pupils, a problem must be real, involving a 
situation t hat is familiar and demanding a solution which 

iC. W- Washbume, "Coniijarison of Two Methods of Teaching 
Pupils to Apply the Mechanics of Arithmetic to the Solution of 
Problems," ElmerUary School Journal, Vol. 27, pp. 768-67. 
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has value in itself—in other words, a problem which the 
pupils will want to learn how to solve. The theory further 
postulates that the pupil desiring to solve such a problem 
not only will learn the process more easily but will be more 
willing to practice on other problems and drill materials in 
order to perfect himself in the solution of problems of this 
practical and appealing sort. 

The method employed in the case of Group 2 (Method 2) 
consisted in simply plunging into the new process without 
assigning any reason and without giving any verbal problems. 
The mechanics of the process (or the facts) were taught 
independently. When, at the end of four weeks these me¬ 
chanics were fairly well mastered, there was a two-week 
drive on problems, the same problems being used as were 
used by Group 1, 

At the end of the six-week period both groups were given 
a problem-solving test in the newly learned process and a 
test in the mechanics of the process. 

The results of the experiment and the significant con¬ 
clusions of the committee were summarized in the follow¬ 
ing statement, quoted directly from the report submitted 
by the committee; 

The Committee of Seven concludes, therefore, that teach¬ 
ing the mechanics of arithmetic—facts and processes—by 
themselves first, and then applying them to the solution of 
practical problems, does not lead to difficulty in making 
practical application of the mechanics to the solution of 
problems. A combination of thorough training in the 
mechanics of arithmetic and thorough training in the use 
of these mechanics in solving practical problems produces 
good results. This is true regardless of whether or not the 
mechanics are introduced through problems and constantly 
used in practical problems while they are being learned. 
The mechanics of arithmetic may be taught thoroughly and 
then applied to practical problems or the two types of teMh- 
ing may be intimately related throughout the teaching 
process with equal efficacy. 
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2. Suggested Remedial Program in Problem Solv¬ 
ing. 

The experiments of Lutes, Wilson, Newcomb, Steven¬ 
son, Washbume, and others that have been briefly sum¬ 
marized show the value of a systematic teaching procedure 
as a means of increasing the ability of pupils to solve 
verbal problems. One of the important steps in improv¬ 
ing the ability to solve verbal problems is to work for 
increased sldll and accuracy in computation. To this 
end it is essential that well organized practice exercises 
in the various processes be used. Diagnostic tests and 
remedial exercises should be used to discover and remove 
specific sources of difficulty. Special stress should be 
placed on exercises in accurate reading in all subjects to 
eliminate another potent soui’ce of error, namely, inaccu¬ 
rate reading. 

The essential elements of a training program for in¬ 
creasing ability in solving problems are well presented in 
the following quotation from a repoit of a special study 
by Stevenson,* which describes a procedure that has been 
successfully used after tests in problem solving have 
been given. Many of the types of exercises he suggests 
are described in Chapter 9 and were used in the experi¬ 
ments on improving problem solving that have been 
reported. 

All sane testing programs should involve the following 
procedure: (1) give tests, (2) locate individual difficulties, 
(3) apply remedial instruction, (4) give tests again to see 
if remedial instruction was effective. The following project 
has been tried out several times and has proved successful 
in increasing pupils’ ability to solve problems. 

IP. R. Stevenson, Eejtorl of a Nation-Wide Tealing Survey in Problem 
Solving (Bloomington, Illinois: Public School Publishing Company, 
1926). 
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Th6 r6in6di£il instruction is pl&nnsd to covgt n p^dod of 
twelvG weeks. All the work is to be done in the recitation 
period. Three fifteen-minute perioas each week are to be 
devoted to ^ecial remedial work. This mgy p p a total -of 
nine hours. 

First, second, and third weefcs.—During these three weeks 
the pupils should be taught to read and analyze problems. 
The pupils should be directed to open their books to a page 
containing a list of problems. Before solving a problem, 
drill should be given in finding what facts are given in the 
problem, what is asked, the process or different processes 
which should be used in solving the problem, and the answer 
in round numbers. (Some of the problems should be worked 
to see if the estimated answers are approximately correct.), 

A list of problems should also be written on the board' 
and pupils instructed to answer the above types of questions 
either orally or in writing. The teacher should study the 
results of the analysis test, and see that each pupil gets 
practice in the exercises upon which he failed. Pupils 
having tlie same difficulties may be given instruction in 
groups. 

Fourth, fifth, and sixth weeks. —The pupils should work a 
large variety of problems during these three weeks. These 
problems should contain data from actual life situations. 

The teachCT should ask the pupils to submit lists of prob¬ 
lems in addition, subtraction, multiplication, and division. 
These problems should be similar to those which the pupils 
and their parents have occasion to solve. 

The teacher should try to arouse pupils’ interest in solving 
different types of problems. 

Seventh, eighth, and ninth weeks. —^During this time have 
pupils solve problems without the use of numbers. These 
problems will, of necessity, have to be made up by the 
teacher and should be adapted to each grade. The follow¬ 
ing examples will furnish suggestions: 

1. If you loiew the amount of cloth needed to make a 
dress, how could you find the amount necessary 
for three dresses? 
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2. If you knew the cost of one dozen oranges, how would 

you find the cost of six oranges? 

3. If you knew the height of each pupil in your class, 

how could you find the average height? 

4. If you knew the amount paid for a house and the 

rate of commission, how could you find the com¬ 
mission? 

6. If you knew the present population of your town and 
the population five years ago, how could you find 
the amount of gain? The per cent of gain? 

Tenth, eleventh, and tweljlh weeks .—During these weelcs 
teach pupils to read problems and have them study their 
vocabulary. Devices which will be of assistance here are: 

1. Have pupils state problems in their own words. 

Have each problem stated in as many different 
ways as possible. 

2. In various problems, study words which might cause 

difficulty. Have the children explain the mean¬ 
ings of or define such words. Some words with 
which children have difliculty are: area, average, 
dealer, retail, commission, salaiy, rent, broker, 
wages, merchant, debt, expenses, acre, income, 
profit, loss, and insurance. Whenever possible, 
concrete explanations should be made by the 
teacher or the pupils. 

Problems for Study, Reports, and Discussions 

1. Sunimarize the results of experiments to determine the 
possibility of improving the ability of pupils to solve 
problems. 

2. "What types of exercises in problem solving were used 
in these experiments? 

3. Outline a teaching procedure that you think would 
result in improvement in problem solving. 

4. Examine textbooks to discover the problem solving 
helps they include. 

5. Do you think that enough experimental work has been 
done to determine the relative merits of different methods 
of improving problem solving? 
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6. What questions do the facts presented in this chapter 

raise in your mind? .. ™ , 

7. How will your teaching of problem solving be afiected 


8 Does the chapter contam data as to the value of ongmal 
problems prepared by pupils? What is Uie value of such 
problems? 

Selected BmLiOGEAPHY 
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Chapter IX 


DIAGNOSTIC AND REMEDIAL EXERCISES IN 
PROBLEM SOLVING 

The chief causes of difficulty in problem solving re¬ 
vealed by the discussions of investigations summarized 
in the preceding chapter are: 

1. I^ck of ability to perform the necessary computa¬ 
tions accurately or to select the operation needed. 

2. Lack of systematic method of attack in solving a 
problem. 

3. Careless reading or lack of vocabulary. 

4. Lack of knowledge of essential facts, data, or prin¬ 
ciples involved. 

5. Failure to complete the problem. 

6. Failure to comprehend the problem in whole or in 
part. 

1. Necessity op Improving Accuracy in Computa¬ 
tion. 

Investigations have shoym that from 20 to 40 per cent 
of all errors in problem solving are due to errors in com¬ 
putation. Lutes' has shown that systematic preliminary 
practice on examples involving computations similar to 
those used in the examples in the problem test results 
in a marked increase in the scores made by pupils. 
"Improvement in computational ability does increase 
ability to solve verbal problems;' whether it increases 


> 0. S. Lutes, op. ciL 


(308) 
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ability to do arithmetic reasoning cannot be stated from 
the results of this study; it does improve ability to earn 
scores on tests of ability to solve verbal problems, which 
is the school’s definition of arithmetic reasoning.” 

Lutes found that practice in computation was more 
effective than two methods he labeled “the method of 
choosing operations” and “the method of chooang 
solutions.” 

Winch,^ on the other hand, reports an experiment in 
which it was found that there was no transfer from gen¬ 
eral practice in computation to ability to solve reasoning 
problems. Evidently problems and examples used during 
practice periods ought to deal at least in part with similar 
processes so as to reduce the amount of inaccuracy in 
problem solving because of difficulty in computation, or 
inability to perform the necessary operation. 

It is known that large numbers in problems tend to 
confuse pupils. When simpler numbers are introduced 
in the problem it is often easily solved by pupils. Large 
numbers are often entirely beyond the comprehension of 
pupils. The possibility of error is also greater in compu¬ 
tations with large numbers. 'The use of smaller numbers 
in problems will therefore tend to increase the ease of 
comprehension of problems and to decrease the amount 
of inaccuracy in computation. 


2. Informal Types op Exercises in Problem Solving. 

Special types of informal exercises may be used to 
locate pupil difficulties in solving verbal problems and to 
develop essential skills. 

These exercises are similar in structure to the various 
kinds of objective devices that are being widely employed 


" “iW. H. Winch,. “Further Work on Nummcal Acauraw in School 
Children," Joum^ of EdueMoml Psychology, Vol, 2, pp. 262-71. 



310 


DIAGNOSTIC TEACHING 


to improve the written examination.'Illustrations of 
the most important of these are as follows: 

1. Multiple choice: 

(o) In one foot there are 2,8,12,16, inches, 

(6) Draw a line around the number below which is most 
likely to be the correct product of 18 X 27: 

250, 366, 486, 495 

2. Completion: 

(a) The answer of an_example is called the sura, 

(b) f and J are called_fractions. 

3. True false: 

Mark the sentences that are true (c). Mark those'that 
are false (a:). 

(tt) In a yard there are 3 feet. 

(b) The formula for finding the area of a circle is 2 nr. 

(c) Interest is the same as amount, 

(d) Six per cent is equal to .06. 

4. Simple recall: 

(a) How many square rods are there in an acre?. 

lb) What is the formula for finding the area of a rec¬ 
tangle? . 

(e) The answer in a multiplication example is called 

the. 

5. Recognition: 

What process would you use in solving each of these 
problems? Write (a) for addition, (s) for subtrac¬ 
tion, (m) for multiplication, and (d) for division. 

(1) What is the cost of two apples at 5 cents each? .. 

(2) What is the cost of butter a pound if 6 pounds cost 

$3.24? _ 

6. Yes—^No; 

Underscore the answer you believe to be correct. 

(а) Is a mile equal to 160 rods? Yes—No. 

(б) Is an ounce less than a pound? Yes—No. 

(c) Is tihe formula for interest, i = prt? Yes—Na 
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7. Matching exercises: 

Before each item at the left write the number of the cor¬ 
rect formula from the list at the right. 

..Area of a square 1. P = 4s 

.Volume of a rectangular solid 2. V = Iwh 

.Perimeter of a square 8. A = iS* 

8. Selection exorcises: 

Draw a line around the numbers of the statements below 
the problem which are not true. 

(a) Jack bought 7 apples at S cents apiece. How much 
change should he receive from a quarter? 

1. Jack bought 7 apples. 

2. Jack paid 5 cents apiece for the apples. 

3. He gave the clerk 16 cents. 

4. He received no change. 

6. Jack sold 7 apples. 

Exercises based on the prindples involved in the con¬ 
struction of the new type of objective examination can 
be prepared to give practice on such important elements 
in problem solving as the follovdng: 

1. Ability to name processes in solving problems. 

2. Ability to select the essential facts. 

3. Ability to estimate answers to problems. 

4. Ability to check answers. 

5. Ability to select processes in solving problems con¬ 
taining two or more steps. 

6. Knowledge of vocabulary needed in problem solving. 

7. Knowledge of essential concepts and facts. 

8. Ability to check true and false statements in review 
exercises. 

9. Ability to assemble essential data. 

10. Ability to read carefully and exactly. 

11. Ability to attack the solution of a problem systemat- 

“ally- . , , 

12. Ability to apply processes m local situations. 

13. Map reading exercises involving quantitative concepts. 

14. Interpretation of tables and graphs, 
a 
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15. Uses of index, reference books, etc. 

16. Making analogies. 

17. Formulating problems involving given facts or 
processes. 

18. Formulating problems involving easier numbers. 

19. Answers in specific questions about problems. 

Excellent descriptions of the new types of examina¬ 
tions and diseussioms of their construction, reliability, 
and utility are given in G. M. Ruch’s Improvement of the 
Written Examination, by Scott Pore-sman and Company, 
and in D. G. Paterson’s Constructing New Type Examina¬ 
tion, by the World Book Company. Modem arithmetic 
textbooks contain illustrations of how these new types 
of exGreise.s can be applied to developing the specific 
abilities involved in problem solving. 

3. Improving Comprehension op Meaning of Prob- 

USMS. 

Failure to comprehend the problem in whole or in part 
is evidenced by failure to work it at all, or by the use of 
faulty processes in .solving it. Tire reason.? for the diffi¬ 
culty, if it is a geneitil characteristic of the work, may 
be lack of native capacity or lack of backgi’ound. The 
problem may be outside the range of the experiences of 
the pupil or the vocabulary may present unusual diffi¬ 
culties. The pupil may be unable to select the essential 
elements in a problem. He may be unable to determine 
the outcome of the problem or he may be unable to select 
the correct process or processes to use in solving the 
problem; the relationships involved may be too difficult. 
It is, therefore, important that the problems that are 
given to the pupils to solve must be within the range of 
their experiences. Systematic work must be done to 
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develop the arithmetic vocabulary of pupils. Much 
depends on the type of work done during the arithmetic 
period in the primary gi’ades. Important basic concepts 
should be established in these grades by means of con¬ 
crete illustrations. Meaningful applications of number 
in a wide variety of situations should be stressed. Directed 
practice in careful reading, such as following directions, 
selecting important ideas, restating the meaning of a sen¬ 
tence in the words of the pupils, and similar exercises, 
should form a part of the training in arithmetic. The 
ability of the pupil to solve verbal problems depends 
largely on his ability to read them intelligently. 


4. Vocabulary Exercises. 

The lack of an adequate vocabulary has been shown 
by Chase* who undertook an investigation to show what 
certain words frequently found in arithmetic texts mean 
to children. Her test exercise included 47 words, pre¬ 
ceded by the following instructions: 

1. Put w beside each word that tells what a man's work is. 

2. Put m beside each word about money. 

3. Put I beside each word that might be used about land. 

4. Put i beside each word that is the name of something 
to put thinR.s in. 

The list of words with the per cent of pupils in the 
fourth and fifth grades who did wt indicate the correct 


meaning follows 

CiiiADi: 

IV 

Giiads 

V 

acre. 

56 

32 

area. 

91 

36 

attend. 

4 

4 

barrel. 

30 

32 



Gbaob 

Gbadb 


IV 

V 

ba^ . 

. 26 

20 

basket. 

. 13 

8 

bin. 

. 43 

20 

broker. 

. 66 

46 


igara K. Chaso, “Waste in Arithmetic," TeMhers College Record, Vol. 
18, pp. 860 -70. 
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bucket. 

Gjiade 

tv 

.. 30 

aiiAiui 

V 

16 

lot. 

GRADI! 

IV 

. . , 9 

Giiadq 

V 

12 

building lot. . 

.. 65 

32 

machinist ... 

.., 35 

28 

carpenter. 

cashier. 

.. 26 

8 

mason. 

.., 78 

36 

.. 52 

20 

merchant. 

.... 45 

24 


. 100 

88 

miller. 

... 26 

12 

coins. 

.. 26 

16 

nickel. 

... 13 

16 

collect. 

.. 17 

8 

owe. 

... 91 

60 

commission... 

... 100 

68 

pasture. 

... 52' 

32 

customer. 

.. 35 

44 

poultry. 

... 40 

36 

dealer. 

.. 35 

28 

profit. 

... 78 

45 

debts. 

.. 91 

32 

real estate... 

.... 100 

68 

earn. 

.. 60 

36 

rent. 

... 56 

28 

excavate. 

.. 4 

4 

retail. 

... 30 

16 

expenses. 

. . 65 

20 

salary. 

... 40 

20 

fjirfifl . 

.. 6.5 

60 

schedule. 

... 17 

4 

field. 

9 

8 

tailor. 

... 13 

4 

gardener. 

.. 17 

8 

tank. 

... 65 

36 

income. 

.. 96 

41 

teamster. 

... 88 

40 


. 91 

42 

wages. 

... 70 

28 

jars. 

... 40 

16 




In commenting on this table, Morton' suj^s: 

Unfortunately, no data are given for the third grade. We 
can infer, however, that the per cents for the third grade 
would not be higher than those given for grade four, It 
will he noted that the word, dealer, which we found in a 
problem, and which Thorndike lists in the fourth thousand 
according to frequency of occurrence, was unknown to 35 
per cent of the pupils of the fourth grade. 

Similar vocabulary exercises should be used to insure 
the development of the arithmetic vocabulary. Another 
typical vocabulary exercise follows: 

An Arithmetic Vocabulary Test® 

In the fi fth grade you learned many words frequently 

'Morton, R. L., Teaching Aritlmclic in Iho Primary Grades (N. Y.; 
Silver Burdett and Company, 1927}, p. 201. 

‘ The illustrative types of reading exercises found in this chapter are 
typical of the many kinds of problem-solving helps found in Triangle 
Arithmeiics, Grades 3 to 8, and in DUtgnoelic Tests and ProiCtiee Exercises, 
Grades 3 to 8, published by The John C. Winston Company. 
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used in arithmetic. This test will help you to find how 
many of the words you remember. 

1. The answer in an addition example is called the. 

2. The answer in a multiplication example is called the 

.3. The answer in a division example is called the__ 

4. 4 is called a.fraction. 

5. ■} is called an.fraction. 

6. 3 J is a.number. 

7. 1 and 3 are a pair of .fractions. 

8. ?, and I are a pair of-fractions. 

9. in the fraction i 4 is the- 

10. In the fraction ^s, 8 is the —.. 

11. 15 is a.denominator of \ and |. 

12. -J is the_form of 

13. Changing i to I is called- 

14. Changing T"ff to 3 is called- 

15. The numbers 2 and 3 in are called the .— of the 

fraction. _ 

16. A square inch is a unit of- - 

17. The figure at the right is 

in 

is. in the number, 7,5, the (.) is _ 

called the. 

19. The number, .5, is a ..fraction. 

20. A cubic inch is a unit of measure of..—. 

2l'. The distance around a flat surface is its-- 


5, Exercises in Careful Reading. 

The following exercises can be used to determine the 
ability of the pupil to gi’asp the meaning of the probl^ 
and to comprehend the facts included in it. They also 
give the pupil practice in careful reading. 

(A) Reading Exercise in Problem Solving 
Under each of the following problems there are ^te- 

ments. Tell which of them are true and which are false. 
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1, Eggs cost 48 cents a dozen. Mary buys 3 dozen. How 
much chawjc should she receive from a dollar? 

a. Mary buys 3 dozen eggs. 

b. The eggs cost 48 cents a dozen. 

c. Divide to find the cost of the eggs. 

d. Mary spent less than a dollar for the eggs. 

e. You are to find what Mary spent for the eggs, 

2, Arthur spends 30 cants a. day for Inneh and 16 cents a 
day for street-car fare. Horn much does he spend for car fare 
and lunches in five days? 

a. Each day Arthur spends 36 cents for car fare and 

lunch. 

h. Arthur spends 16 cents for car fare in five days. 

c. Arthur spends 20 cents a day for lunch. 

d. In five days Arthur spends $5.00 for lunches and 

car fare. 

c, Arthur spends more for street car fare than for lunch. 

3. Mary’s mother bought 6 yards of cloth at 45 cents a yard 
for two dresses for Mary. Find the cost of the cloth for one 
dress. 

a. Mary’s mother bought 45 yards of cloth. 

b. She made two dre.sses with the cloth. 

c. The cloth cost 45 cents a yartl. 

d. She needed three yards of clotli for one dress. 

e. I am to find the cost of the cloth for the two dresses. 

4. What is the area of a field that is I mile long and 2 mile 
wide? 

a. Area means surface. 

b. Area is the same as perimeter. 

c. The field is longer than it is wide. 

d. J X f will give the area. 

(B) Problems With Facts Missing 

In each of the following problems there is some fact 
missing which must be Icnown before the problem can be 
solved. What fact is missing in each of the problems? 

1. Mary bought bread at 12 cents a loaf. She gave the 
clerk 60 cents. What change should she receive? 
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2. Harry sold papers at 3 cents each, for which he paid 
2 cents apiece. How imieh was his gain on all of the papers 
that he .sold? 

3. Jack had 5 (rents more than Harry. How much did 
Harry Iiave? 

4. Alice sold ilowers for 10 cents a bunch. How much 
did she receive for all of Ihe ttowors she sold? 

fj. Mary ret'csvcd for lalcing care of Mrs. Jackson’s 
baby. How nmcli was .she paid an hour? 

(5. Hairy and Uobort, bought .some marbles. Harry took 
20 of them and lioberl; took the rest. How many did 
Eobert take? 

7. Helen had a garden, 40 feet long. What would it 
cost to build a fen(;(i around the garden if wire fencing cost 
15 cents a h'ot? 

8. In tlic fourfh’grade room there wore six rows of seats. 
How many seats wore there in l.he room? 

9. Harry paid 30 eenl.s for some pencils. How much 
did he pay for each pencil? 

10, Hehm iiad read 00 iiagi;.s in lior new book. How 
many more pages doi’.s she still iiavo left to read? 

11, Alice had a Hi(ving.s Iwnk with some money in it. 
She put in 50 cem.s more on Monday and 15 cents on Wed¬ 
nesday. IIow inucli did she then have in the bank? 

((’,) Pui)i»i/K.MS Without Nhmhhiis 

1. If you knowthi! number of miles anuiitomobilc is going 
an hour, how would you find the number of miles it will 
travel in 8 houm ut thi.s rate? 

2. H you know the price of sugar a pound, how will 
you find the number of jiounds you can buy for a dollar? 

3. If you know llio amount a man pays for the rent qf 
his house for one month, how will you find how much rent 
he pays for a year? 

4. If you know liow many milus an automobile can travel 
in one hour, how will j'ou lind the number of hours it will 
take it to travel 2,990 miles? 
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6. Exercises to Determine Knowledge op Essen- 
TiAiv Data and Principles. 

Suitable exercises to determine the pupil’s knowledge 
of essential data and principles are as follows: 

A. Test in Values op Unit's op Measure 
Write the number that should be in each blank below. 


1,1 ft. = . 

.in. 

17. 1 T. -. 

-lb. 

2. 1 qt. = 

.Pt. 

18. 1 mi. =. 

... rd. 

3. 1 bu. = 

.pk. 

19. 1 dime = .. 

.cents. 

4. 1 lb. = 

.oz. 

M. 1 gal. == .... 

... qt. 

5. 1 hr. = 


21. 1 yd. =. 

... ft. 

6. $1 = .... 

.. dimes. 

22. 1 yr. - . 

.. mo. 

7. 1 cwt. = 

.lb. 

23. 1 sq. ft. = . 


8. 1 mi. = 

.yd. 

24. 1 cu. ft. = , 


9. Ibu. = 

.qt. 

25. 1 sq. yd. = 

.sq. ft. 

10. 1 A. « 

..sq. rd. 

26. 1 min. - ... 

.sec. 

11. 1 mi. = 

.ft. 

27. 1 doz. - .... 

.... things. 

12. 1 rd. = 


28, 1 quarter « 

.nickels. 

13. 24" = .. 

/ 

29. 1 ordinary yr. = .da. 

14. 1 wk. = 

.da. 

30. 1 leap yr. 

=.da. 

15. 1 pk. = 

.qt. 

31. 1 rd. =. 

.. ft. 

16. 31' = .. 

ff 

32. 1. cu. yd. 

.cu, ft. 

B. Test in Changing Tins Form op 

Units 


OF Measure 



1. 18 in. = 

ft.in. 

7. 2,500 lb. = 

.... T.lb. 

11 

.. yd.ft. 

8. 10 pk. = ... 

. bu. .... pk. 

3. 27 oz. = 

.... lb.oz. 

9. 7 pk. = .... 

bu. 

4. 45 min. 

= .... hr. 

10. 27 sq. ft. - 

.... sq. yd. 

6. 18 in. = 

....yd. 

11. 1,728 cu. in. = .... cu. ft. 

6. 18 qt. = 

gal.qt. 

12. 880 yd. = , 

.... mi. 


C. Writing Tables of Measure 

1. Write the table of square measure; of cubic measure. 

2. Write the table of dry measure. 

3. Write the table of liquid measure. 
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D. Using Letters for Words 
You have learned to express rules in arithmetic with 
letters. Explain the meaning of each of the following; 

1. A Ivs 5. V = Iwh 9. C = Tfd 

2. A i nh 6. A = rr^ 10. V = bh 

3. A - «/» 7. d = 2r 11 ^ + b') 

2 


4. P 2t/ f w) 8. C = 2 irr 12. A = s* 


Explain tho following statements about costs: 

13, c -■ vp 14. w = ~ 15. p = - 

P n 

16. Net profit -- Selling price - gross cost 


Explain ('aeh of the following formulas about commissions: 


17. C ■■=■ T X Total .Sides 

18. Rate of commi.ssion =* 


Gommission 
Total sales 


Th(‘ noecssity of looking up the meaning of important 
word.s in problems, tho itso of reference books, the index 
of the textbook and the appendix, to secure necessary 
information are stressed by exerdses such as the following: 


A. Looking Up Pacts 

In each of the following i)roblom.s there is some important 
fact not stilted which you must know before you can solve 
the problem. If you do not know the missing fact, look 
it up in your arithmetic, in the dictionary, in the news¬ 
paper, or wherever you think you can find it. After you 
have done this, solve the problem. 

1. In the Olympic game.s a man vaulted 3.9 meters. How 
many feet and inches w'as this? 

2. What is the value of 2,460 pounds of oats at ?.85^ a 
bushel? 

3. In a gfime of football, the Carroll team made 3 touch¬ 
downs, and kicked the goal once; the Ripon team made 2 
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touchdowns, kicked the goal both times, and made 2 field 
goals. Which team won the game? 

B . Pkobusms With Numbers Missing 

In the problems below some facts are missing. Supply 
the facts and then solve the problems. Be sure that the 
numbers you supply are reasonable. 

1. A garden is.feet long and.feet wide. What 

is the distance around the prden? 

2. The arithmetic class in the fifth grade begins at. 

o'clock and ends at .o'clock. How long is the class 

period? 

3. Harry's father sold .bushels of apples at .a 

peck. How much did he receive for the apples? 

4. Alice's mother bought a bushel of potatoes. When 
she reached home she weighed them on her .scales and found 

that they weighed only.pounds. How much less than 

a bushel did they weigh? (A bushel of potatoes weighs 
60 pounds.) 

5. Mary bought .yards of cloth for a dress. The 

cloth cost. What was the price of the cloth a yard? 

6. Harry picked.quarts of strawbenies on Monday, 

.quarts on Tuesday, _quarts on Wednesday, and 

.quarts on Thursday. He was paid.cents a quart 

for picking them. How much did he earn in all? 

7. Alice and John belonged to a pig club. When their 
pigs were weighed at the fair in the fall, Alice's pig weighed 

.pounds and John’s pig weighed .pounds. How 

much more than John’s pig did Alice’s weigh? 

8. The distance around the block in which Harry lives 

is.yards. How much less than a mile is this? 

9. Julia went to the store and bought . quarts of 

milk at.cents a quart and . pounds of butter at 

-cents a pound. How much did she pay the clerk? 

‘7. Exercises for Giving the Pupil a Systematic 
Approach to Problem Solving. 

The following exercises can be used to give the pupils 
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the steps in a systematic approach to the solution of 
problems and to determine weakness in any of the steps 
involved: 


A. A Study Exbbci® on Problem Solving 

1. If John sold 50 morning papers and 20 evening papers, 
how many papers did he sell that day? 

a. What is the question you are to answer? 

h. In order to find this, what must you know? 

c. Does the problem tell you ^is? 

d. How can you find the answer to the question the 
problem asks? 

Study the following problem carefully: 

2. If John delivers 50 papers in the morning and 20 papers 
in the evening, how many papers does he deliver in 3 days? 

0 . What is the question you are to answer? 

b. Before you can find the number of papers a boy deliv¬ 
ers in three days, what must you know? 

c. Does the problem tell you the number of papers 
John delivers in one day? 

d. You can see that this problem has one step that 
problem 1 did not have. How can you find the number of 
papers John delivers in one day? 

e. When you know the number of papers John deliv^ 
in one day, how can you find the number he delivers in 
three days? 

3. Mary bought 3 oranges at bf! apiece. She gave the 
clerk $.26. How much change should she receive? 

a. What is the question, you are to answer? 

b. Before you can find the amount of change Maty 
should receive, what must you know? 

c. Does the problem tell you how much Mary spent? 

d. How can you find how much Mary spent? 

e. When you know how much Mary spent, how can 
you find the amount of change Mary should receive? 

B. Learning to Solve Problems 

Read each problem carefully. Be sure that you under 
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stand all the words. Ask yourself questions o, and c 
about each problem. Then solve it ami cheek your iwork. 

а. What am I asked to find in the problem? 

б. What things are told in the problem that will help 

me to find the answer? 

c. What must I do to solve the problem? 

1. Jack wishes a pair of skates. The price of the skates 
is $4.80. Jack can save $.80 a week. In how many weeks 
will he save enough money to buy the skates? 

2. Fred took a trip with his father. When they started, 
the speedometer on the car read 8,5GU miles. When they 
got home, it read 10,433 miles. How many miles did they 
travel on their trip? 

3. Jennie spent $8.25 for cloth for a dress. She bought 
8 yards. How much did the cloth cost a yard? 

C. A Reading ExercisiB 

I. The fifth" and sixth-grade children were to have a sleigh 
ride party. There were 46 fifth-grade pupils and 58 sixth- 
grade pupils. How many pupils wore there in the party if 
they all went? 

1. Which of the following facts are you asked to find? 

a. The number of pupils in the fifth grade. 

h. The number of pupils in the party if they all went. 

c. The number of pupils who did not go. 

d. The number of pupils who could ride in one sleigh. 

2. Which of the following facts is given in the problem? 

a. The number of pupils who could not pay. 

b. The number of sleighs that would be needed. 

c. The number of pupils who could not go. 

d. The number of pupils in the two grades. 

S. In which of the following ways would you work this 
problem? 

o. Add 68 and 46. c. Multiply 68 by 46. 

b. Subtract 46 from 68. d. Divide 58 by 46. 

4. Which of the following answers is nearest to the 
correct answer? 

a. 94 pupils, b. 82 pupils, c, 106 pupils, d. 12 pupils. 
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D. PiioiiLr-Ms With Two Questions 
I n the pnjblomH lidov,-, you must finrt the answer to the 
first qucsfitin before you can answer the second question. 

1. Harrj' bouRiit a »ah]<3t for 5t‘ and a pencil for iid. 

a. How inucb did tiu* pencil and Ibti Pihlet wwi'J 

h. How much cluiUKe wmild he receive fivmi a (juarter? 

2. Mary practiml on her piano lU) nnnutes exich morning 
except Sunday. 

a. How many minute did .she practice in a week? 

b. How many hours wjis this? 

3. A milkman hafl two lai^e cans of milk. One con- 
taine/1 IH quarts and the other 14 quarts. 

rt. How many tjuarls of milk were there in the two can.s? 
b. HtiW many .gallons were there? 

4. John picked 15 quaiTs of }!lucl,)eiTic.s on Monday and 
18 quarts on 'rmwlay. 

n. How inan.v f|uar».H did ho pick in fho two day.s? 

6* If he sold tinm at tSc a quart, how much did he 
receive for (he berries? 


K. Sui.vint; Two-K’n:r Pkoiu^emh 
1. The ciuiiiren in grades .‘j and 1 used 25 half-pint bottles 
of milk c:tch numning. The cldldren in gradtw 1 anti 2 ussed 
43 half-pint bottles. What wim the cost of the milk at 3^ 
a bottle? 

n. What am I In liml? 

TIk* cost, of the milk. 

1). What faci.s are given? 

Grado.s 3 and 4 u.se«l 25 half-pint hollies. 

(Iradtw 1 and 2 use**! 4.3 half-inni bottles. 

The <;o.st a bottle i.s 3c. 

c. How can I find the answer? 

'riie number of bottles um’fI times the price of one 
liottk’ (ifiuuls the co.st of (he milk. 

How many bottles were usrsi? 'riie fact is not given 
in tilt* problem and must be found. 



324 DIAGNOSTIC TEACIIINC^ 


First Stej}: 


Second Stej): 

25 bottles in grades 3 and 4 


Finding the answer; 

43 bottles in grades 1 and 2 
68 bottles used 


68 X i03 - $2.04 


d. Is the answer reasonable? 


Answer questions a, b, c, and d about these two problems: 

2. The children in a school wish to raise money to buy 
swings for the playground at a cost of $85. They sold 
258 tickets for a school fair at 10(1 apiece, How much 
must they still earn before they can pay for the swings? 

3. One day Alice picked 15 bunches of flowers. She gave 
three of the bunches to her mother and sold the re.st at 15 
cents a bunch. How much did she receive for the flowers 
^e sold? 

8, Exercises to Teach the Pupil to Select the 
Correct Process or Processes. 

Inability of the pupil to solve a problem is often due to 
his not being able to select the process or procassos to be 
used in solving it. The following exercises can be used 
to determine the ability of the pupil to select processes 
to be used in solving one-step and two-step problems: 

A. Naming Procbsse.s Used to Solve Problems 

What process would you use to solve each of the following 
problems? Write a for add, s for subtract, m for multiply, 
and d for divide. 

Example: How do you find the cost of 25 pounds of meat 
ai SJ^ cents a pound? 

m 

1, How do you And the price of a pound of coffee if 5^ 

pounds cost $2.75? .. 

2. How do you find the cost of 7.1 pounds of sugar at 8(4 

a pound? _ 
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3. Mrs. irohni^ttii neodctJ j> i«)uiirlii of floui- for Ijread. If 

sKe liEid only 3,' ifounds of Hour, how* many pouads more 
does she need? . 

4, Mr. Smith, a dairy fanner, Hold do pounds of butter 

on Monday, 3d pounds on 'ruesday, and 2.4 pound.-3 on 
Wednesday. Hinv many pmmii.s nf but < er did he sell?.. 

6, Mary bouyhl a pmimk of huUor for .?2.45. How do 
you find the priee a pound? 

6. In the Calhoun School there are 240 hoys tmd 238 

girls. How do you lind tin; total nuinher of children in 
the school? .. 

7. Mr. Johnson .sold 34 4dn«*kt>nK that weighed in all 105 

pounds. How do you lind the average weight of the 
ehicken-s? . 

8. A furiruT sold 1415 hushels of apjilt's al $2.25 a bushel. 

How do you lind how rnueh he receivisl for Ihe ajtpk'.s?. 

9. How do you lind the laial weight of llirw! hoys, one 
weighing H'l J potuuls. oiu* vveiginng tiVj' pound.s and one 
weighing 8(5 J poutuls? 


B. 


Statino 


I’mKo:sst:« to IVt; is- .Hoi.vjnh! 
ihu>i5S.Kjm 


'l'wo-S' 1 'ni' 


On the lim* .'dH'r e.-eh problem flu; prwe.'wiw you 
would UH(( to solve tin* problem. 

1. Mr, and Mrs. Ander.-fon with tlu-ir three ehildren took 
a ride on .a .striri-l car. The fare for ea4'h wtis 7t^ Mr. 
Andersum gave, tlu* conductor u dollar hill. How much 
change did he ris cive? 

.and . 

2. Mr. Jomw took 442 eggs lc> market. He sold them at 
36^ a dozen. How much rhd hv nrvive fur the eggs? 

.and .. 


3. There are H row.s of tri-t“4 in an cjrchurd and 17 trees 
in a row. PixUnm of the trees ar<? cherry trees. The rest 
are apple trees. How many apple Itw tu-e there? 

A..and . 
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4. A truck loaded with coal weighs 6,840 pounds. The 
truck when empty weighs 2,840 pounds. How many tons 

of coal are in the load? (2000 pounds to a ton.) 

A.and. 

C. Problem Study: FiNismNC, Problems 
In the fourth grade the pupils play a game. One pupil 
writes two facts on the board and then puts a sign 
V or 4 - after them. This means that the pupils m^t 
make up a problem with those two facts. The question 
must be answered using the process the sign tells. 

John wrote these facts: The price of butter is 47^ a pound. 
18 pounds. He made this sign: X. 

Alice wrote the problem this way: The price of butter 
is 47(4 a pound. Find the cost of 18 pounds of butter. 

Make up a problem for each of the following pairs of 
facts, using the process the sign tells: 

1. The price of coffee is 48(4 a pound. 4 pounds. X 

2. John has 28 marbles. Will has 24 marbles. + 

3. Oranges cost 60(5 a dozen. One orange. ~ 

4. A boy bought a cap for $1.50. He gave the clerk 

a five-dollar bill. ^ 

9. Basal Types of Verbal Problems in Arithmetic. 

The inability of the pupil to select the con’ect process 
by which to solve a problem may be due to one or more of 
the following reasons: the fact that he has not learned 
to recognize solution patteims involved in the problem, 
to lack of basic facts not given in the problem; to lack of 
knowledge of certain principles involved, and to other 
similar factprs. 

Ability to analyze situations, and then to select the 
correct method of solution depends to some extent on 
the provisions that have been made in the instructional 
material. Provision should be made to give the pupil 
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experience in solving problems involving the important 
basal types of solutions, found in arithmetic. An analysis 
of arithmetic situations shows that these basal types of 
solutions can be classified as eleven different kinds of 
patterns. Each type may occur in isolation in one-step 
problems, or in combination with others in two- or three- 
step problems. The eleven types and examples of each 
are as follows: 


1. The addition problem. (One ts^pe.) 

Example, Jack has 4 cents, Mary has 5 cents, and Alice 
has 7 cents. How many cents do they have in all? 


2. Subtraction problem. (Three types.) 

(a) Type 1. Taking away. 

Example. Jack had 10 cents. He spent 5 cents. How 
much did he have left? 

(&) Type 2. Comparing. 

Example. Harry has 15 cents. Jane has 10 cents. How 
much more has Harry than Jane? 


(c) Types. Increasing. 

Example. Jack has 5 cents. How much more must he 
have before he can buy a 15-cent top? 


3. Multiplication. (Two types.) 

(a) Type 1. Told about one; asked about many. 
Example. An apple costs 6 cents. How much do 5 apples 
cost? 

(5) Type 2. Finding a part of a number. 

Example 1. Find the cost of f pound of butter at 40 cents 

a pound. 

Example 2. How much is 15% of $400. 


4. Division. (Five types.) 

(a) Type 1. Told about many; asked about one. 


Example. 
apple cost? 


If 5 apples cost 16 cents, how much does one 
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(6) Tsrpe 2. Finding a number of eriual groups. 

Example. How many apples at S cents each can I buy 
for 60 cents? 

(c) Type 3. Finding what part one number is of 

another. 

Example 1. Wliat part of 50 is 25? 

Example 2. At a sale I bought a $4.50 jiair of skates for 
$1.50 less than the regular price. What was tlie per cent 
d savings? 

(d) Type 4. Finding the whole with a part given. 

Example 1. If pound of butter costs 30 cents how 

much does one pound cost? 

Example 2. Frank received $3.00 interest at the end of 
the year on money deposited in his sjivings account. The 
bank pays 3% interest a year. How much money did 
Frank have on deposit in the bank? 

(e) Type 5. Finding a missing factor. 

Example. Find the width of a field containing 4,000 
square rods if its length is 80 rods. 

Experimental work at Waukesha, Wisconsin, by Bant¬ 
ing and Merton has shown that marked growth, in ability 
to solve verbal problems, results from the use of reading 
exercises in problem solving. In those exercises the 
pupils are taught to recognize the various types of situa¬ 
tions and solutions outlined above. The exercises of this 
type that follow, are typical of the types of problem¬ 
solving exercises that have been developed during the 
experimental work. 

(a) The following exercise^ suggests how pupils may 
be taught to draw pictures to represent situations which 
will help them to solve the problem: 

‘The three exerdsea given are taken from Triangle Arithmtiea 
Book I, Part 1. 
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Hden’s teacher gave her the following problem. Helen 
drew a picture of the multiplication problem in order to 
understand it better: 

Grace has a flower gardai. 

She planted 6 tulips in each row. 

How many tulips did she plant in 
3 rows? 

This is how Helen drew the 
picture on her paper: 

She drew 6 tulips in a row. 

She drew 3 rows of tulips. 

She saw that Grace has planted 3 times 
6 tulips, so she multiplied to find 3X5 
tulips. She then wrote on her paper 
what you see at the right. 

Problems for Which You May Draw Pictures 

Draw pictures on your pap^ to show these problems: 

1. There are 12 eggs in one dozen. How many eggs are 
there in 2 dozen? 

2. Donald planted 8 tomato plants in each row. How 
many plants did he put in 3 rows? 

3. The children were taken to the woods in 3 automobiles. 
Six children rode in each automobile. How many children 
went to the picnic in automobiles? 

4. Each of three girls has 4 dolls. How many dolls have 
they in all? 

5. Otto had 2 nickels changed into pennies. How many 
pennies did he receive? 

(b) Pupils may be taught to recognize certain verbal 
cues which indicate the solution to use. The following 
exerdses suggest the method of approach: 


5 tulips 
15 tulips 
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Some Helps to Remember 

Here are some ways in which you are sometimes asked to 
compare by subtraction: 

How much more than one is the other? 

How much less than one is the other? 

How much oMer than one is the other? 

How much younger than one is the other? 

How much longer than one is the other? 

How much shorter than one is the other? 

How much farther than one is the other? 

What is the difference between the two? 

How many more are needed? 

When a problem tells you how many are in one group, 
and asks you to find how many are in more than one of 
these groups, you may add or multiply. Why is it better 
to multiply than to add? 

For example: There are 11 players on one football team. 
How many players are there on 2 teams? 

When a problem tells you the price of one article and 
asks you to find the cost of more than one of these articles, 
you may add or multiply. Why is it better to multiply 
than to add? 

For example: At the picnic ham sandwiches sold for 6 
cents each. Roger bought 3 sandwiches. How much did 
he pay for them? 

Problems to Study 

Study the following multiplication problems. Give 
reasons why you know they are multiplication problems. 
Then work each problem on your paper. 

1. A ride on the merry-go-round costs 6 cents. Harry 
had 3 rides. How much did he pay for the 3 rides? 

2. There are 12 oranges in a dozen. Ann’s mother bought 
3 dozen. How many oranges did she buy? 

(c) The following exercise may be used to give pupils 
practice in telling why a certain process is used in solving 
a problem. 
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Looking for Helps in Problem Solving 

In these three problems, how cm you teU ihai you must add? 

hsd 4 black chicle, 3 white chicks, and 4 brown, 
chicles. How many chicks did she have in all? 

2. Jack had 5 marbles and Harry had 10 marbles. How 
many marbles did both boys have? 

3. From one nest Mary gathered 5 eggs, from another 
nest 8 eggs, and from another nest 9 eggs. How many 
eggs did Mary gather in all? 

In these three problems, how can you teU that you must 
subtract? 

1. Jack had 10 cents and Mary had 7 cents. How much 
less money did Mary have than Jack? 

2. Jack is 56 inches tall and Mary is 61 inches tall. How 
much taller than Jack is Mary? 

3. Mary wishes to buy a game that costs 26 cents. She 
has 20 cents. How much more does she need? 

In these two problems, how can you teU that you must mul¬ 
tiply? 

1. Find the cost of 4 apples at 5 cents apiece. 

2. Helen sold 6 bouquets of flowers at 19 cents each. 
How much did she receive for the flowers? 

In these three problems, how can you tell that you must divide? 

1. How many 4's are there in 24? 

2. In a classroom there are 36 seats. There are 6 rows 
of seats. How many seats are there in each row? 

3. Mary had an 18-inch ribbon. She cut it into 3 equal 
parts. How long was each part? 

10. Exercises Designed to Determine the Ability 

OF THE Pupil to Estimate Answers to Problems. 

Exercises specially designed to determine the ability 
of the pupil to estimate answers to problems and examples 
are as follows: 
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A. Estimating Answers 

After each of the following examples, three numbers are 
written. First select the number which you think is about 
the correct answer; second, work the example; third, com¬ 
pare your estimate with the correct answer. How many 
of your estimates were correct? 

1. 76 86 -1- 97 = 300, 200, 250. 

2. $37.96 - $28.97 = $10, $9, $8. 

3. 26 X 48 = 800,1,200,1,600. 

4. $66.25 -J- 25 = $3.20, $8.15, $2.20. 

6. 3| -H 2i -f 7| = 121,131,141. 

6. 3741 - 3561 = 30, 40, 50. 

7. 61 X 36 “ 150, 200, 300. 

8. 31 X 6^ = 18, 23, 36. 

9. 9 4-1 « 10,14, 22. 

10. 21 -i- 6 = 2,1, 31. 

B. Practice in Estimating Answers 

Accurate arithmetic workers estimate the amswer to a 
problem before doing the work. 'J'hey check their answer 
by comparing it with their estimate. Tliis prevents many 
foolish errors. Under each of the following problems are 
three estimates. First read each problem and estimate the 
answer. Then work the problems. In how many problems 
were your estimates the same as the correct answers? 

1. The winner of a 600-mile automobile race traveled 
this distance in 6| hours. What was his average .speed an 
hour? 

a. 76 miles 6. 90 miles c. 110 miles 

2. In the Calhoun School there were 28 classrooras- 
There were 43 desks in each room on the average. How 
many desks were there in the school? 

a. 500 b. 1,000 


c. 2,000 
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3. The ^th-grade class deposited $29.48 in the school 
bank in September, $48.36 in October, and $38.49 in 
November. How much did the class d^osit during the 
three months? 

a. $116 5. $86 c. $220 

4. Mr. Ford grew 8,168 bushels of com and Mr. Curtis 

grew 5,976 bushels of com. How much more com did 
Mr. Curtis grow than Mr. Ford? 

a. 3,000 bu. &. 2,600 bu. c. 2,000 bu. 

5. Helen bought 6 pounds of butter at 49 a pound, 2 
loaves of bread at 12|!S a loaf, and 10 pounds of sugar at a 
pound. How much did she spend for all of these groceries? 

a. $1.75 6. $3.60 c. $6.16 

11. Silent Reading Exercise in Arithmetic to 
Develop Comprehension. 

(Prepared by Agnes Raddatz, Pulton School, Minne¬ 
apolis.) 

Jimmy Raymond’s Finances 

It was Saturday, July tenth, and Jimmy’s fourteenth 
birthday. Though his mother had given him a party and 
had invited his five best pals, stiU Jimmy was bitterly disap¬ 
pointed. For weeks he had been admiring the Ranger 
Coaster bicycle in Warner's window and had given broad 
hints to his father—but, the bicycle cost $48.00 and_ it was 
still m the window. Yet, evm as Jimmy kicked his heels 
against the steps a plan was taking shape in his young mind. 
He received an allowance of $2.00 weekly. If he could only 
get the position advertised at the drug store for an errand 
boy, he might in a few weeks save enough to buy the Ranger 
himself. With an air of a very busy busness man, Jimmy 
betook himself to the drag store, and, to make a long stoiy 
short, secured the place. He agreed to work fr<m fom to 
six on school days, and from nine to five on Saturdays, 
with an hour at noon for lunch, for the princely sum of 
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$4.00 per week. Already Jimmy had visions of coasting up 
hill and down dale. 

With his heart set on securing the Ranger, Jimmy became 
very saving, but having a very healthy appetite he couldn’t 
resist spending a quarter for candy, and again as much for 
a movie, on the Sunday following his birthday. This, of 
course, diminished his allowance for that week and as he 
hadn't saved anything before he felt he had spent quite 
enough; so he surprised his family by staying home that 
evening. 

Monday after school, as Jimmy was hurrying away, Tom 
shouted to him, "Oh Jimmy, wait for me,” but was amazed 
to hear the answer, " Can’t, I’m going to work.” 

1. If Jimmy saved his full allowance how many weelts 
would it take him to buy the bicycle? 

2. If, instead, he saved all the money he earned, how 
many weeks would it take? 

3. If he saved both his allowance and his salary, how 
long would it take? 

4. For how many hours a week did Jimmy agree to work? 

5. If he continued to spend the same amount each 
Sunday for a month, how much had he spent? (Month of 
four weeks.) 

6. Then how much had he left from his total income for 
that month? 

7. How mucn did Jimmy receive per hour for his work? 

8. At that rate how mucli were his services worth on 
Saturday alone? 

9. If the druggist gave him double pay for work .on Sun¬ 
day, how much would he earn in five hours on Sunday? 
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8. CompM Survey T«b in Antoehc. Grato II to 
VIII Scott, Foresman and Co., Chicago, HI. Also 
distributed by Bureau of Educational Research and 
Service, University of Iowa, Iowa City, la. 

Q Pnnrtia Standard Research Tests, Series B. Grades ^ 
?A.S,18mE.Gr»udBlvd.,I)etniti 

10. »tt^McCluie Aritactie Keatms Scale. Scott, 
Foresman and Co., Chicago, II. 

Place, Los Angeles, Cal. 
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12. Lunceford Diagnostic Tests in Addition, Primary 

Grades. Bureau of Educational Measurements and 
Standards, Kansas State Normal School, Emporia, 
Kans. 

13. Monroe Diagnostic Tests in Arithmetic. Grades IV to 

VIII. Public School Publishing Co., Bloomington, Ill. 

14. Monroe General Survey Scales in Arithmetic. Grades 

III to VIII. Public School Publishing Co., Bloom¬ 
ington, Ill. 

15. Monroe Standardized Reasoning Tests in Arithmetic. 

Grades IV and VIII. Public School Publishing Co., 
Bloomington, Ill. 

16. Otis Reasoning Test in Arithmetic. Grades IV to IX. 

World Book Company, Yonkers-on-Hudson, New 
York, and Chicago, III. 

17. Peet-Dearbom Progress Tests in Arithmetic. Inter¬ 

mediate Series, Grades IV and V; Upper-Grade Series, 
Grades VI, VII, and VIII. Houghton Mifflin Com¬ 
pany, Chicago, m. 

18. Reavis and Breslich Diagnostic Tests in the Fundamental 

Operations of Arithmetic and in Problem Solving. 
Grades VII to IX. University of Chicago Press, 
Chicago, Ill. 

19. Spencer Diagnostic Test in Arithmetic. Grades III to 

VIII. Bureau of Educational Research, University 
of Oregon, Eugene, Ore. 

20. Stanford Acliievement Test. World Book Company, 

Yonkers-on-Hudson, New York, and Chicago, Ill. 

21. Stevenson Problem Analysis Test. Grades IV to IX. 

Public School Publishing Go., Bloomington, Ill. 

22. Stone Reasoning Test (Revised). Grades V to VIII. 

Bureau of Publications, Teachers College, Columbia 
University, New York City. 

28. Woody-McCall Mixed Fundamentals. Grades II to 
VIII. Bureau of Publications, Teachers College, 
Columbia University, New York City. 

24. Wisconsin Inventory Tests. Houghton Mifflin Com¬ 
pany, Chicago, Ill. 
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Arithmetic Drill and Remedial Materials 

1. Arithmetic Work Books, Ruch, G. M., Knight, P. B., 

Studebaker, J. W. Grades IH to VIII. Scott, 
Poresman and Co., Chicago, Ill. 

2. Brueckner, L. J., Anderson, C. J., Banting, G. 0., Merton, 

Elda. Diagnostic Tests and Remedial Exercises. 
A series of exercises, one for each grade from 3 to 8, 
containing survey tests, diagnostic tests, and remedial 
exerdsea in all processes. The John C. Winston Com¬ 
pany, Philadelphia. 

3. Courtis Standard Practice Exercises in Arithmetic. A 

series of 48 lessons on cards, covering the operations 
with whole numbers in grades 4 to 8. World Book 
Company, Yonkers-on-Hudson, N. Y. 

4. Economy Remedial Exerdses in Whole Numbers (Reme¬ 

dial). Forty-one spedally designed exerdses on cards 
permitting continuous and repeated use. Standard¬ 
ized for use in grades 4 to 8, Scott, Poresman and 
Co., Chicago, Ill. 

5. Economy Exerdsea in Problem-Solving in Arithmetic 

(Remedial). Standardized for use in grades 5 to 8. 
Scott, Poresman and Co., Chicago, Ill. 

6. Fowlkes-Goff Practice Exercises in Arithmetic. De¬ 

signed for use in grades 7 to 9. The Macmillan Com¬ 
pany, New York. 

7. Lennes’ Work, Drill, and Test Sheets. Laidlaw Brothers, 

Chicago, Ill. 

8. Studebaker’s Practice Exacises in Arithmetic. Scott, 

Poresman and Company, Chicago, Ill. 

9. Osbum's Corrective Exercises in the Pun^mentals of 

Arithmetic (Remedial). Houghton Mifflin Company, 
Boston, Mass. _ 

10. Thorndike Practice Books in Arithmetic. Rand, Mc¬ 

Nally and Co., Chicago, Ill. 
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Accuracy, 14 

Addition, difficulties in, of ded- 
mals, 230; fractions, 161, 177 , 
200; whole numbers, 72,120 
Addition, skills in, of decimals, 223; 
of fractions, 161; of whole num¬ 
bers, 110 

Addition, types of examples in, of 
decimals, 221; fractions, 164; 
whole numbers, 117 
Altitude, 14 
Analytical diagnosis, 64 
Analysis of skills, in decimals, 223; 
in fractions, 62, 161, 163, 186, 
167; in per cent, 238; in whole 
numbers, 110,126 
Analyzing written work, 196, 277 
Area, 14, 20 
Attention span, 123 

Banting, G. 0., on difficulties in 
problem solving, 278 
Basal types of problems, 326 
Basis of arithmetic instruction, 6 
llaumgarten, B., on solving prob¬ 
lems, 293 

Bemis, C., on problem solving, 293 
Bridging the tens, 113 
Buckingham, B. B., problem scale, 
278 

Buswell, G. T., on diagnosis of 
difficulties in arithmetic, 119, 
132, 143, 166; on vocabulary, 
269 

Case studies, on difficulties in prob¬ 
lem solving, 97,101; in processes, 
88, 92, 96 

Chase, S., on waste in arithmetic, 
313 

Column addition, skills in, 113 
Combinations, basic, in addition, 
112; division, 148, 150; multi¬ 
plication, 136; subtraction, 127 
Compass Diagnostic Tests in Arith¬ 
metic, 47-49 

Courtis, S. A., on attention span, 
123; on effect of rate of writing 


on test scores, 16; Standard 
Practice Tests in Arithmetic, 16, 
27: Standard Research Tests in 
Arithmetic, Series B, 23 
Curriculum Teste, 32-36 

Dei^als, diasnosiic teste in, 220; 
difficulty of types of examples in, 
226; faults in, 229; skills m, 223; 
types of examples in, 220 
Diagnosis, analytical, general, 
62,277; psychological, 66 
Diagnostic exercises, general, 37; 
in fractions, 44, 207; in whole 
numbers, 116,116,139,160,153, 
156 

Diagnostic tests, in decimals, 220; 
in fractions, 164; in per cent, 
289; in problem solving, 813S; 
in whole numbers, 118 
Difficulties, in decimals, 230-235; 
in fractions, 196; in per cent, 
243; in , problem solving, 271; 
in whole numbers, 72,120 
Difficulty of types of examples, in 
decimals, 225; In freations, 176; 
in per cent, 241 
Divimon, long, 162,164 
Division, difficulties in decimals, 
234; in fractions, 170, 213; in. 
whole numbers, 84, 163, 166 
Division, skiUB in long, 147 j short, 
145; m dedmals, 225; m frac¬ 
tions, 171 

Dhiaion, types of examples in, of 
decimals, 223; fractions, 173; 
whole numbers, 161 

Exerdses, in diagnosis of fractions, 
44; of whole numbers, 116,139, 
160, 163, 166 

Exerdses in problem solving, 310, 
311, 316-24, 326-36; in careful 
reading, 316, 322; in determin¬ 
ing knowledge of essential data 
and prindples, 318; in estimate 
ing answers, 332; in helps in 
problems, 330, 331; in looking 
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up facta, 319; in nnming pro¬ 
cesses in problem solving, 324; 
in problems with two questions, 
323; in silent reading, 333; in 
solving two-step problems, 323; 
in visualizing solutions, 329; in 
vocabulary, 313; objective tost, 
41, 310; to develop systematic 
approach to problem solving, 321 

Faults, in decimals, 229; in frac¬ 
tions, 177,196, 200; in per cent, 
243; in problem solving, 266, 
273; in whole numbers, 72, 120, 
132, 143, 166 

Fractions, difficulties tn, 196; re¬ 
duction of, 175; skills in, 161; 
types of examples in, 176 

General diagnosis, 62 

Higher decade, addition, 116; sub¬ 
traction, 128 

Hunkins, R. V., vocabulary, 272 

Individual differences, 6-6 

Intelligence tests, 18 

Knight, F. B., analysis of skills in 
fractions, 3; Compass Diagnostic 
tests, 47-49 

Kuhlmann, F., intelligence test, IS 

Life situations, applying arithmetic 
in, 261 

Long division, difficulties in, 164; 
naming quotients in, 152; skills 
in, 147; types of examples in, 
164,166 

Lutes, O. S., on problem solving, 
29/, 308 

Martin, C,, on diagnosis in prob¬ 
lem solving, 97, 101, 280 

Methods of work, 14, 21 

Merton, E., on analysis of skills in 
whole numbers, 110 

Monmouth, R., on vocabulary dif¬ 
ficulties 300 

Monroe, W. S., on ability to place 
decimal point, 62, 224; diagnos¬ 
tic testing, 38,293; derivation of 
leasoning tests, 266 


Morton, R. L., on difficulties in 
fractions, 197; on arithmetic 
vocabulary, 314 

Multiplication, difficulties in deci¬ 
mals, 232; in fractions, 211; in 
whole numbers, 79, 143 
Multiplication, skill in, of decimals, 
224; of fractions, 167; of whole 
numbers, 135 

Multiplication, types of examples 
in, of decimals, 222; fractions. 
170; whole numbers, 140,142 

Newcomb, R. S., on experiment in 
problem solving, 298 

Objectives of problem work, 259 
Objective test exercises, see exer¬ 
cises 

Oaburn, W. S., on analysis of skills 
in fractions, 175; on diagnosis 
in problem solving, 274 
Per cent, difficulties in, 243; diffi¬ 
culty of types of examples in, 
241; skills in. 233; types of ex¬ 
amples in, 239 

Pressy, L. 0., on vocabulary, 268 
Problem-s, diagnosis in solving, 273, 
274, 277; experimental studies 
in solving, 29711; faults in solv¬ 
ing, 266, 273, 280, 282; objec¬ 
tives of, 259; standards for 
evaluating, 263; undesirable 
types of, 264 

Prolist, 13., on summary of faults 
In arithmetic, 70 
Progress chart, 36 
Psychological diagnosis, 66 

Quotients, naming, 162 

Rate, 14 
Bate tests, 22 

Reading exercises, see exercises 
Record blanlm, 34, 35, 66 
Reduction of fractions, 174 
reliability, 68 

Remedial program, general, 12; in 
problem solving, 306 
Rice, 3. M., on individual differ¬ 
ences, 2 

Ruch, G, M., in Compass Diagnos¬ 
tic Tests, 312; on reliability of 
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test scores, B9; on objective type 
of examination, 69 


Scale, problem, 22; process, 22 
Skills, in decimals, 228; in frac¬ 
tions, 62; in per cent, 288; in 
problem solving, 266, if; in 
whole numbers, 110 
Souba, A., on diagnosis of difficul¬ 
ties in processes, 88, 92, 9S 
Standards for evaluating problems, 
263 

Stevenson, P. R., on difficulties in 
problem solving, 268; on reme- 
ffial program in problem solving, 
299, 304 

Stone, G. W., on arithmetic abil¬ 
ities, 2 

Stone, J, C,, on difficulties in prob¬ 
lem solving, 271 

Studebaker Economy Practice Ex¬ 
ercises, 15,27 

Subtraction, difficulties in, of 
decimal, 230; of fractions, 203; 
of whole numbers, 75,131 
Subtraction, skills in, of decimals, 
230; of fractions, 166; of whole 
numbers, 126,129,130 
Subtraction, types of examples in, 
of decimals, 221; of fractions, 
167; of whole numbers, 131 
Summary sheet,, for curriculum 
test, 34; for fraction test, 66; 
for results of diagnostic study, 
lOB, 106,107 


Thorndike, E. L,, analysis of skills 
in arithmetic, 8; aspects of 
intellect, 14; effect of rate of 
writing on scores, 16; problem 
scale based on C-A-'V-D, 18; 
Teachers Word Book, 263; un- 
types of probleroe, 264 
Teacher’s Word Book, 268,269 
Techniques of individual diagnosis, 
in decimals, 228; in fractions. 


163, 176; in problem solving, 
273,280; in whole numbers, 68 
Tests, compr^ensive diagnostic, 
62-66,117,131,142; curriculum, 
22, 32-36; diagnostic, 37, 40; 
inventory, 26; list of tests, 336; 
rate, 22; sampling, 39; scale, 22, 
27; survey, 22,27; see Appendix, 
Turner, M., on vocabulary dif¬ 
ficulties, 300 

Types of examples, in decimals, 
220; in fractions, 177; in per 
cent, 239; in whole numbera, 28, 
26, 28 

Types of problems, desirable, 263; 
undesirable, 264 


Uhl, W. L., on diagnosis of diffi¬ 
culties in whole numbers, 68,121 

Validity, 68 

Visualmng solution of problems, 
828 

Vocabulary, content of, 267, 268; 
exercises on, 313; of current 
textbooks, 269 

Wasbburne, C. W., on problem 
solving, 301, 302; on Winnetka 
Plan, 2 

Wheat, H. W., on merit of prob¬ 
lems, 294 

Wilson, E., on causes of difficulties 
in problem solving, 272; on 
remedial work in problem solv¬ 
ing, 297 

Winch, W. H., on difficulties _m 
subtraction, 134; on improving 
problem solving, 309 

Winnetka plan, 2 

Woody, C., scale in arithmetic 
processes, 28 

Zero combinations, 136 



